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PKEPACE. 


The  object  of  the  present  volume  is  to  offer  to  the 
student  a  fairly  complete  account  of  the  elementary 
portions  of  the  Differential  Calculus,  unencumbered  by 
such  parts  of  the  subject  as  are  not  usually  read  in 
colleges  and  schools. 

Where  a  choice  of  method  exists,  geometrical  proofs 
and  illustrations  have  been  in  most  cases  adopted  in 
preference  to  purely  analytical  processes. 

It  has  been  the  constant  endeavour  of  the  author 
to  impress  upon  the  mind  of  the  student  the  geometrical 
meaning  of  differentiation  and  its  aspect  as  a  means  of 
measurement  of  rates  of  growth.     The  purely  analytical 

character  of  the  operator  -y-  as  a  symbol  and  the  laws 

of  combination  which  it  satisfies  have  also  been  fully 
considered. 

The  applications  of  the  Calculus  to  the  treatment  of 
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plane  curves  have  been  introduced  at  an  earlier  stage 
than  usual,  from  the  interesting  and  important  nature 
of  the  problems  to  be  discussed.  At  the  same  time, 
the  chapters  on  Undetermined  Forms  and  Maxima  and 
Minima,  which  have  been  thereby  postponed,  may  be  read 
in  their  ordinary  place  if  thought  desirable. 

The   direct   and    inverse    hyperbolic  functions    have 

been  freely  used,  and  the  convenient  notation    -— ,  to 

denote  partial  differentiation,  has  been  adopted. 

It  is  hoped  that  the  frequent  sets  of  easy  illustrative 
examples  introduced  throughout  the  text  will  be  found 
useful  before  attacking  the  more  difficult  problems  in 
the  copious  selections  at  the  ends  of  the  chapters. 
Many  of  these  examples  have  been  selected  from  various 
university  and  college  examination  papers,  others  from 
papers  set  in  the  India  and  Home  Civil  Service  and 
Woolwich  examinations,  and  many  are  new. 

I  have  to  thank  the  Rev.  H.  P.  Gurney,  M.A.,  formerly 
Senior  Fellow  of  Clare  College,  Cambridge,  for  the  kind 
interest  he  has  taken  in  the  preparation  of  this  work, 
and  for  many  useful  suggestions.  I  have  also  been 
much  assisted  in  the  revision  of  proof  sheets  and  in 
the  verification  of  examples  by  J.  Wilson,  Esq.,  M.A., 
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formerly  Fellow  of  Christ's  College,  one  of  H.M.  Id- 
spectors  of  Schools,  and  also  by  H.  G.  Edwards,  Esq., 
B.A.,  late  Scholar  of  Queen's  College.  I  hope  therefore 
that  the  book  will  not  be  found  to  contain  many  serious 
errors. 

JOSEPH  EDWARDS. 

80  Cambridge  Gardens, 

North  Kensington,  W., 
November  y  1886. 
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PEINCIPLES  AND  PEOCESSES  OF  THE 
DIFFERENTIAL  CALCULUS. 


CHAPTER  I. 

I* 

DEFINITIONS.    LIMITS. 

1.  Primary  Object  of  the  Differential  Calculus. 

In  Nature  we  frequently  meet  with  quantities 
which,  if  observed  for  some  period  of  time,  are  found 
to  undergo  increase  or  decrease ;  for  instance,  the 
distance  of  a  moving  particle  from  a  known  fixed  point 
in  its  path,  the  length  of  a  moving  ordinate  of  a  given 
curve,  the  force  exerted  upon  a  piece  of  soft  iron  which 
is  gradually  made  to  approach  one  of  the  poles  of  a 
magnet.  When  such  quantities  are  made  the  subject  of 
mathematical  investigation,  it  often  becomes  necessary  to 
estimate  their  rates  of  growth.  This  is  the  primary 
object  of  the  Difierential  Calculus. 

2,  In  the  first  six  chapters  we  shall  be  concerned  with 
the  description  of  an  instrument  for  the  measurement  of 
such  rates,  and  in  framing  rules  for  its  formation  and  use, 
and  the  student  must  make  himself  as  proficient  as  possible 
in  its  manipulation.  These  chapters  contain  the  whole 
machinerj^  of  the  DiflTerential  Calculus.  The  remaining 
chapters  simply  consist  of  various  applications  of  the 
methods  and  formulae  here  established. 
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2  DEFINITIONS.    LIMITS. 

3.  We  commence  with  an  explanation  of  several 
technical  terms  which  are  of  frequent  occurrence  in  this 
subject,  and  with  the  meanings  of  which  the  student 
should  be  familiar  from  the  outset. 

4.  Constants  and  Variables. 

A  CONSTANT  is  a  quantity  which,  during  any  set  of 
mathematical  operationSy  retains  the  same  value. 

A  VARIABLE  is  a  quantity  which,  during  any  set  of 
mathematical  operations,  does  not  retain  the  same  value, 
but  is  capable  of  assuming  different  values. 

Ex.  The  area  of  any  triangle  on  a  given  base  and  between 
given  parallels  is  a  constant  quantity ;  so  also  the  base,  the  distance 
between  the  parallel  lines,  the  sum  of  the  angles  of  the  triangle  ai*e 
constant  quantities.  But  the  separate  angles,  the  sides,  the  position 
of  the  vertex  are  variables. 

It  has  become  conventional  to  make  use  of  the  letters 
a,  6,  c,  .  .  .  ,  a,  )8,  y,  .  .  .  ,  from  the  beginning  of  the 
alphabet  to  denote  constants ;  and  to  retain  later  letters, 
such  as  u,  V,  w,  x,  y,  z,  and  the  Greek  letters  ^,  j;,  f,  for 
variables. 

5.  Bependent  and  Independent  Variables. 

An  INDEPENDENT  VARIABLE  is  One  which  may  take  up 
any  arbitrary  value  that  may  be  assigned  to  it. 

A  DEPENDENT  VARIABLE  is  One  ^vhich  assumcs  its  value 
in  consequence  of  some  second  variable  &t^  system  oj 
variables  taking  up  any  set  of  arbitrary  values  that  may 
be  assigned  to  them. 

6.  Functions. 

When  one  quantity  depends  upon  another  or  upon  a 
system  of  others,  so  that  it  assumes  a  definite  value 
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%vhen  a  system  of  definite  values  is  given  to  the,  others^  it 
is  called  a  function  of  those  others. 

The  function  itself  is  a  dependent  variable,  and  the 
variables  to  which  values  are  given  are  independent 
variables. 

The  usual  notation  to  express  that  one  variable  y  is  a 
function  of  another  x  is 

y—f{x\  or  y=F(x\  or  y  =  ^{x) ; 
the  letters  /(  ),  F(  ),  0(  ),  x(  )»  •  •  •  ^^^^S  geii^rally 
retained  to  represent  functions  of  arbitrary  or  unknown 
form.  If  u  be  an  arbitrary  or  unknown  function  of 
several  variables  x,  y,  z,  we  may  express-  the  fact  by 
the  equation 

n=f(x,y,z), 

Ex.  In  any  triangle,  two  of  whose  sides  are  x  and  y 
and  the  included  angle  Q,  we  have  A  =  \xy  sin  Q  to 
express  the  area.  Here  A  is  the  dependent  variable, 
and  is  a  function  of  known  form — of  x,  y,  and  0,  which 
are  the  independent  variables. 

7.  It  will  be  seen  that  we  could  write  the  same  equation 
in  other  forms, 

•    /J     2A 
e,q.,  sm  d  =  — , 

xy 
which  may  be  regarded  as  an  expression  for  sin  Q  in 
terms  of  the  area  and  two  sides  ;  so  that  now  sin  0  may 
be  regarded  as  the  dependent  variable,  while  A,  x,  y,  are 
independent  variables. 

And  it  is  clear  that  if  there  be  one  equation  between 
four  variables,  as  above,  it  is  sufficient  to  determine  one 
in  terms  of  the  other  three,  so  that  any  (me  vaHable  may 
be  regarded  as  dependent  and  the  others  as  independent. 
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This  may  be  extended.  For,  if  there  be  one  equation 
between  n  variables,  it  will  suffice  to  find  one  of  them  in 
terms  of  the  remaining  (-yi  — 1),  so  that  any  one  vaHahle 
can  he  considered  dependent  and  the  remaining  ('>?  —  !) 
independent. 

And,  further,  if  there  be  r  equations  connecting  n 
variables  {n  being  greater  than  r)  they  will  be  enough  to 
detennine  r  of  the  variables  in  terms  of  the  other  n  —  r 
variables,  so  that  any  r  of  the  variables  can  he  considered 
dependent,  while  the  remaining  {n  —  r)  are  independent 

8.  Explicit  and  Implicit  Functions. 
A  function  is  said  to   he  explicit  when  expressed 
directly  in  terms  of  the  independent  variable  or  variables. 

For  example,  if  z=x^,  or  z  =  r sine,   or   z—x^y^ 
or  ^=a*'e'log^  +  (a+jF)" : 

z  \%  expressed  directly  in  terms  of  the  independent  variables,  and  is 
therefore  in  each  of  the  above  cases  said  to  be  an  explicit  functioi) 
of  those  variables. 

But,  if  the  function  he  not  expressed  directly  in  terms 
of  the  independent  variable  (or  variables),  the  function  is 
said  to  he  implicit. 

If,  for  example,  ax^ + yx -b  —  0  ; 

or  x^  +y^ = Zaxy ; 

or  aa^  4-  2bxy  +  cy^  4-  ^dx  +  2ey  +/=  0  ;  •  ^ 

or  x^y^  ='{o?-y^){b-\-yY  \ 

y  in  each  case  is  said  to  be  an  implicit  function  of  x. 

Sometimes,  however,  we  can  solve  the  equation  for  y:  e.g,,  the 

Q  ctx^ 

first  equation  we  can  write  as  y= ,  and  in  this  form  y  is  said 

X 

to  be  an  explicit  function  of  x. 

It  appears  then  that  if  the  equation  connecting  the  variables  be 
solved  for  the  dependent  variable,  that  variable  is  reduced  from 
being  an  implicit  to  being  an  explicit  function  of  the  remaining 
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variable  or  variables.      Such    solution   is   not,  however,  always  - 
possible  or  convenient. 

9.  Species  of  Known  Functions. 

Functions  which  are  made  up  of  powers  of  variables 
and  constants  connected  by.  the  signs  +  —  x  -t-  are 
classed  as  algebraic  functions.  If  radical  signs  or  frac- 
tional indices  occur  in  the  function,  it  is  said  to  be 
ti^ational ;  if  not,  rational. 

All  other  functions  are  classed  as  transceyidental 
functions. 

Of  transcendental  functions,  sines,  cosines,  tangents, 
etc.,  are  called  trigonometrical  or  circular  functions. 

Functions  such  as  sin  "*.r,  tan~'a:-,  etc.,  are  called  invertie 
trigonometrical  functions. 

Functions  such  as  e*,  a^,  in  which  the  variable  occurs 
in  the  index,  are  called  exponential  functions. 

While  if  logarithms  are  involved,  as  for  instance  in 
log^a:  or  log^J^a-^-hx^  etc.,  the  function  is  called  log- 
arithmic. 

Besides  the  above  we  have  the  hyperbolic  functions, 
sinh  X,  cosh  aj,  etc.,  of  which  a  short  description  follows 
in  Art.  25. 

10.  Limit  of  a  fanction. 

Def.  Wlien  a  function  can  be  made  to  approojch  con- 
tinually to  equality  with  some  fixed  value  or  condition 
so  as  to  differ  from  it  by  less  than  any  assignable  quan- 
tity, however  smalls  by  mdlcing  the  independent  variable 
or  variables  approach  some  assigned  value  or  values,' 
thai  fixed  value  or  condition  is  called  the  limit  of  ili^ 
function  for  the  value  or  values  of  the  variable  oo*  vat^ 
ables  referred  to. 
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11.  niustrations. 

Ex.  I.  If  an  equilateral  polygon  be  inscribed  in  any- 
closed  curve,  and  the  sides  of  the  polygon  be  decreased 
indefinitely  and  at  the  same  time  increased  in  number 
indefinitely,  the  polygon  continually  approximates  to  the 
form  of  the  curve,  and  ultimately  differs  from  it  in  area 
by  less  than  any  assignable  magnitude,  and  the  curve  is 
said  to  be  the  limit  of  the  polygon  inscribed  in  it. 

Ex.  2.  The  limit  of  — -—''    when   x    is    indefinitely 

tC  ~T~  J. 

diminished  is  3.     For  the  difference  between       .  ,-   and 

x+1 

3  is  — ^-  ;  and  by  diminishing  x  indefinitely  7—-  -  can  be 

made  less  than  any  assignable  quantity  however  small. 

Hence  it  is  said  that  the  limit  of       .   '    when  x  is  in- 

x  +  1 

definitely  diminished  is  3. 

The  expression  can  also  be  written  —  .,  which  shows 

that  if  X  be  increased  indefinitely  it  can  be  made  to 
continually  approach  and  to  differ  by  less  than  any 
assignable  quantity  from  2,  which  is  therefore  its  limit 
in  that  case. 

Ex.  3.  The  limits  of  some  quantities  are  zero,  e.g., 

aa^+bx,  ] 

sin  X,  y  when  x  is  zero, 
1— cosaj,  ) 

1— sinaj,  )  TT 

}■  when  33=-. 

cosaj,  )  2 
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• 

When  the  limit  of  a  quantity  is  zero  for  any  value  or 
values  of  the  independent  variable  or  variables,  the  quan- 
tity is  said  to  be  a  vanishing  quantity  for  those  values. 

It  is  useful  to  adopt  the  notation  Ltx=a  to  denote  the 
words  "  the  limit  when  x  =  a  o/" 

Ex.  4.  The  sum  of  a  O.P,  of  which  the  first  term  is  a, 

common  ratio  r,  and  n  the  number  of  terms,  is  a    "",  . 

r— 1 

If  r  <  1,  the  sum  to  infinity  is     ^-.     For  the  difier- 

ence  is  — — ;  and  since  Ltn=^- — ^  =0  (when  r  <  1),  this 

difference  is  a  vanishing  quantity. 

Ex.  5.  We  say  '6  =  1,  by  which  we  mean  that  by  taking 
enough  six6s  we  can  make  -666...  differ*  by  as  little  as 
we  please  from  f . 

Ex.  6.  The  definition  of  a  tangent  is  another 
example. 

Def.  Let  PQ  be  a  chord  joining  P,  Q,  two  adjacent 
points  on  a  curve.  Let  Q  travel  along  the  curve  towards 
P  and  come  so  close  as  ultimately  to  coincide  ivith  P. 
Then  the  limiting  position  of  PQ,  viz.  PT,  is  called  the 
tangent  at  P.  ^ 


Fig.  1. 

The  angle  Q,PT  is  a  varnishing  quantity ;  for  it  can  be 
made  less  than  any  assignable  quantity  by  making  Q 
move  along  the  curve  sufliciently  close  to  P. 
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* 

12.  There  are  several  important  principles  with  regai'd 
to  limits  which  we  shall  continually  require  to  use  and 
which  we  may  stay  to  enunciate  here  : — 

(1)  The  liTnit  of  the  sum  of  a  finite  number  of  quantities 
is  equal  to  the  sum  of  their  limits. 

(2)  The  limit  of  the  product  of  a  finite  number  of  quan- 
tities is  in  general  equal  to  the  product  of  their  limits, 

(3)  The  limit  of  the  ratio  of  two  quantities  (whose 
limits  are  not  zero  or  infinite)  is  equal  to  the  ratio  of 
their  limits, 

(4)  The   limits  of  two  quantities  (whose  limits  are 
Jmite)  are  equal  when  the  liTnit  of  their  difference  is  zero. 

These  statements  are  almost  self-evident.      We   give   however 
formal  proofs  of  the  most  important. 

(1)  Let  Uyy  u^  ...  be  the  variable  quantities, 

1?!,  ^2  ...  their  limits. 
Let  '^h  —  '^i'^^it 

t*2  =  V2  +  *2» 

etc., 
where  a^,  02,  ...  become  less  than  any  assignable  quantities  when 
the  variables  1^,  «$,  etc.,  approach  their  limits. 

Then  Wj  4-  ^2+  •  •  •  =  (*'i  +  *i)  +  (^2+ "2)  +  •  •  • 

Now,  if  a  be  the  greatest  of  the  quantities  a^,  ag,  . . .,  and  if  n  be 
their  number,  aj  +  og-f-...  <  wa  ;  and  therefore, 

Wi  +  ttg  + . . .  differs  from 

Vi  +  «?2+--- 
by  less  than  no.     But  by  hypothesis  Lta=0  ;  and  therefore,  if  71  be 

finite,  Ltna^^O, 
Whence         Lt^Ui  +  t^-^  ...)  =  v^-\-V2'¥ ... 

=  LtUi  +  LtU2  +  Ijtu^-^ .... 
(2)  Again,  with  the  same  notation, 

WiW2«(«^l+ai)(V2  +  02) 

=  ^1^2  +  *2^1  +  "l^a  +  *l"2' 
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Now  Lta^Vi=0^  unless  v^  be  infinite, 

ZteiV2=0,  unless  V2  be  infinite, 

Hence  Ltu^ii^—  ^^^  ^^  ^^^®  limits  of  the  above  terms 

=  v^V2  =  LU(>Y  X  Ltu.^. 
Similarly  L(Ui^U2U^. .  .Un)  —  LtVi .  Ltu2 .  Ltu^  . . .  Ltu„^ 

supposing  none  of  these  limits  infinite. 
(3)  Again 


H    '^2  +  «2     H      ^^a  +  <*2     '^2) 


^2      V2(^2  +  *'2)' 

and  if  'i?i,V2j  b^  finite  Lt(ajV.2  —  a2Vi) = 0  ; 

and  therefore  also     Zt'^ilElZ^ = 0 

^2(^2 +  02) 

provided  Vg  does  not  vanish. 
Hence  Zi«i=?}=^*??J. 

«2      ^2      -^^^2 

The  student  will  find  no  difficulty  in  establishing  the  fourth 
tatement  in  a  similar  manner. 
In  the  same  way  may  be  proved  (with  certain  exceptions) 

(5)  Ltu^*={Ltuy'^  for  positive,  negative,  etc.,  values  of  n. 

(6)  Lta'^^^a^", 

(7)  Z^logw=logZ^w. 

13.  Indeterminate  or  Illusory  Forms. 

When  a  function  involves  the  independent  variable  (or 
variables)  in  such  a  manner  that,  for  a  certain  assigned 
value  of  that  variable,  its  value  cannot  be  found  by 
simply  svhstituting  that  value  of  the  variable,  the  func- 
tion is  usually  said  to  take  an  indeterminate  fovTYi  or  to 
^issume  an  indeterminate  value. 

14.  The  name  indeterminate,  though  sanctioned  by 
common  use,  is  open  to  objection,  inasmuch  as  it 
will   be    found    that    the    true   values    of   such   forms 
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can  in  general  be  arrived  at  by  means  of  certain  pro- 
cesses which  we  shall  hereafter  discuss  at  length  in  a 
special  chapter ;  whereas  it  would  seem  to  be  implied  in 
the  name  indeterminate  that  it  would  be  impossible  to 
obtain  the  value  of  a  function  to  which  that  name  was 
applied.  "  Undetermined  "  or  "  Illusory  Forms  "  appear  to 
be  better  designations  for  such  cases. 

15.  One  of  the  commonest  forms  occurring  is  when  the 
function  takes  the  form  of  a  fraction  whose  Numerator 
and  Denominator  both  vanish  or  both  become  infinite  for 
the  value  (or  values)  of  the  variable  (or  variables) 
assigned. 

Several  other  indeterminate  forms  are  treated  fully  in 
Chapter  XIII. 

16.  The  limit  of  the  ratio  of  two  vanishing  quantities 

may  be  sero,  finite,  or  infinite. 

2x^  2 

Ex.     (i.)  Ltx=.o^„-==  Lt x=o=x  =  0,  zero. 

2x  2     ^ 

Ex.   (ii.)  Z^^=o^  =  ^^fl;=Oy  =  y,  finite, 

Ex.  (iii.)  Ltx=Q=-^  =  Ltx=oj-  ~  ^  »  infinite. 

Ex.  (iv.)  Ltx=.a =Lfx=a(x+a)  =  '2ay   finite. 

ic "~"  a 

Ex.    (v.)  Lt0=o^—^-=l,  finite. 

Ex.  (vi.)    Ltx=:2  9     A     .  4  =  ^^x- .  =  ^  >       infinite. 

^     ^  x^  —  4!X+4i  x—'l 

17.  Two  functions  of  the  same  independent  variable 
are  said  to  be  ultimately  equal  when,  as  the  independent 

V    _ 
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variable  approaches  indefinitely  near  its  assigned  value, 
the  limit  of  their  ratio  is  unity. 

Thus  if^=o-^-^  =  l; 

and  therefore,  when  an  angle  is  indefinitely  diminished^ 
its  sine  and  its  circular  measure  are  ultimately  equal. 

Examples. 

1.  Find  the  limit  when  ^=0  of  ^„, 

s 

(i.)  When  y^mx, 

(ii.)  When  y^^. 

a 

(iii.)  When  y=ax^-{-h, 

1  +  ^x 

2.  Find  Lt— ,  (i.)  when  x=0  \   (ii.)  when  a.  =  oo. 

2-\-x 

3.  Find  Ltx=^,  when  v^ = 2ax  -  o^, 

X 

4.  Find  Ltx^^-,  when-!-^-%^\ 

5.  Find  Ltx=o'^-'^'''~^. 

X 

6.  Find  Z^a;=o^  ,  wheny2=«j7+^yi+c.^. 

X 

7.  Find  Ltx^^^^JZ^. 

x-a 

8.  Find  Z«?^±*?,  when  (i.)  ^=0  ;  (ii.)  a:=  oo . 

9   Find  Ltx^oo  s/x{  Jx+l-  Jx)* 

10.  Prove  that  p  —  qx  and  q  —px  tend  to  equality  as  x  diminishes 
to  zero,  but  yet  that  their  limits  are  not  equal. 

11.  The  opposite  angles  of  a  quadrilateral  inscribed  in  a  circle  are 
together  equal  to  two  right  angles.  What  does  this  become  when 
in  the  limit  two  angular  points  coincide  ? 

12.  Find  the  ultimate  position  of  the  point  of  intersection  of  the 
diagonals  of  a  rhombus,  when  one  of  the  angles  diminishes  in- 
definitely. 


12  DEFINITIONS,    LIMITS, 

18.  We  now  proceed  to  consider  the  limits  of  four  very 
important  indeterminate  forms. 


19.  I.  The  proofs  of  the  well-known  results 

sin  Q 
J 
Lt 0^0  cos  6  =  1, 


1^*0-0 — ^ 1, 


,. .       tan  6     , 

Lt9=o  -0    =1, 

csji  be  found  in  any  standard  book  on  Plane  Trigonometry. 

20.  II.  Lt^=i^^^=n, 

Let  x  =  l+z.  Then  when  x  approaches  the  value  unity 
z  approaches  zero,  and  we  can  therefore  consider  0  to  be 
less  than  l,and  therefore  can  apply  the  Binomial  Theorem 
to  expand  (I+0)",  whatever  n  may  be. 

Hence   Lt^^-i        ,  =Ltz=o 

^     x—i  z 

,  n(n— 1)  2  , 

=  Ltz=o  V 

z 


Lt,-.o\n+'l^z+...} 


=  n. 


=»(l+iy=e. 


21.  III.  Ltx=Al-\ — I  =e,  where  e  is  the  base  of  the 


Napierian   system    of   logarithms.      This   number  e  is 

defined  as  the  value  of  the  series  1  + 1  +  ^^  +    ^  + . . .  to  X) , 

and  it  may  easily  be  shown  to  be  2*7182818.... 

Since  x  is  to  be  ultimately  infinite,  we  may  throughout 
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consider     to  be  less  than  unity,  and  may  therefore  apply 

the    Binomial   Theorem   to  the    expansion  of   1I+-I. 
We  thus  obtain 

y^xJ'^V    1.2     a;-^+       1.2.3         x^^- 

1_1     (l-l)(l-2) 

.1  +  1  +  _^,%L_^V_J4. 

=  l  +  l  +  .,,+-T+... 

in  the  limit,  when  x  is  indefinitely  increased. 
Cob.        i<x=«(l+")'  =  ^^,_{(l+^)«}"  =  e«. 

22.  IV.  i(«=o^^^=log//. 
Assume  the  expansion  for  a*,  viz. : 

a*=l+ajlogea+— ^'--^  +.... 

This  is  a  convergent  series,  for  the  test  fraction  is        ^*  , 

°  n 

and  can  be  made  less  than  any  assignable  quantity  by 

making  n  sufficiently  large. 

We  have  therefore 

-^=log.a+      ^7  ^  +... 

and  the  limit  of  the  right-hand  side,  when  x  is  indefinitely 
diminished,  is  clearly  logea. 

23.  The  following  proof  of  11.  is  independent  of  the 
Binomial  Theorem : 
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(i.)  Let  n  be  a  positive  integer.    Then,  by  division. 

Putting  07=1, 

X^x=i-^  =  1 +  1  +  1  +  .. .  +  1  +  1  +  1, 

05-1 

there  being  n  terms, 

(ii.)  Let  w  be  a  positive  fraction  =  2. 

Let  ^=<a?,  so  that,  if  a?=l,  y*=l,  and  /.  y=  . 

p 

Then  Ltx=\ =-  =  Ltx^i - 

yp-l 


r^i 
.v^-1 

.y-1 

(iii.)  Let  n  be  negative  and  =  -  m. 

Then  Lt^^i ,  =^?«=i ^ 

^-1  x-l 

(1  \              :r"* 1 
-  -- ) X Ltx=i =  -m  by  (i.)  and 

(ii.),  and.*.  =n, 

(iv.)  Finally,  if  n  be  incommensurable,  two  numbers  ?ii,  Wg 
can  be  found,  both  commensurable,  one  on  each  side  of  n, 
such  that  their  diflference  is  less  than  any  that  can  be  assigned 
beforehand,  however  small. 

Hence  x*%  ^",  a7"2,  are  in  order  of  magnitude  ;  and  therefore  so 
also  are 

a: -I  ,v-l  x-l 
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and  Wi,    X^x=i*^-^,   w.^ ; 

but  Wj,  »2,  are  indefinitely  nearly  equal,  and  n  lies  between  them, 

Ltx=.\ — ^  =w  in  this  case  also. 

24.  Also  IV.  can  be  deduced  from  III.  thus  : 
Let  a*-l  =  i, 

y 

then  a*=l+-, 

y 

and  therefore  when  ^  becomes  zero  y  becomes  infinite,  and 

^=log^l  +  l), 

i 

Lt  "^''^-Lt        y 

X 


log.(l  +  J) 


"jf^oo  ;  T—       -""ysoo 


.ylog.(l  +  l)         "    log„(l+^) 

[Arts.  12  (7)  and  21.] 


logae 


log«[z^,=«(l  +  l/] 

=  logefl. 


Examples. 

1.  Prove  Z<,=ii5£f=i. 

[Put^=l+,y.] 

2.  Prove  Lu^^^^^.::^J^\c^-\ 

1 

3.  Prove  Z^x«o(l+ar)*=«". 

4.  Prove  xifx=o— 


sin  nx     n 


5.  Prove  Ztx=."'-^-f  ^"g'"=^(log^)'. 
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25.  Hyperbolic  Punctioris. 

By  analogy  with  the  exponential  values  of  the  sine^ 
cosine,  tangent,  etc.,  the  exponential  functions 

are  respectively  written 

sinh  6,  cosh  6,  tanh  6,  etc., 
and  called  the  hyperbolic  sine,  cosine,  tangent,  etc.,  of  6, 
and  as  a  class  are  styled  hyperbolic  functions. 

oince    sin  6  = ,   and    cos  0  = ;^ ,    where 

i  =  x/—  1,  it  will  be  clear  that 

sin  10  =  f  sinh  0, 

cos  10  =  cosh  Qy 
and  hence  or  from  the  definition 

(1)  tan£0  =  £ — i— ,  =  4tanh0: 
^  ^  cosh  0 

(2)  cosh20-sinh20=l; 

(3)  8in-(0H- (0)  =  sin  0  cosh  0  + 1  cos  0  sinh  ^ ; 

with  many  other  formulae  analogous  to,  and  easily  dc- 
ducible  from,  the  common  formulae  of  Trigonometry. 

If  a:j  =  sinh0, 

we  have  0  =  sinh~^a;, 

an    inverse  hyperbolic  function  of  x  analogous  to  the 
inverse  trigonometrical  function  sin"^u;. 

This  species  of  function  however  is  merely  logarithmic  ; 

e^  ~~  e~^ 
for,  since  x  =  — ^ — , 

we  have  e^  =  x  +  s/T+  .i -, 

and  6  =  loge(a;  +  s/i  +  ./:^), 

while  corresponding  results  hold  for  cosh"V',  tanh"^ic,  etc. 
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Examples. 
'1 .  Prove  the  following  formulae — 

(a)  co8ecli*^=coth*^  - 1  ; 

(6)  sinh  (0 + <^) = sinh  0  oosh  <p + cosh  0  sinh  0  ; 

(fl?)      sinh  ^ + sinh  0=2  sinh  -^tZ cosh  -  ^~. 

2.  Show  that  the  co-ordinates  of  any  point  on  the  rectangular 
hyperbola  a^—y^^d^  may  be  denoted  by  a  cosh  0^  a  sinh  ^. 

3.  Prove    (a)         sinh-^ar^  tanh-'--f=. ; 

V1+J7* 

(6)      2tanh-ijF=logl±^. 

\~x 

Infinitesimals. 

26.  All  measurable  quantities  are  estimated  by  the  ratios 
which  they  bear  to  certain  fixed  but  arbitrary  units  of 
their  own  kind.  The  whole  measure  of  a  quantity  thus 
consists  of  two  factors — the  unit  itself  and  an  abstract 
number  which  represents  the  ratio  of  the  measured 
quantity  to  the  unit.  The  magnitude  of  the  unit  should 
be  chosen  as  something  comparable  with  the  quantity  to 
be  measured,  otherwise  the  abstract  number  which 
measures  the  ratio  of  the  quantity  to  the  unit  will  be  too 
large  or  too  small  to  lie  within  the  limits  of  comprehen- 
sion. For  instance,  the  radius  of  the  earth  is  conveniently 
estimated  in  wMea  (roughly  4,000);  the  moon's  distance  in 
earth! 8  radii  (about  60);  the  sun's  distance  in  moon's 
distances  (about  400)  ;  the  distance  of  Sirius  in  sv/n*8 
distances  (at  least  200,000).  Again,  for  such  relatively 
small  quantities  as  the  wave-length  of  a  particular  kind 
of  light,  ons  ten-wAUionth  of  an  inch  is  found  to  be  a  suf- 
ficiently large  unit:  the  wave-length  for  light  from  the  red 

B 
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end  of  the  spectrum  being  aboat  266,  that  from  the  violet 
end  167  such  units  (Lloyd,  "Wave  Theory  of  Light,"  p.  18). 

27.  Any  comparison  of  two  quantities  is  equivalent  to 
an  estimate  of  how  many  times  the  one  is  contained  in  or 
contains  the  other ;  that  is,  the  one  quantity  is,  estimated 
in  terms  of  the  other  as  a  unit,  and  according  as  the 
number  expressing  their  ratio  is  very  large  compared 
with  unity  or  a  very  small  fraction,  the  one  is  said  to  be 
very  large  or  very  small  in  comparison  with  the  other. 
The  tei'Tns  great  and  small  are  therefore  purely  relative. 

The  standard  of  smallness  is  vague  and  airbitrary.  An 
error  of  measurement  which,  centuries  ago,  would  have 
been  reckoned  small  would  now  be  considered  enormous. 
The  accuracy  of  observation,  and  therefore  the  smallness 
of  allowable  errors  of  observation,  increases  with  the 
continual  improvement  in  the  construction  of  instruments 
and  methods  of  measurement. 

28.  Orders  of  SmalUess. 

If  we  conceive  any  magnitude  A  divided  up  into  any 

large  number  of  equal  parts,  say  a  billion  (XO^^),  then  each 

A 
part  z-^  is  extremely  small,  and  for  all  practical  purposes 

negligible,  in  comparison  with  A,     If  this  part  be  again 

A 
subdivided  into  a  billion  equal  parts,  each  =     24»  ^^^^  ^f 

A 
these  last  is  extremely  small  in  comparison  with  ytm*  ^^^ 

80  on.      We  thus  obtain  a  series  of  magnitudes.  A,    . 

AAA 
ini2»  fn2i»  TTPfc*  '"'  ^^^^  ^^  which  is  excessively  small  in 
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comparison,  with  the  one  which  precedes  it,  but  very 
large  compared  with  the  one  which  follows  it.  This  fur- 
nishes us  with  what  we  may  designate  a  scale  of  arriallnesa. 

More  generally,  if  we  agree  to  consider  any  given 
fraction  /  as  being  small  in  comparison  with  unity,  then 
fA  will  be  small  in  comparison  with  A,  and  we  may 
term  the  expressions  fAyf^Aff^A,  ...,  small  quantities 
of  the  first y  secondy  third,  etc,  orders ;  and  the  numerical 
quantities/, /^/^  ...,  may  be  called  small  fractions  of 
the  first,  second,  third,  etc.,  orders. 

Thus,  supposing  A  to  be  any  given  finite  magnitude, 
any  given  fraction  of  ^  is  at  our  choice  to  designate  a 
small  quantity  of  the  first  order  in  comparison  with  A. 
When  this  is  chosen,  any  quantity  which  has  to  this  small 
quantity  of  the  first  order  a  ratio  which  is  a  small  frac- 
tion of  the  first  order,  is  itself  a  small  quantity  of  the 
second  order.  Similarly,  any  quantity  whose  ratio  to  a 
small  quantity  of  the  second  order  is  a  small  fraction  of 
the  first  order  is  a  small  quantity  of  the  third  order,  and 
80  on.  So  that  generally,  if  a  small  quantity  be  such 
that  its  ratio  to  a  small  quantity  of  the  p^  order  be  a 
small  fraction  of  the  q^  order,  it  is  itself  termed  a  small 
quantity  of  the  (p+q)^  order. 

29.  Infinitesimals. 

Tf  these  small  quantities  Af  Af\  Af^,  ...,  be  all  quan- 
tities whose  limits  are  zero,  then,  supposing  /  m,ade 
smaller  than  any  assignable  quantity  by  sufficiently 
increasing  its  denominator,  these  small  quantities  of  the 
first,  second,  third,  etc.,  orders  are  termed  infinitesvmals 
of  the  fi/rsty  second,  third,  etc,,  orders. 

From  the  nature  of  an  infinitesimal  it  is  clear  that,  if 
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any  eqvMion  contai/n  finite  quantities  and  infinitesir- 
mats,  the  infimitesimah  may  he  rejected. 

30.  Prop.  In  any  equation  between  infinitesvmals  of 
different  orders,  Tione  but  those  of  the  lowest  order  need 
be  retained. 

Suppose,  for  instance,  the  equation  to  be 

A,+B^  +  G^+I),+E^+F^+...=0, (i.) 

each  letter  denoting  an  infinitesimal  of  the  order  indi- 
cated by  the  suffix. 

Then,  dividing  by  -4j, 

the  limiting  ratios  -j*  and  -^  ^  are  finite,  while  ^,  ~, 

are  infinitesimals  of  the  first  order,  -^  is  an  infinitesimal 

of  the   second   order,  and  so   on.     Hence,  by  Art.  29, 
equation  (ii.)  may  be  replaced  by 

^AjA^  * 
and  therefore  equation  (i.)  by 

^,+5j  +  (7i  =  0, 
which  proves  the  statement. 

31.  Prop.  In  any  equation  connecting  infmitesimais 
we  may  substitute  for  any  one  of  the  quantities  involved 
any  other  which  differs  from,  it  by  a  quantity  of  higher 
order. 

For  if  A^+B^  +  G^+D^+...=^0 

be  the  equation,  and  if  A^  =  F^+f^, 

/,  denoting  an  infinitesimal  of  higher  order  than  F^,  we 
have  F,+B^  +  G^+f+D^+...r=0, 
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i.e.,  by  the  last  proposition  we  may  write 

;fi+^i  +  C^i  =  0, 
which  may  therefore,  if  desirable,  replace  the  equation 

^i+5,  +  (7,  =  0. 


32.  niustrations. 


Since 


8in0  =  e-3-,  +  5J-... 


and 


cosd=l 


sin  ft  1  —  cos  9, 0  —  sin  0  are  respectively  of  the  first,  second, 
and  third  orders  of  small  quantities,  when  6  is  of  the  first 
order ;  also,  1  may  be  written  instead  of  cos  6  if  second 
order  quantities  are  to  be  rejected,  and  0  for  sin  6  when 
cubes  and  higher  powers  are  rejected. 

33.  Again,  suppose  AP  the  arc  of  a  circle  of  centre  0 

and  radius  a.     Suppose  the  angle  -4  0P(  =  6)  to  be  a  small 

quantity  of  the  first  order.     Let  PiV  be  the  perpendicular 

from  P  upon  OA  and  AQ  the  tangent  at  A,  meeting  OP 

produced  in  Q,     Join  P,  A, 

Q 


Then 


arc  AP 
NP 
AQ 

chord  -4P  =  2asin 


Fig.  2. 

ad  and  is  of  the  first  order, 
a  sin  0        do.  do., 

atand    .    do.  do., 

0 


do. 


do., 


NA  =  a(l  —  cos  0)  and  is  of  the  second  order. 
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So  that  OP— ON  is  a  small  quantity  of  the  second  order. 

Q 

Again,  arc  -4P— chord  -4P=afl— 2asin  j, 


=ae-2a(f-g-^3 .+...) 


and  is  of  the  third  order. 

PQ-jY:4  =  J\r^(sec0-l) 


^NA. 


2  sin2^ 


COS0 

=  (second  order)(second  order) 
=  fourth  order  of  small  quantities, 
and  similarly  for  others. 

34.  Such  results  may  also  be  established  without  the 
vse  of  the  series  for  sin  Q  and  cos  6. 


For  example,  let  APB  be  a  semicircle,  P  any  point  very  near  to 
Ay  80  that  the  arc  AP  may  be  considered  a  small  quantity  of  the 
first  order.  Join  AP^  BPy  and  let  BP  produced  cut  the  tangent  at 
A  in  Ry  and  let  the  tangent  at  P  cut  AR  m  Ty  and  draw  the  per- 
l^endicular  PiVupon  AB.  T  will  be  the  middle  point  of  AR^  and 
AT^TR^^TP. 

(1)  We  may  take  it  as  axiomatic  that  the  length  qf  the  arc  AP  is 
intermediate  between  the  chord  AP  and  the  turn  of  the  tangents  AT, 
TP  ;  I.e.,  between  chord  AP  and  tangent  AR,  Hence  chord  APy 
arc  APy  tangent  AR  are  in  ascending  order  of  magnitude,  and 
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therefore  1,    f^^/f^,   tangent  AR  ^^^    j^    ascending  order  of 
chord  AP      chord  AP 

magnitude. 

Now,  X^^^/^,^=X<|4.=  1> 

'  chord  ^P        Be      ' 

whence  Lt  ^lf^j,^\. 

chord  i4P 

and  therefore,  if  arc  ^P  be  reckoned  a  small  quantity  of  the  first 

order,  the  chord  AP  and  the  tangent  AR  are  also  of  the  first  order 

of  smallness. 

AN    AP 

(2)  Again,  since  -j-o= — s»  *^^  since  AP  is  of  the  first  order 

of  smallness,  ilj^  is  of  the  second  order. 

PR.     HP 

(3)  Also  t^—^-^  which  is  ultimately  a  ratio  of  equality,  and 

therefore  PR  is  also  of  the  second  order. 

(4)  Similarly,  since  Ji2-^/>=::^gz^=_^g_,  and  since 

PR^  is  a  small  quantity  of  the  fourth  order,  and  AR-¥AP  ]aB,  small 
quantity  of  the  first  order,  we  see  that  AR  —  AP  is  of  the  third 
order  of  small  quantities. 

And  similarly  for  other  quantities  the  order  of  smallness  may  be 
geometrically  investigated. 

35.  The  hose  angles  of  a  triangle  being  given  to  he 
small  qvxintities  of  the  first  order y  to  find  the  order  of  the 
difference  between  the  base  and  the  sum  of  the  sides. 


B 
Fig.  4. 

By  what  has  gone  before  (Art.  33),  if  APB  be  the 
triangle  and  PM  the  perpendicular  on  AB^  AP^AM 
and  BP  —  BM  are  both  small  quantities  of  the  second 
order  as  compared  with  AB. 
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Hence  AP+PB  —  AB  is  of  the  second  order  compared 

with  AB. 

If  AB  itself  be  of  the  first  order  of  small  quantities, 
then  AP+PB  —  AB  is  of  the  third  order. 

36.  Degree  of  approximation  in  taking  a  small  chord 
for  a  small  arc  in  any  curve. 

p 


A  B 

Fig.  5. 

Let  AB  be  an  arc  of  a  curve  supposed  continuous 
between  A  and  B,  and  so  small  as  to  be  concave 
at  each  point  throughout  its  length  to  the  foot  of  the 
perpendicular  from  that  point  upon  the  chord.  Let  AP, 
BP  be  the  tangents  at  A  and  B.  Then,  when  A  and  B 
are  taken  sufficiently  near  together,  the  chord  AB  and  the 
angles  at  A  and  B  may  each  be  considered  small  quanti- 
ties of  at  least  the  first  order,  and  therefore,  by  what  has 
gone  before,  AP+PB  —  AB  will  be  at  least  of  the  third 
order.  Now  we  may  take  as  an  axiom  that  the  length 
of  the  arc  AB  is  intermediate  between  the  length  of  the 
chord  AB  and  the  sum  of  the  tangents  AP,  BP.  Hence  the 
difference  of  the  arc  AB  and  the  chord  AB,  which  is  less 
than  that  between  AP+PB  and  the  chord  AB,  must 
be  at  least  of  the  third  order. 
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EXAMPLES. 

1.  Show  that,  in  the  figure  of  Art.  33,  the  area  of  the 
segment  bounded  by  the  chord  AP  and  the  arc  AP  is  of  the 
third  order  of  small  quantities. 

2.  In  the  same  figure,  if  PM  be  drawn  perpendicular  \^  AQ, 
show  that  the  triangle  PMQ  is  of  the  fifth  order  of  smallness. 

3.  A  straight  line  of  constant  length  slides  between  two 

straight  lines  at  right  angles,  viz.,  CAa^  CbB ;  AB  and  ah  are 

two  positions  of  the  line  and  P  their  point  of  intersection. 

Show  that,  in  the  limit,  when  the  two  positions  coincide,  we  have 

Aa     CB      .PA     CB^ 
=  —  and —  = . 

Bb    CA        PB    CA^ 

4.  From  a  point  T  in  a  radius  OA  of  a  circle,  produced,  a 
tangent  TP  is  drawn  to  the  circle,  touching  it  in  P ;  PN  is 
drawn  perpendicular  to  the  radius  OA,  Show  that,  in  the 
limit,  when  P  moves  up  to  ^,  NA  ^AT, 

5.  If,  in  the  equation  sin((o  -  ^)  =  sin  cu  cos  a,  6  be  very  small, 
show  that  its  approximate  value  is 

;in^(] 

[I.  C.  S.  Exam.] 

6.  Tangents  are  dmwn  to  a  circular  arc  at  its  middle  point 
and  at  its  extremities.  Show  that  the  area  of  the  triangle 
formed  by  the  chord  of  the  arc  and  the  two  tangents  at  the 
extremities  is  ultimately  four  times  that  of  the  triangle  formed 
by  the  three  tangents.  [Frost's  Newton.] 

7.  If  G  be  the  centre  of  gravity  of  the  arc  PQ  of  any  uniform 
curve,  and  if  PT  be  the  tangent  at  P,  prove  that,  when  PQ  is 
indefinitely  diminished,  the  angles  GPT  and  QPT  vanish  in  the 
ratio  of  2  to  3.  [I.  C.  S.  Exam.] 


2  tan  CD  sin  --i  1  -  tan^w  sin^. 
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37.  Direction  of  the  Tangent  of  a  Curve  at  a  given  point. 
Let  ^  J3  be  an  arc  of  a  curve  traced  in  the  plane  of  the 
the  paper,  OX  a  fixed  straight  line  in  the  same  plane. 


M  N 

Fig.  6. 

Let  P,  Q,  be  two  points  on  the  curve ;  PJf ,  QN,  per- 
pendiculars on  OXy  and  PR  the  perpendicular  from  P  on 
QN,  Join  P,  Q,  and  let  QP  be  produced  to  cut  OX  at  T. 
When  Q,  travelling  along  the  curve,  approaches  in- 
definitely near  to  P,  the  chord  QP  becomes  in  the  limit 
the  tangent  at  P.  QR  and  PR  both  ultimately  vanish, 
but  the  limit  of  their  ratio  is  in  general  finite  ;  for 

RO 
Lt^^  =  Lt  tan  RPQ  =  Lt  tan  XTP  =  tangent  of  the  angle 

which,  the  tangent  at  P  to  the  curve  makes  with  OX. 
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Ex.  1.  Consider  the  straight  line  whose  equation  is  y==mx-\-c. 


Fig.  7. 
Let  OXy  OF,  be  the  axes,  and  let  the  co-ordinates  of  P  be  ^,  y. 
Then,  taking  the  general  construction  of  the  preceding  article,  the 
intercept  OA  =c,  for  y=c  when  ^=0. 
Draw  AK  parallel  to  OX  to  meet  MP  in  K  ;  then,  from  similar 

RQ_KP_MP-OA 
PWAK"      OM 


triangles, 


nix 

X 


X 

Hence  tan  Z2T=tan  RPQ=m. 

Ex.  2.  Consider  the  parabola  referred  to  its  usual  axes,  viz.,  the 
axis  of  the  parabola  and  the  tangent  at  the  vertex.    With  the  same 


Fig.  8. 
construction  as  before,  we  have 

PM^^^S.AM, 
QN^^AAS.AN, 
QN^^PM^=-4AS(AN-AM)^4AS.PK 
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But      QN^ - Pif 2=  {QN-- PM){QN+PM)^RQ .  (QN-^PM), 
-'.    RQ{QN^PM)^AAS.PR, 

^8        ^AS 


whence 


lM^lu 


PR    ^"QN+FM    2PM 

when  Q  comes  to  coincidence  with  P, 

and  therefore  in  the  limit 

2AS 


tsaiXTP^ 


PM' 


Ex.  3.  Consider  the  *^  curve  of  sines  "  whose  equation  is 


4=8in-. 
o  a 


The  same  construction  being  made,  if  P  be  the  point  {x,  y)  on  the 


T 


<jurve  we  have 


Fig.  9. 


ifP=6sin* 
a 


Let      MN=h,  then  NQ-^-b sin ^"^'^ 


a 


Hence  /2§=6|  sin^^-sinf  I  =.268inlco8^^, 

(  a  a)  2a         za 


and  therefore 


A       2ar  +  A 
sm  —COS — ^^—  . 

r  RQ     T       or      2a         2a        r.     b 


6         07 
=     C08=l. 

a      a 


X 


'sin-. 

^«lcos.2^+^ 


2a 


2a 


Tlieref ore  in  the  limit 

tan  Z7^P=-cos*?. 
a      a 
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From  the  above  examples  it  will  now  be  obvious  that 
the  direction  of  the  tangent  at  any  point  of  any  curve 
may  be  determined  in  a  similar  manner. 

38.  Equation  of  Tangent. 

Let  us  consider  the  general  case  in  which  the  equation 
of  the  curve  is  y = 0(a;). 

Y 


M 

Fig.  10. 

Let  the  co-ordinates  of  the  points  P,  Q,  on  the  curve 
be  {x,y)  {x+Sx,  y+Sy)  respectively,  Sx  and  Sy  being 
used  to  denote  increments  of  the  variables  x  and  y. 
Then,  the  construction  being  as  before, 

OM==x,  ON=x+Sx,  therefore  Pi2  =  ifiV^=<5a;; 
also,  MP  =  y,NQ=y+Sy,  iheref ore  RQ=8y. 

Again,  since  the  point  x+Sx,  y+Sy,  lies  on  the  curve^ 
y+Sy  =  i/>{x+Sx\ 
whence  RQ  =  Sy  =  if>{x + Sx)  —  0(a;). 


Hence 


we      can      express      LtJ^    as     /if&r=o 


PR 


Sx 


or 


,        0(a;+&g)-0(a?) 

Hence,  to  draw  the  tangent  at  any  point  (x,  y)  on 
the  curve  ^=0(a;),  we  must  draw  a  line  through  that 
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point,  making  with  the  axis  of  x  an  angle  whose  tangent 
is  z^j^^Q^<?^±^lzJ^ ;  and  if  this  limit  be  called  m, 

the  equation  of  the  tangent  at  P{x,  y)  will  be 

F— 2/  =  m(X— a;), 
X,  Y  being  the  current  co-ordinates  of  any  point  on  the 
tangent ;  for  the  line  represented  by  this  equation  goes 
through  the  point  (a?,  y\  and  makes  with  the  axis  of  a;  an 
angle  whose  tangent  is  m. 

Examples. 
Find  the  equation  of  the  tangent  at  the  point  {x,  y)  ou  each  of 
the  following  curves  : — 

1.  a^+y^=c^.  4.  y=logx, 

2.  ^+^=1.  ^'  y=tana7. 

'  a^    b^      '  6.  y=tau"^x. 

3.  y=«'. 

39.  Def. — Differential  Coefficient. 

Let  <f>(x)  denote  any  function  of  x,  and  <p{x+h)  the 

same  fumction   of  x+h;    then  Lth=o^- r — --—   is 

caUed  the  first  derived  function  or  differential  co- 
efficient of  <p{x)  with  respect  to  x. 

The  operation  of  finding  this  limit  is  called  differenti- 
ating <f>{x). 

After  reading  Chap.  V.,  it  will  be  obvious  why  the 
above  expression  is  stj^led  a  "  coeflScient,"  for  it  is  shown 
there  to  be  one  of  a  series  of  coefficients  occurring  in 
the  expansion  of  <l>{x+h)  in  poweiis  of  h 

The  geometrical  meaning  of  the  above  limit  is  indicated 
in  the  last  article,  where  it  is  shown  to  be  the  tangent  of 
the  angle  yjr  which  the  tangent  at  any  definite  point 
(x,  y)  on  the  curve  y  =  ip{x)  makes,  with  the  axis  of  x. 
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40..  We  can  now  find  the  differential  coefficient  of  any 
proposed  function  by  investigating  the  value  of  the 
above  limit ;  but  it  will  be  seen  later  on  that,  by  means 
of  certain  rules  and  a  knowledge  of  the  differential 
coefficients  of  certain  standard  forms,  we  can  always 
avoid  the  labour  of  an  a  priori  evaluation. 

When  an  a  priori  investigation  becomes  necessary,  it 
may  often  be  conducted  very  simply  by  pure  geometry. 
It  is  however  usual  to  treat  the  more  complicated 
functions  algebraically.     Several  examples  are  appended. 

Ex.  1.  To  find  geometrically  the  differential  coefficient  of  sin^. 
Let  the  angle  A  OP=x,  AOQ=x-\rhf  and  let  a  circle  with  centre  0 
and  radius  unity  cut  the  lines  OA ,  OP,  0§,  in  ^ ,  P,  Q,     Draw  per- 


pendiculars PMy  QN,  to  OA,  and  PR  to  QN,    Join  PQ,    Then 

,*.   sin(x-f  A)  — siiix=i2§. 

Again,  A  ==  angle  P0Q=2iXc  PQ,  the  radius  being  unity. 

Hence 

*"^  h  B,rcPQ        chord  y^^ 

(for  chord  PQ  and  arc  PQ  are  equal  in  the  limit) 
=^LtcoaRQP=^GO8  0PR 
(since  in  the  limit  QPO  is  a  right  angle) 

=  COBAOP  =  C08X. 
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Ex.  2.  To  find  geornetriccdly  the  differential  coefficient  of  Biu''^4P. 

In  Fig.  11  let  AOP^sixr^x, 

and  AOQ=^«m-\x+h), 

Then,  with  the  same  construction  as  before, 

MP^x,  NQ^x+h, 

therefore  RQ = A. 

Hence  ^  ^ 

,,     8in-Va?+A)-sin-i^     r^     AOQ-AOP 


RQ  RQ  COS  RQP    coa  OP R 

_       I       ^  1 

coa  A  OP     >Jl-8mU0P 
1 

Examples. 

Find  in  a  similar  manner  the  differential  coeflScients  of 

(1)  tan;r.  (3)  oosec4?. 

(2)  tan-*j?.  (4)  cosec~*j7. 

Ex.  3.  Find  from  the  definition  the  differential  coefficient  of 

_,  where  a  is  a  constant. 
a 

Here  <f>{x)  —  — , 

therefore      Z«>-.*(^+^)  "  »W^zt>  J^+*/  -^ 

h  ha 

J.     2a?A+A*     r,     (2^  +  A) 
ha  a 

_2x 

a' 
The  geometrical  interpretation  of  this  result  is  that,  if  a  tangent 
be  drawn  to  the  parabola  ay^a^  at  the  point  (or,  y\  it  will  be 

inclined  to  the  axis  of  x  at  the  angle  tan~^-  . 

a 
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Ex.  4.   Find  from  the  definition  the  diflferential  coefficient  of 

log  sin  -,  where  a  is  a  constant. 
a 

Here  <l>{x)  =  log  sin  -, 

log  sin —     -log  sin- 

and  X*»_o^^±%:^)= £«»=, '^^ ^ 

k  a 

'    X       h  ,.        X  •   -h 
sin -cos    +cos-sin- 

r^     1 1  a       cL  a       a 

= ^'-'%  io« -i 

sm  - 
a 

= Ltj^^^  log  ( 1  +  -  cot  -  -  higher  powers  oih\ 

I  by  substituting  for  sin  -  and  cos-  their  expansions  in  powers  of-  I 

A       X 

-  cot  —  higher  powers  of  h 

—  JL/^AsO i 

h 

[by  expanding  the  logarithm] 

=  icot?. 
a       a 

Hence  the  tangent    at  any  point  on  the   curve  ^= log  sin-    is 

a  a 

inclined  to  the  axis  of  or  at  an  angle  whose  tangent  is  cot? ;  that  is 

a 

at  ail  anirle . 

*^     2     a 

41.  Notation. 
The  resfuXt  of  the  operation  expressed  by  Lth^^ — J  '^^ 

or  by  i*a«=o^  is  generally  denoted  by  ^y  or  ^. 

It  will  be  well  to  note  distinctly  once  for  all  that  in 

the  notation  thus  introduced,  dx  and  dy,  as  here  used,  are 

not  separate  small  quantities  as  Sx  and  Sy  are,  but  that 

c 
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-T-  is  a  symbol  of  operation  which,  when  applied  to  y, 

denotes  the  result  of  taking  the  limit  of  the  ratio  of  the 
small  quantities  Sy,  8x. 

Sometimes  dgy  is  used  to  denote  the  same  thing ;  or,  if 

y  =  if>(x),  we  often  meet  with  the  forms     y    ,  -^,  <l>(j^)> 

<pxt  <l>>  or  <f>.  Again,  as  the  letters  u,  v,  w,  etc.,  are  fre- 
quently used  to  denote  functions  of  x,  we  shall 
consequently  have  the  differential  coefficiient  variously 

expressed,  as  -i-,  u\  u^,  or  u,  with  a  similar  notation  for 

those  of  V,  w,  etc. 

42.  Aspect  of  the  Differential  Coefflcient  as  a  Bate-Measurer. 

When  a  particle  is  in  motion  in  a  given  manner  the  space 
described  is  a  function  of  the  time  of  describing  it.  We 
may  consider  the  time  as  an  independent  variable,  and  the 
space  described  in  that  time  as  the  dependent  variable. 

The  rate  of  change  of  position  of  the  particle  is  called 
its  velocity. 

If  uniform  the  velocity  is  measured  by  the  space 
described  in  one  second  ;  if  variable,  the  velocity  at  any 
instant  is  measured  by  the  space  which  would  be  de- 
scribed in  one  second  if,  for  that  second,  the  velocity 
remained  unchanged. 

Suppose  a  space  s  to  have  been  described  in'  time  t 
with  varying  velocity,  and  an  additional  space  Ss  to  be 
described  in  the  additional  time  St,  Let  v^  and  v^  be  the 
greatest  and  least  values  of  the  velocity  during  the 
interval  St;  then  the  spaces  which  would  have  been 
described  with  uniform  velocities  -y^,  v^y  in  time  St  are  t\St 
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and  vjit,  and  are  respectively  greater  and  less  than  the 
actual  space  Sa, 

Hence  v^,  ^,  and  v^  are  in  descending  order  of  magnitude. 

If  then  8t  be  diminished  indefinitely,  we  have  in  the 
limit  -1;^=^^= the  velocity  at  the  instant  considered,  which 

is  therefore  represented  by  Lt-^y  i.e.,  by  -jr. 

43.  It  appears  therefore  that  we  may  give  another  inter- 

da 
pretation  to  a  differential  coefficient,  viz.,  that  -^  means 

the  rate  of  hwrease  of  a  in  point  of  time.     Similarly 

-^,  ^,  mean  the  ratea  of  change  of  x  and  y  respectively 

in  point  of  time  and  medaure  the  velocitiea,  resolved 
parallel  to  the  axes,  of  a  moving  particle  whose  co-ordin- 
ates at  the  instant  under  consideration  are  x,  y.  If  x  and 
y  be  given  functions  of  ty  and  therefore  the  path  of  the 
particle  defined,  and  if  Sx,  8y,  St,  be  simultaneous  in- 
finitesimal increments  of  Xy  y,  t,  then 

Sy    dy 

-y=zLt^'^==Lt^=  ^^ 
dx        Sx      '  Sx    c[x 

Si     di 

and  therefore  represents  the  ratio  of  the  rate  of  change  of 

y  to  that  of  x.     The  rate  of  change  of  x  is  arbitraiy,  and 

if  we  choose  it  to  be  unit  velocity,  then  -p=-^  =  absolute 

rate  of  change  of  y, 

44.  Meaning  of  Sign  of  Differential  Coefflcient 

If  X  be  increasing  with  ty  the  a^-velocity  is  positive. 
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whilst,  if  X  be  decreasing  while  t  increases,  that  velocity 

is  negative.     Similarly  for  y, 

dy 

\K  •        dy     dt  dy  ,  ...        ,  , 

Moreover,  since  -^  =  -7-,  -^  is  po8%hve  when  x  and  y 

di 
increase  or  deorease  together,   but  negative  when  one 
increases  as  the  other  decreases. 

This  is  obvious  also  from  the  geometrical  interpretation 

of  -^.    For,  if  X  and  y  are  increasing  together,  -^  is  the 

tangent  of  an  acute  angle  and  therefm^e  positive,  while,  if 

as  X.  increases  y  decreases,  -^  represents  the  tangent  of 

an  obtuse  angle  and  is  negative. 

Examples. 

Find  from  the  definition  the  difi'erential  coefficient  of  y  with 
respect  to  a?  in  each  of  the  following  cases  : 

1.  ^=^.  8.  y=tan-ia:5^ 

2.  y=1*Jax.  9.  y=logco8j;. 

3.  y=^iJa^-\-x\  10.  y= log  tan  a-. 

4.  .V  =  e*.  11.  y=af, 

5.  y^e*/'.  12.  y^a^'. 

6.  y  =  a»^°*  13.  ^= (sin  07)'. 

7.  y=zd}^'.  14.  y=(sinar)'/'. 

15.  In  the  curve  y=c^,  if  ^  be  the  angle  which  the  tangent  at 

any  point  makes  with  the  axis  of  ^,  prove  y^c  tan  ^. 

/»• 

16.  In  the  curve  y—c  cosh-,  prove  y = c  sec  ^. 

c 

17.  In  the  curve  l^=~—aa^  find  the  points  at  which  the 

3 

tangent  is  parallel  to  the  axis  of  x. 

[N.B. — ^This  requires  that  tan  ^=0.] 
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18.  Find  at  what  points  of  the  ellipse  ^+-|-  =  1  the  tangent  cuts 

off  equal  intercepts  from  the  axes. 

[N.B. — This  requires  that  tan  ^=  ±  1.] 

1 9.  Prove  that  if  a  particle  move  so  that  the  space  described  is 
proportional  to  the  square  of  the  time  of  description,  the  velocity 
will  be  proportional  to  the  time,  and  the  rate  of  increase  of  the 
velocity  will  be  constant. 

20.  Show  that  if  «  «  sin  /a^,  where  /x  is  a  constant,  the  rate  of  in- 
crease of  the  velocity  is  proportional  to  the  distance  of  the  particle 
measured  along  its  path  from  a  fixed  position. 

45.  It  will  often  be  convenient  in  proving  standard  re- 
sults to  denote  by  a  small  letter  the  function  oix  considered, 
and  by  the  corresponding  capital  the  same  function  of 
x+hy  e.g,,  i{u  =  <f>(x),  then  U  =  ^(x+h),  or  if  it  =  a*,  then 

Accordingly  we  shall  have 

dv     J.       F— v 

etc. 

46.  We  now  proceed  to  the  consideration  of  several 
important  propositions. 

47.  Pkop.  I.  The  DifTerential  Coefficient  of  any  Constant 
is  zero. 

This  proposition  will  be  obvious  when  we  refer  to  the 
definition  of  a  constant  quantity.  A  constant  is  essen- 
tially a  quantity  of  which  there  is  no  variation,  so  that  if 
y  =  CySy  =  absolute  zero,  whatever  may  be  the  value  of  Sx, 

Hence  -^  =  0  and  -7^  =  0  when  the  limit  is  taken. 
ex  ax 
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Or,  geometrically;  y =c  is  the  equation  of  a  straight  line 
parallel  to  the  axis  of  x.    This  makes  an  angle  zero  with 

that  axis,  and  therefore  tan  yfr  or  -j-  =  0. 

48.  Prop.  II.  Product  of  Constant  and  Function. 

The  differential  coefficient  of  a  product  of  a  constant 
and  a  function  of  x  is  equal  to  the  product  of  Ike  con- 
stant and  the  differential  coefficient  of  the  function^ 
or,  stated  algebraically, 

d ,    .      du 

For,  with  the  notation  of  Art.  45, 

_  du 

~~  d.x 

49.  Prop.  III.  Differential  Coefficient  of  a  Sum. 

The  differential  coefficient  of  the  sum  of  a  set  of  func- 
tions of  X  is  the  sum  of  the  differential  coefficients  of  the 
several  functions. 

Let  UyVyW,  ...,  be  the  functions  of  a?,  and  y  their  sum. 
Let  U,  V,  W,  .,,,  Fbe  what  these  expressions  become 
when  X  is  changed  to  x+h. 
Then  y=u+v+iv+... 

F=C7+y+F+..., 
and  therefore 

F-2/  =  (Cr-u)  +  (F-t;)  +  (F-'M;)  +  ...; 
dividing  by  h 

Y-y_  U-u     r-v     W-w 
h    ~    ~h     ^    h    ^     h     ^"' 
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and  taking  the  limit 

dy  _du    dv    dw 

dx~  dx    dx     dx 
If  some  of  the  connecting  signs  had  been  —  instead  of 
+  a  corresponding  result  would  immediately  follow,  e.g,, 
if  y=^u+v--w-\-,,, 

.,  dy  _dii    dv    dw 

dx^  dx    dx     dx 

50.  Prop.  IV.  The  Differential  Coefficient  of  the  product 
of  two  functions  is 

(First  Function)  x  (Diff.  Coeff.  of  Second) 
+  (Second  Function)  x  (Diff,  Coeff,  of  First), 
or,  stated  algebraically, 

d{uv)  _    dv      du 
dx    "    dx      dx 
With  the  same  notation  as  before,  let 

y  =  uv,  and  therefore  F=  UV ; 
whence   '        F—  y=UV—uv 

:=.U(V-V)+V(U-U)) 

^,       i»  Y—y       V—v  ,  ^JJ—u 

therefore         — r-  =  u — r — h  V — j— , 

and  taking  the  limit 

d/y^_    dv      du 
dx "    dx      dx' 

51.  On  division  by  uv  the  above  result  may  be  written 

1  dy  __1  du     I  dv 

y  dx    u  dx    V  dx' 
Hence  it  is  clear  that  the  rule  may  be  extended  to  pro- 
ducts of  more  functions  than  two. 

For  example,  i{y  =  uvw ;  let  vw  =  z,  then  y=uz. 
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Whence  ^  4^=1  ?+l  ^. 

t/  ttoj    u  ax    z  ax 

,    ,                            1  dz  ^1  dv  1  dt^ 

zdjX^vdx  w  dx* 

whence  by  substitution 

1  dy  ^1  du  1  dv     1  dio 

ydx^ud^  vdx    w  dx' 

Generally,  if  y  =  uvwt, . . 

1  dy  _^1  du    1  dv     1  dw     1  dt 

y  dx^ Vj  dx    vdx    wdx     1  dx     ***' 
and  if  we  multiply  by  uvwt, . .  we  obtain 

i.e.,  multiply  the  differential  coefficient  of  eaxk  separate 
function  by  the  product  of  all  the  remaining  functions 
and  add  up  all  the  results;  the  sum  will  be  the  differ- 
ential coefficient  of  the  product  of  all  the  functions. 

52.  Prop.  Y.  The  Differential  Coefficient  of  a  qnotient  of 

two  functions  is 

(Diff.  Goeff,  ofNum\){Ben'':)-{Diff.Coeff,  ofDen\)(Num\) 

Square  of  Denominator. 

or,  stated  algebraically, 

du      dv 

d  tu\     dx      dx 


d  (u\__ 

dx\v/ 


dxyvf  "i? 

With  the  same  notation  as  before,  let 

?/  =    ,  and  therefore  F=  vr, 

,  ^^  V    u 

whence  '-^  =  ^7  — 

^      V     V 

_Uv'-Vu 

~      Vv      ' 
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V i — u 


therefore  — i-^ = ^r > 

h  Vv 

and  taking  the  limit 

du       dv 

dy^dx      dx 

dx^       V 

53.  This  proposition  may  also  be  deduced  immediately  from  Prop. 
IV.,  thus : 

Let  « 

whence 


and  therefore 


y^ 

%' 

u- 
du 
dx 

dx 

,    dv 

. 

CM? 

u  dv 
'^vdx' 

du 

u  dv 

dy  _ 

dx 

V  dx 

dx 

V 

du 
_dx' 

dv 
dx 

54.  We  may  also  remark  that  Prop.  II.  is  deducible  from  Proposi- 
tions I.  and  IV.    For  by  Prop.  IV. 

dx  dx      dx 

and  by  Prop.  I.  -^-=0. 

Whence  -j-(cv)=c-^, 

dx  dx 

The  differential  coefficient  of  -  is  also  of  importance  ;  and  it  fol- 
lows immediately  from  Prop.  V.  that 

d(c\_      c  du 
dx^u'~~     u^  dx' 
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55.  Prop.  YI.  To  find  the  Differential  Coefficient  of  & 
Function  of  a  Function. 

Let  n=f{y) (1) 

and  v=^F{x) (2) 

Then,  by  elimination  of  v,  we  have  a  result  which  may 
be  expressed  as  u=<p(x) (3) 

Suppose  the  independent  variable  x  to  change  to  X 
in  (2)  and  let  a  value  of  v  deduced  from  (2)  be  V.  Let 
this  be  substituted  for  v  in  (1),  and  let  a  value  of  u 
deduced  from  (1)  be  U.     Then  we  have  the  following^ 

equations.  U=f{V) (4) 

and  V=F(X) (5) 

and  by  the  same  process  by  which  (3)  was  deduced  from 
(1)  and  (2)  we  obtain  from  (4)  and  (o) 

U=<f,(X) (6) 

This  result  proves  that  if  x  be  changed  to  X  in 

equation  (3),  then  one  of  the  values  thence  deduced  for  u 

U—u 
will  be  U,  and  therefore  Lt^^^ —   when  X— a?  is  dimin- 

X  —  x 

ished  indefinitely  is  a  value  of  the  differential  coefficient 

of  u  with  respect  to  x,  reckoned  as  a  direct  function  of  x 

as  expressed  in  equation  (3). 

^  U—u_U—u  V—v 

X—x     V—v'  X—x  • 

U—u  . 
and  Ltv-v=o-TT is  a  value  of  the  differential  coefficient 

of  u  with  respect  to  v  derived  from  equation  (1)  and 

du  r^"-  V 

denoted  by  y-;   also,  Ltx-x^oy^     is  o,  value  of  the 
differential  coefficient  of  v  with  respect  to  x  derived 
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frorti  equation  (2)  and  denoted  by  -p.     We  therefore 

have,  when  we  proceed  to  the  limit, 

du_du  dv 

dx"  dv'  dx' 
a  formula  already  established  in  a  different  manner  and 

with  different  letters  in  Art.  43. 

56.  It  is  obvious  that  the  above  result  may  be  extended. 
For,  if  u  =  0(i;),  v^yfriw),  w  =  f(x),  we  have 

du    du  dv 


but 


dx  dv '  dx' 
dv  dv  dw 
dx'~d/w'  dx' 


J  .y       n  du    du   dv  dw 

and  therefore  -=-  =  -^ .  -=— - .  -=-. 

dx     dv  dw  dx 

and  a  similar  result  holds  however  many  functions  there- 
may  be. 
Ex.  Let  u=b8in~,  t;=8iii"%,  tr=  — ,  that  is, 


i*  ==  6  sin  (  ^  sin"  1— ). 


Then,  by  Ex.  3,  Art.  37,  ?^^= -  cos  -. 

dv    a       a 

Ex.  2,  Art.  40,  |^  =  -^i_. 

dw     js/l-t&i 

Ex.  3,  ibid,      ^=??. 

dx     a 

TT^„^^  du    du   dv    dw    b       v         1         2a: 

tlence  __-.__.__.__=_  cos 


dx     dv' dw' dx     a       a'  »J i  —  iv^'  a 

-COS!  -sin^— 1. 
a       \a  a/ 


b       /I   .__,^\  1         2iP 

=  -cos 


The  rule  may  be  expressed  thus : 
d(lst  Func.)  _  djlst  Func.)    d{2ndFunc,)     d{LastFunc,) 
dx         "■  di^TidFunc.) '  d(3rd  Func.)'  dbo         " 
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57.  Thei-e  is  a  difficulty  in  Prop.  VI.  arising  from  the  fact 

that  for  one  value  of  x  in  (2)  there  may  be  several  values 

of  V,  and  for  any  value  of  v  in  (1)  there  may  be  several 

values  of  u.    In  fact  the  f(v)   and  F{x)  may  one  or 

both  be  many-valued  functions  (such,  for  example,  as 

sin-^oj,  which  denotes  any  one  of  the  series  of  angles 

whose  sines  are  equal  to  x).    But  it  is  clear  that  the 

^ame  values  of  u  and  x  will  satisfy  equation  (3)  as  would 

IT—u 
simultaneously  satisfy  (1)  and  (2),  and  that  LU^ 

when  X  — a;  is  indefinitely  diminished  is  one  value  of  the 

differential  coefficient  of  u  considered  as  a  function  of  x  ; 

and  it  is  equally  obvious  that  there  may  be  a  series  of 

1      T       t»     au         1      A     OjU       1  ft      OjV        .1    .  . 
sucri  values  tor  -y.  as  aJso  tor  -y-   and  for  -7-,  so  that  m 

ax  av  ax 

the  theorem  enunciated  and  proved  above,  in  Art.  55,  a 

proper  selection  of  those  values  is  assumed  to  be  made, 

58.  If  in  the  theorem  77-  =  3-  •  ^^  (where  y  is  written 

for  V  in  the  result  of  Art.  55)  we  suppose  u  =  x,  then 

du    dx     J       {x+li)—x     - 

Hence  we  have 

dy  dx  _^ 

dx'  dy      ' 

dx    dx' 
dy 

59.  In  this  application  of  the  general  theorem  of  Prop. 
VI.  y  is  assumed  to  be  a  function  of  x  and  consequently  x  is 

the  inverse  function  of  y.    So  that  -p  is  the  differential 
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coefficient  of  y  with  respect  to  x  when  y  is  considered  as 

dx  ...  ' 

aftmction  of  »,  and  -j-  is  the  differential  coefficient  of  x 
'^  '         dy  I 

with  respect  to  y  when  x  is  considered  as  the  inverse 
function  o{  y: 

e.g.,  if  y=sin^,  then  a?=8iii"*y, 

^=cos^  (Ex.  1,  Art.  40), 
cue 

and  ^=:    ,,j_  (Ex.  2,  ibid), 

and  _^.       =008^.— 7==^ =—===  =  1. 

cte  dy  s/l-y^     Vl-sin^^ 

60.  The  same  difficulty  occurs  in  Arts.  58  and  59  as 
that  discussed  in  Art.  57. 

If    ^  y=f{x)...ii\ 

and  this  equation  be  supposed  solved  for  x,  the  result 

will  be  of  the  form     x = F{y) . . .  (2). 

Now,  if  a;  be  changed  to  X  in  (1)  and  Fbe  a  value  deduced 

for  y,  then  if  F  be  substituted  for  y  in  (2),  X  will  be  (me 

of  the  values  thence  deduced  for  x. 

X—x 
Hence  Lty^     when  Y—y  is  indefinitely  diminished 

if 
is  a  value  of  the  differential  coefficient  of  x  with  respect 

Y—  V 
to  y,  as  derived  from  equation  (2),  while  Lt^^ — ^  when 

X — a:  is  indefinitely  diminished  is  a  value  of  the  differential 

coefficient  o{y  with  respect  to  a:;  as  derived  from  equation 

/ix      A    1    •  Y—y  X—x     - 

(1).    And  smce        -y^-  -  .  ^ —  =  1 , 
^  A  —05  Y—y 

,  dy  dx     .. 

we  have  -^.^-  =  1 

dx  dy 


46 
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when  the  limit  is  taken,  the  jyroper  selection  being  mmle  of 

the  values  deduced  for  -^  and  -j- . 

ax         ay 

61.  This  may  be  illustrated  geometrically. 

Let  the  curve  y=f{x)  be  drawn.     Let  the  tangent  to 


Fig.  12. 

the  curve  at  the  point  P,  (aj,  y),  make  an  angle  ^  with 

the  axis  of  a?.     Then,  by  Art.  39,  -T-=tan^;  and  in  the 

doc 
same  way  it  is  obvious  that  -T-  =  tan(90  — '^)  =  cot^,  so 

that  Y  •  ;j-=  tan  \fr .  cot  ^  =  1. 

Suppose  however  that  the  ordinate  through  P  cuts 
the  curve  again  at  P^,  Pg,  Pg,  ... 

Then,  for  a  given  value  of  x  there  are  several  values  of 

2/,  and  therefore  also  for  a  given  increase  Sx  in  the  value 

of  X  there  may  be  several  values  of  Sy  the  increment  of  y- 

But  if  it  be  carefully  noted  that  the  Sy  and  Sx  chosen  are 

to  refer  to  the  same  branch  of  the  curve  at  the  same  point 

d/u  dx 

when  we  consider  -r-  as  when  we  consider  -f-»  then, 

dx  ay 

under  these  circumstances,  these  expressions  are  respec- 
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tively  the  tangent  and  cotangent  of  the  same  angle,  and 


Fig.  13. 

therefore  their  product  is  unity. 

We  say  the  same  branch  of  the  curve,  for  it  may  happen 
that  more  than  one  branch  of  the  curve  passes  through  a 


Fig.  14. 


given  point  P,  as  in  Fig.  14,  and  then  there  are  two  or 
more  tangents  at  P  and  therefore  two  or  more  values  of 
dy 

XM.  ■    ■  ■    ■  ^^mm^mmm  S«    ■■  «  HmBBB  ■■■■  m-^  ■■■■■■■■■■'■■         ■■■  ■■■■  m^ 

dx 


dx 


and  -rr-  at  P.     But  the  product  of  the  -^  and  the  -y- , 
dy  ^  dx  dy 


which  belong  to  any  the  same  branch  through  P,  is  unity. 

62.  Differentiation  of  Inverse  Functions. 

When  the  differential  coefficient  of  any  function  of  x  is 
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found,  that  of  the  corresponding  inverse  function  is  easily 
deduced  by  means  of  the  theorem  of  Art.  58. 

For  let  X  =f(y),  and  therefore  y  =f  "  ^(x) ;  then 

But  ^=J_. 

dx    dx' 

dy 
therefore      j-/~  (x)=^t77-^  =  —. i • 


EXAMPLES. 

Differentiate  by  means  of  the  definition  and  the  foregoing 
rules:  — 

1.  y  =  a?  log  sin  a;. 

2.  y  =  x  Ja^  -  a^, 

3.  y=-e<'. 

X 

5.  y  =  2  Jau^  where  w  =  a"*"', 

6.  y  —  ev/»  where  w  =  log  sin  v,  and  v  =  (sin  to)", 

and  w  =  a^. 
The  results  of  any  preceding  examples  may  be  assumed. 


CHAPTER   III. 

STANDARD    FORMS. 

63.  It  is  the  object  of  the  present  Chapter  to  investigate 
and  tabulate  the  results  of  differentiating  the  several 
standard  fonns  referred  to  in  Art.  40. 

We  shall  always  consider  angles  to  be  measured  in 
circular  measure,  and  all  logarithms  to  be  Napierian, 
unless  the  contrary  is  expressly  stated. 

It  will  be  remembered  that  if  u  =  ^(a3),  then,  by  the 
definition  of  a  differential  coefficient, 

^      T*      i>{x+h)  —  (h{x) 

64.  Differential  Coefficient  of  a;^ 

If  u=(f>{x)  =  X\ 

then  4>(x+h)  =  {x+h)'^, 

J                          du     J.      (x  +  h)^  —  x^ 
and  d^==^^^-^ h 


h 
Now,    since    A    is    to    be    ultimately    zero,    we    may 

consider  -  to  be  less  than  unity,  and  we  can  therefore 

X 

D 
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IH — I  ,  what- 


ever be  the  value  of  n ;  hence 

du 


=  Lth=Q{nx'^  -  ^  +  powers  of  A) 


66.  K  it  be  required  to  find  the  differential  coeflBcient  of  js^  with- 
out the  use  of  the  Binomial  Theorem  we  quote  the  result  of  Art.  23, 

viz. :  Lttf^i- — r-=w, 

y-1 

and  proceed  as  follows  : 


d^  .     O+s)"-^ 


-j~=Lth^^ 7 [as  before] 

-1^       xf 


=Xfy=i^-i?l=:^     rwherey=l+-l 
v-l     L  xA 


=  n^*'"'. 


66.  Differential  Coefficient  of  a^. 

If  u  =  (l>{x)=a^, 

tf>{x+h)  =  w'+\ 

=  a^log«a.     [Art.  22.] 
Cor.  If  u  =  e*  ^  =  ^log^e  =  e* 
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67.  Differential  Coefficient  of  loga^* 

If  u  =  (j>{x)  =  logoo;, 

^{x+h)  =  loga{x+h), 

and  ^^=Lt,J''Sa(x+h)-loga^ 

dx  h 


=i**4^°s-(i+^)- 


X 


Let  T  =  ^,  so  that  if  fe  =  0,  2;  =  oo  ;  therefore 

=-£fe=ooloffJl+-j 


rg.       '^=«  ^"6»1 


=  -  logaC     [Arts.  12  (7)  and  21.] 


Cor.  Ifu=logeic,  -5-=-Wce  =  -. 


68.  Differential  Coefficient  of  sin  x. 

If  u  =  ^(a3)  =  sinic, 

^(a? + A)  =  sin  (a? + A), 

,                           du     T ,     sin  (x+h)  —  sin  a; 
and  _=i:4^„__!._^ 


zsin^  cos 


(-1) 


h 


.    h 

Sm  r:: 


= Ltk=o—^  cos  (a; + ^ j 

2 
=  cosa;.     [Arts.  12  (2)  and  19.] 
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69.  Differential  CoefBicient  of  cos  x. 
K  u=0(a;)  =  cosaj, 

^(ic+A)  =cos  {x+h), 
,                           cZti     T^     cos  (a; + A)  — cos  a; 
and  ^=^'*=« h 


2  sm  ^  SID 

=  —  i^A=o 


(-1) 


=  -i^A=o  -^^ — sm^rc+gj 

2 
=  —sin  a;. 

70.  Differential  Coefficient  of  tan  x. 

If  te.  =  0(a;)  =  tanir, 

^(ic + A)  =  tan  (aj + A), 

,                       du      r^     tan(ic+A)  — tanaj 
and  ^=^<*=o ^i^ 

_^j       sin  (a; + A)  cos  a:  — COS  (cc+ A)  sin  a; 
~     ^"^  A  cos  a;  cos  (a; + A) 

_j       sin  A  1 

""     '^'"^   A    '  cos  a;  cos  (a? + A) 

1  2 


cos^a* 


71.  Differential  Coefficient  of  cot  a;. 

If  i6  =  0(a;)  =  cotaj, 

^(a; + A)  =  cot  (a? + A), 

J                  du     J.     cot  (a; + A)  — cot  a; 
and  ^='^**=o h 


_  J.       cos  (a?+ A)  sin  a;— cos  a?  sin  (a?+ A) 
~"     *^^  Asinaj.sin(a;+A) 
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_  ^  ^       sin  A  1 

~         *"^   h    'Biiixam{x+h) 
1 


sin^a? 


=  —  cosec^a?. 


72.  Differential  Coefficient  of  sec  x. 

If  u  =  <l>{x)  =  secx, 

<f>(x +h)=  sec  {x + h), 

,                  du     J.,     sec  (a; + A)— sec  a? 
and  _=i4^o_A__Z 

,.,     cosa;  — cos(a;+^) 
A  cos  a;  cos  (a; + A) 

Bin  2      Bin^a.+2J 


A    *  cos  a;  cos  (a; + A) 
2 


sma; 
cos^aj' 


73.  Differential  Coefficient  of  cosec  x. 

If  u=0(aj)=coseca;, 

^(a;+A)  =  cosec  (x+h), 

J                  ^     r^     cosec  (a; + A-)  — cosec  a; 
and  ^=^<*=o i^^ 

J.,     sinaj— sin(aj+A) 
Asinajsin(a;+A) 

sm^     eos(a.+^) 


A     sin  a;  sin  (a; + A) 
2 
cosaj 


sin^a? 
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74.  Inverse  Trigonometrical  Functions. 

For  the  inverse  trigonometrical  functions  it  seems  use- 
ful to  recur  to  the  notation  of  Art.  45,  and  to  denote 
0(aj+A)  by  U. 

75.  Differential  Coefficient  of  sin'^^. 
If  u  =  0(aj)  =  sin'^a;, 

Hence  x  =  sin  u,  and  aj+ A  =  sin  [/  ; 

therefore        h  =  sin  U — sin  u, 

and  -J-  =  1/1^=0 — T —  =  Ltu=u  - 


dx  h  "  sin  CT— sin  u 

=  Ltu=u 


.   U-u\       U+u 
sm — 2~J  cos—  2" 

1  1 


cos  u     ^l^  sin%     x/l-ic2* 

76.  Differential  Coefficient  of  C08~^^. 

If  u  =  ^(aj)  =  cos~^a;, 

U=<f>{x+h)  =  cos~^(x+h). 
Hence  x  =  cosu,  and  x+h  =  cosU ; 

therefore        h  =  cos  U — cos  u, 

,  du     J..      U—u     y.  U—n 

and  -J-  =  jLth=o — T —  =  ■^*u=u — ff 

cte  h  cost/— cos  16 


.    U—u 
sin 


2 
1 


.    U+v. 
sin  -^ — 


sin  u         x/l-cos^w         s/l  -  a?* 
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77.  Diflferential  Coeflacient  of  tan-^a?. 

If  u  =  </)(x)  =  tan  "  ^x, 

U=(p{x+h)  =  tan-  ^  (x + h). 
Hence  a;  =  tan  n,  and  a:;+/i  =  tan  CT ; 

therefore        h  =  tan  U—  tan  it, 


dx       "^"^    h  ''=**tani7-tanu 

=  LtTT=u—' 7tt T  COS  U  COS  Vj 

Sin  (  U—  u) 

gill 

=  cos%  = — — 


sec^u     1  +  tan^u     1  +  x^' 

78.  Differential  Coefficient  of  cot- ^o?. 

If  it=^(aj)  =  cot-^ic, 

U=(t>{x+h)  =  Qot-\x+h). 
Hence         x  =  cot  u,  and  x+h  =  cot  U; 
therefore    h  =  cot  ?7  —  co t  u, 

,  du     J.       U—u     J  U—u 

and  -J-  =  Lth=o — I —  =  ■L'*u=u — ttt 1 — 

dx  fi  cote/— cot  t6 

=  —LtrT=u~ — 77t ^v  sin  Usinu 

sm  (U—u) 

=  —am^u=  — 


cosec^u         1  +  cot%         1  +aj2* 

79.  Differential  Coefficient  of  sec-%. 
If  u= (f>(x)  =  sec-^a;, 

U  =  <f>{x+h)  =  8ee~\x+h). 
Hence         x = sec  u,  and  a; + A  =  sec  U; 
therefore     h = sec  U—  sec  u, 

,  du     J..      U—u     J.  U—u 

^""^  Tx = ^^^=«-^=^^^=«8ecl^-secu 

,.,  U^u  jj 

=  Ltn^u f^COS  U  COS  U 

C0St6  — cost/ 


66  STANDARD  FORMS. 

_  |.  -       I        2         cos  u  cos  U 

cos%  1 


sinu    sec^u^i-cos^u    ^   /^^l 


a:^ 


^JW^ 


80.  Differential  Coefficient  of  cosec'^^z;. 

If  u = 0(a3)  =  cosec  -  ^x, 

?7=  ^(a?+ A)  =  cosec"^(a;+fe). 
Hence         x = cosec  i6,  and  aj + A  =  cosec  TJ ; 
therefore    A = cosec  Z7—  cosec  u, 

ana  -j- = Xit^^o — i —  =  ^^u^u u 

owe  /I  cosec  U — cosec  u 

I-.  TJ-^u         .        .    ^ 

=  Ltjj^u  — ; — rr  sm  u  Sin  t/ 

smw  — sm  U 

I-.       I        2  sinusin?7 

8m-2-J     cos^- 
sin^tt  1 


cos  u        cosec%/v/l  —  sin% 
=  1         ^  1 

81.  From  the  importance  of  the  results  it  has  been 
thought  preferable  to  deduce  the  differential  coefficients 
of  the  inverse  functions  sin~^aj  etc.  immediately  from  the 
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definition;    but  by  aid  of  Prop.  VI.  of  the  preceding 
chapter  we  can  simplify  the  proofs  considerably. 

Ex.  (i.)  If    u  =  sin-^a3, 
we  have  a;=sin  u ; 

,  dx 

whence  -,—  =  cos  u : 

du 

,.,       :     dAi      1         I  1  1 

and  therefore  ^r-=  t-  = 


dx     cfc»     cosu     Vl— sin^it     Ji^-o?' 


du 

TT 


and  since         cos~^a3  =-z— sin~^flj, 

dcos~^a;  1 

dx     "  ~Vl-aj2* 


we  have 


Ex.  (ii.)  If  u  =  tan~^ic, 

we  have  x  =  tan  u ; 

whence  ^    =  sec^u ; 


and  therefore 


du 

du        1  1 


dx     sec%     I+tan%     1+a^' 


TT 


and  since         cot "  ^a;  =  ^  ~  ^^  ~  ^^> 

,  c?cot-^a3  1 

we  have 


Ex.  (iii.)  If         t6  =  vers-^aj, 

we  have  x  =  vera  u  =  1  —  cos  u ; 

,  dx 

whence  -j— = sin  u ; 

and  therefore  -r-= 


dx    sinu     Vl-cos^u     s/2x—a^' 
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,            ,        cZcovers~^aj  1 

whence  also    ^ = ,  . 

82.  The  Integral  Calculus. 

Suppose  any  expression  in  terms  of  x  given ;  can  we 
jind  a  function  of  which  that  expression  is  the  differential 
coefficient?  The  problem  here  suggested  is  inverse  to 
that  considered  in  the  Differential  Calculus.  The  dis- 
covery of  such  functions  is  the  fundamental  aim  of  the 
Integral  Calculus.  The  function  whose  differential 
coefficient  is  the  given  expression  is  said  to  be  the 
"integral"  of  that  expression.  For  example,  if  <f>\x) 
be  the  differential  coefficient  of  <p{x),  <p{x)  is  said  to  be 
the  integral  of  <l>(x).  Moreover,  since  (l>\x)  is  also  the 
differential  coefficient  of  <p{x)  +  G,  (7  being  any  arbitrary 
constant  disappearing  upon  differentiation,  it  is  customary 
to  state  that  the  integral  of  <l>\x)  is  <f>(x)  +  G,  G  being  any 
arbitrary  constant. 

The  notation  by  which  this  is  expressed  is 

/<l>'(x)dx  =  <f>(x)  +  G, 
/<pXx)dx  being  read  "  integral  of  <f>\x)  with  respect  to  x." 

Thus  we  have  seen 

d  .  .      . 
^-(sma;)  =  cosa5, 

dx^        ^ 

A(tan-^a;)  =  j^, 

etc., 
whence  it  follows  immediately  that 

/cosxdx  =  ainx, 

-  - — scic  =  tan~^aj, 
1+x^ 

etc., 


/r 
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where  the  arbitrary  constant  may  be  added  in  each  case 
if  desired. 

83.  We  do  not  propose  to  enter  upon  any  description 
of  the  various  operations  of  the  Integral  Calculus,  but  it 
will  be  found  that  for  integration  we  shall  require  to 
remember  the  same  list  of  standard  forms  that  is  estab- 
lished in  the  present  chapter  and  tabulated  below,  and  it 
is  advantageous  to  learn  each  formula  here  in  its  double 
aspect.  We  have  therefore  ventured  to  tabulate  the 
standard  forms  for  Differentiation  and  Integration  to- 
gethei-.  Moreover,  we  shall  find  it  convenient  to  be 
able  to  use  the  standard  forms  of  integration  in  several 
of  our  subsequent  articles. 

Table  of  Results  to  be  committed  to  memory. 

ax  •^  n+1 

dx  ^  J  logga 

dxi      ^  r    , 

1  du    1^  [dx  , 

u=log^.  f*=l.  or  =^. 

°  dx    X  logae 

du  p         _ 

u=8maj.  -J- = cos  a?.  Jcosxdx     =smaj. 

du 
u  =  cos  X.  ^  =  —  sin  a?.  /sin  xdx     =  —  cos 

u=tana?.  -T-=Bec^x.  Jsec^xdx     =tana?. 


X, 
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u  = 


u  = 


u  = 


Vj 


u  = 


u  = 


u= 


u= 


sec^^oj. 


cosec'^aj. 


vers"^ic. 


cotaj. 

du                9 
-j-=  —  cosec^o;. 

secoj. 

dv,     sin  aj 
cZaj~~cosV 

cosec  X, 

c?u         cos  X 
dx"     sinV 

sin-^a;. 

dt6          1 
dx    Ji    aj2- 

COS"^iC. 

<iu              1 

u  =  tan'^a;.         -^r-  = 


u=cot   X.  -=-=  — 


cZa; 

du 
dx 
du 
dx 
du 


x/i 


X 


2 


1 


l+aj2- 
1 


1  +  a?' 
1 


J'cosec^xdx=  —  cotaj. 


/, 


sma; 


cos^aj 


dx    =  sec  X. 


rcosa; , 

/  .  o  oa?     =  —  cosec  aj. 

y  SI] 


sm^aj 


[     dx  .  _i 


A- 


c2a; 


+x' 


or  —  cos"^a;. 

=  tan~^aj, 
or  —  cof^ic. 


u  =  covers  ^. 


cZi6 
dx 

du 
dx 

du 
dx 


/ 


dx 


xja?-l 


1 


=sec"^aj, 


-1. 


dx 


or  —cosec  a?. 


vers'^a?, 


s/^X-'X^\ 


or  —  covers^^a;. 


84.  The  Perm  1^^ 

In  functions  of  the  form  vP,  where  both  u  and  v  are 
functions  of  aj,  it  is  generally  advisable  to  idk&  logarithToa 
before  proceeding  to  differentiate. 

Let  y  —  y^y 

then  loge2/  =  v  logeU ; 

therefore        -  -^  =  :r- •  logaU+v .  -  ^,  Arts.  50,  55,  67, 

y  dx     dx     ^  u  dx  »      >      > 
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or 


^y  _-   r^i  dv     V  dv\ 

dx^     \   °     'dx    u  dx/ 


Three  cases  of  this  proposition  present  themselves. 

I.  l{vbe  a  constant  and  u  a  function  of  oj,  -r-  =  0  and 

the  above  reduces  to 

dy  «  ^du 

dx       '        dx' 
as  might  be  expected  from  Arts.  55,  64. 

II.  If  u  66  a  conMant  and  v  a  function  of  aj,  ^-= 0  and 

ax 

the  general  form  proved  above  reduces  to 

dy        ,  dv 

as  might  be  expected  from  Arts.  55,  66. 

in.  If  u  and  V  be  both  functions  of  x,  it  appears  that 
the  general  formula 

dy        ,         du  ,      ^.^^du 

is  the  sum  of  the  two  special  forms  in  I.  and  II.,  and 
therefore  we  may,  instead  of  taking  logarithms  in  any 
particular  example,  conMder  first  u  constant  and  then 
V  constant  and  add  the  results  obtained  on  these 
suppositions. 

85.  Hyperbolic  Functions. 

The  differential  coefficients  of  the  direct  and  inverse 
hyperbolic  functions  are  now  appended  as  additional 
formulae.  Their  verification  is  very  simple  and  is  left  as 
an  exercise.  They  will  be  found  useful  by  the  more 
advanced  student  by  reason  of  their  close  analogy  of 
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form  with  the  results  tabulated  above  for  the  direct  and 
inverse  trigonometrical  functions. 

Results  for  Hyperbolic  Functions. 


u  =  sinh  X ' 
u  =  cosh  X  -■ 
u  » tanh  X 


M  =  cotha;= 
u  =  sech  X  = 
u  =  cosech  X 


e* + e~' 

sinhz 
cosh  x' 
cosh  a; 


-^^  cosh  a;. 
ax 


du 


a  sinh  X. 


y  cosh  xdx  =  sinh  x. 
y  sinh  xdx  *  cosh  x. 
faech^xdx  -tanha;. 


sinhx' 

1 
cosh  x' 
1 


dx 

^^sech^a:. 
dx 

^  ■=  -  cosech^  r.        /cosech^ccZa;  =  -  coth  x. 
dx 


sinh  a; 


du 
dx 
du 
dx 
du 


sinhx 
cosh^  X 
cosh  X 
sinh^x 
1 


/ 

/'C< 
81 


sinho; 


cosh^a; 
cosha; 


-dx   =  -sech  a?. 


u 


u 


/— du  _       1 

=  cosh-1  X  -  log(a;  +  Va;^  - 1).      —  "  -;j^^^' 


.  ,„-cfaj    =»  -  cosech  aj. 
sinh^a; 

/dx 
dx 


-sinh-^a;. 

/—  7  -  —     =  cosh  -^x. 
>Jx^  -  1 


u  =  tanh-1  a;  ■  jiog 


1+jr 

it  =  coth-^  X  -  ilog? — - . 
u  =  sech~^  X  =  cosh"^-. 

X 


du 
dx 


2t  =  cosech-  ^  a:  =  sinh 


-ii. 

a; 


(£a; 

du 
dx 


1 


/: 


c^a; 


xijl-x^'     *^  xfJl-x^ 

dx 


X 


sf^' 


a;^+l       -^  a; 


Var^+1 


=  -sech-^a?. 
=  -cosech-^a:. 


86.  Transfonnations. 

Algebraic  or  trigonometrical  transformations  are  fre- 
quently useful  to  shorten  the  work  of  differentiation. 
For  instance,  suppose 

We  observe  that  y  =  2tan"^aj ; 

dy__     2 


whence 


do;     \+x 


2* 
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1  -\-x 
Again,  suppose  y  =  tan ""^2 . 


Here  2/  =  tan  ^aj+tan    1, 


and  therefore 


dy^     1 


da?     1+a;^* 


87.  Examples  of  Differentiation. 

Ex.  1.  Let  y  =  a/2,  where  2  is  a  known  function  of  a:. 
Here  .y=^*j 

and  ^=i^~*  =  ;r-T-> 

c?0    ^         2V2' 

whence  ^~~^'  T"'     C^^**  ^^0 

Ctvi/       UJ?       G(^ 

1        dz 
2  iv^^r  *  dx 
This  form  occwra  50  often  that  it  will  he  found  convenient  to  commit 
it  to  memory, 

Ex.  2.  Let  y=ev^^^. 

Ijet  fj cot  a;— z  and  cot:p=p, 

so  that  ^ = e*,  where  z  =  *yp. 

Now  ^=6*.     (Art.  66.) 

dz 

1=2^-    (E-1  above.) 

^=  —  cosec^^, 
dx 

and  (Art.  56)       ^=^  .  ^  .  ^^  _  cosec^^  .  --^ .  6^-K 

cfcp     Of  2?     cfjt?    do?  2\/cota? 

With  a  little  practice  these  actual  substitutions  can  be  avoided 
and  the  following  is  what  passes  in  the  mind  : — 

^(gV-c^)_cg(e^c-^)  ^  ^(^^;^t^  ^  <f(cot^) 

fl^^  d{^Jcoia;)      d{cotx)    '      ^ 


=,e^^^  .  — ^_^ .  ( _  cosec^^). 
2  V  cot  a; 
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Ex.  3.  Let  y=(8iiixy<«'  cot{e*(a+6a?)}. 

Taking  logarithms 

logy =log  x ,  log  sin  a?+log  cot{e*(o+ft^)}. 

The  differential  coefficient  of  log  v  is  — ^» 

y  dx 

Again,   log^.logsin^    is  a  product,  and  when  differentiated 

becomes  (Art.  50)     -log  sin  ^ + log  x .  -^ —  .  cos  x. 

X  sin^ 

Also,  log  cot  {e*(a+6a?)}  becomes  when  differentiated 

.*.     -^=(8in :ry°«* .  cot{6'(a+6a7)} I  -log  sinar+cota? .  \ogx 

-  2e{a  +  h+hx)  cosec  2(e*a+6^)J- 

When  logarithms  are  taken  before  differentiating,  the  compound 
process  is  called  Logarithmic  Differentiation.  It  is  useful  to  adopt 
this  method  when  variables  occur  in  the  index,  or  when  the  func- 
tion to  be  differentiated  consists  of  a  product  of  several  involved 
factors. 

Ex.  4.  Let        y=  N/a2-62cos2(log^). 

dy_d  Ja^ - ¥co^\\ogx)  y^<^^- ^cos«(log x) } 
dx    d[a^-  62cos^(log  x)}  d{ cos  (log  x) } 

^cg{cos(loga?)}  ^djlogx) 
fl?(log  x)  dx 

= J  {  a2  _  i>2cos3(log  a;) }  -*  X  {  -  262cos(log  x) } 

X  {-sin  (log ^)}  x^ 

X 

_        6%in2(log  x) 

^2xJa^-  62cote2(log  x) 

Ex.  5.  Differentiate  ^  with  regard  to  a^. 

Let  a^=z. 

da^ 

Then 


da^    dx^    dx     dx 

5a;* 

dz      dx     dz     dz 

ax 

2a; 

V 
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Ex.  6.  Given  that  a^+f^Zaxy,  find  the  value  of  ^, 

dx 

Here  ^^^^"^^^^^^ 

giving  |f=  -^. 

dx       y^  —  ax 


EXAMPLES. 

Find  -^  in  the  following  cases  : 

1.  y^  ^/«.  18.  y  =  a;loga;. 

tj^  20.  y  =  sin(e*)loga;. 

3.  v  =  55-i^  ^^'  2/ =  tan -\e*)  log  cot  a;. 

c     '  22.  y  =  {x  +  ay{x  +  hY. 

4.  y=aj+-.  /;    23.  y^%^. 

5.  y=:l+a;  +  -+|-,+  ...  )  [;  24.  y=  l^a-^-x. 

a»     a»  25.  y=  ^ a'  +  mr, 

y  =  a5-  — +  _-...  26.  2^==  Jcoshx. 

Q^     rgA  27.  2/ =  log  cosh  a;. 

7.  2^="^  "21  "*"?!■"'*'  28.  2/  =  tan-i(tanha;). 

8.  y  =  sin  (a  +  6a;).  29.  y  =  vers-^a^. 

9.  2/  =  sin,(a  +  6ai~).  30.  2^  =  vers-ilog(cota;). 

0.  y^hWi^x.  31.  2/  =  cot-*(cosecaj). 

1.  2^=  Vsin x,  32.  2^  =  sin-^— i==^. 

2.  2/=  >/imV^.  ^^■^^*' 

3.  2^  =  sin'ac^.  33.  2/  =  tan-^— L    . 

4.  y  =  sin"*a3*.  */«;"- 1 

6.  2/  =  (sin-^a;)*  -  (cos-^a;)l  34    ^ _  tan'^^'f. 

6.  y  =  tan"^(log  a).  1  +  a:^ 

7.  y  =  sina;'.  35.  2/ =  sin"*a:  cos"a;. 

E 
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36.  y  =  («in-'»r(008-'a;)".  ^  /«\ ~/  a:\ 

37.  y=sin(e'loga!).Vl-(loga!)'.  W   \  »»/* 

38.  y  =  ^  fE?.  46.  y  =  J  tan-'/'?  tan-i?V 

39.  y  =  J::£.  47.  y  =  ?^      ' 

40   v=^-J:/^E^  *8.  y  =  cos^asm-ilY 

1-a;  4y.  y  =  sin  i- 

rr Z^'  o  +  acosa; 

^^"l,"*"^!  50.  2^  =  e*^»-^log(8ec2x»). 


a; 


52.  y  =  tan-Xa«.jr2). 

43.  y  =  log-.  53    y  =  sec(log.s/^T^). 

44.  y  =  co8-^(l  -  2a;*).  54.  y  =  tan " ^a;  +  tanh-^a;. 

^  l  +  3a:2^  l-Sa;* 

56.  2/ =  log  (log  a;). 

57.  2/  =  log"(a;),  where  log"  means  log  log  log  ... 

(repeated  n  times). 

I  s/b  +  a+  \/6-atano 

^(r-a*  .- X 

fjo-i-a-  vo-atans 

59.  y  =  sin-^(a;s/l  -a;-  Jxs/l-aP), 
60.  2/==tan-iAN/?..  65.  y  =  e«* 

62.  y  =  af  +  a:^  ^^-  2^  =  (^^'^  ^)""  +  (^^^^ ^^r*- 

^^  X  69.  y  =  (cota;)~**  +  (cotha:)~«»^ 

63.  y=af .  .  ^ 

a  A  ^«  70.  y  =  tan-Va**a;^"*)_v^. 
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71.  y  =  sin-'(e*"''«). 


78.  y  =  6tan-Y?  +  tan-iyY 


72.  1/  = 

73 

74. 


75.  y  =  (cosa:)~'\ 

76.  y=(cot"^aj)«. 

77.  y  =  A +^y +«.'+'. 

87.  y  =  alog — ?^. 
a  +  ac 


81.  ^~(^+^^y 

82.  (cosa;)«'  =  (8iny)*. 

83.  a;  =  e*'^"'-^. 

84.  a;  =  yloga;y. 

85.  y  =  a^. 

86.  y  =  x*' 


88.  <ia^  +  2ha;y  +  by^+2gx  +  2/y  +  c  =  0, 

89.  ic*"y"  =  (a;  +  y)"»+». 

91.  Differentiate  logioo;  with  regard  to  a^. 


X 


92.  Differentiate  (oj^  +  aa;  +  a*)**  log  cot  -  with  regard  to 


tan~\a  cob  6a;). 


93.  Differentiate    log/ 


a  +  6tan  - 
2 

a  -  6  tan  - 
2 


with  regard  to 


a'cos^  -  6%in\^ 
2  2 


94.  Differentiate  af^   *  with  regard  to  sin'^ai 

95.  Differentiate  tan~^-^l H-  with  regard  to  tan"^a;. 


X 
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96.  Differentiate  ^Ll^'*'  ^{iS  with  regard  to  vT^*. 

97.  Differentiate  sec~'     o_-.  with  regard  to  Vl  -a^. 

98.  Differentiate  tan"^— — ^=-  with  regard  to  sec"^ 


99.  Differentiate  tan^\    ^     with  resfard  to  sin~^         . 

100.  Differentiate  aj"log  tan'^aj  with  regard  to  ilHljv^. 

101.  Ify  =  af         prove  a?3^  =  i — ^i . 

^  ^  ax     \  -y  log  05 

102.  Ify  =  ?     X  prove$^  =  l     2a; 


-     a;  prove  -#  =  -     aa; 

1  +  ...  to  00,  ^  "*'  1  4- 


X 


1 03.  If  2/  =  aj  +  -     1     T  prove  -^  =  -=.     ^     i 

a;+-i  *^         rfaj2--Ai 

a;+...tooo,  *  +  ■"  . 

104.  Ifv  =  — - —     cos  a; 

*     ^     J     ^ — ;^     cosaj 

1       +  ...  to  00. 

prove       ^  =  (l+y)cos  a?  +  ysina;^ 
r/a;     1  +  2y  +  cos  a;  -  sin  a;* 

105.  If  y  =  v  sin  a;  +  v  sin  x  +  v  sin  x  +  >/etc.  to  oo, 

dy      cos  a; 

106.  If  AS\,  =  the  sum  of  a  G.  P.  to  n  terms  of  which  r  is  the 
common  ratio,  prove  that 
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Og  +  . . .  +  ^, 

108.  Given(7=l+rco8d  +  !^^  +  ?f2?il^+... 

and  S=rsm0  +  !f?^  +  !^!^+... 

show  that 

dr        dr 

109.  If  y  =  sec  4aj,  prove  that 

ii  =  _ — L_ — f     where  t  =  tan  x. 
dt     {\-%^  +  t^f 

110.  If  y  =  e"**sec"^(a;v^2;)  and  2;*  +  ic*2  =  jr^,  find   -^  in  terms 
of  X  and  2;. 

111.  Prove  that  if  a:;  be  less  than  unity 

1            2aj     ,     4a^         8a;7  1 

+  :; =  +  :; 7  +  ^: „+...ad  inf.  = 


1+05     l+a?     1+aJ*     1+03*  1-03 

112.  Prove  that  if  03  be  less  than  unity 

1  -  2a;          2a;  -  iic'    ,    4ar'  ~  8a;7  1  +  2a; 

+  , ^ i  +  ^: 1 «+  ...  ad  inf.  = 


1-x  +  ar*     l-ar*  +  a;*     l-03*  +  a;®  l  +  a;  +  ar* 

113.  Given  Euler's  Theorem  that 

r.  XXX  X     sin  a; 

Z«,„,cos  -  cos  ~  cos  - . . .  cos  -  =  -_, 

prove  -tan|  +  -tanJ+^tanJ+...adinf.  =  ^-cota;, 

and  ^sec«?  +  -sec2j,  +  -sec»  J+...ad  inf.  =  cosec^a; - 1. 
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114.  Given  the  identity 

(2cos  26  -  l)(2cos  2^0  -  1). . .(2cob  2«tf  -  1)  =  2oob2"+^(9+1 
^  ^^  '     ^  '       2cob2^+1 

prove  that 

^•^♦»_  2»-8in2'-^         2«+^sin2-+^^         28in2^ 


-r=i  2cos2''^  -  1     20082"+^^  +  1     2co820  +  r 

115.  Given 

sin^  sin(2a  +  ^)  8in(4a +  </>)... sin {2 (n  -  l)a  +  0}  =  ?^5^ 

where  2na.  =  tt, 

prove  that 

cot<^  +  cot(2a  +  0)  +  cot(4a  +  ^)  +  . . .  +  cot{2(n  -  l)a  +  <^} 

=  ncotn^, 
and  that 

co8ec*<^  +  cosec'*(2a  +  </>)  +  cosec*(4a  +  <^)  +  . . . 

+  cosec*{2(n  -  l)a  +  <^}  =  w'cosec^<^. 

116.  Given 

and  hence  that 

«x,thx=l +^,  +  ^,+-A.  + ...  ad  inf., 

andthat  |coth|=l+^^  +  ^,+  _L.+  ...adinf. 


117.  Given 


tan^  =  V**""— _J__ 
P"^^^®  "W     A.-1  (2w  -  1 )  V  -  4^' 

and  deduce 

|tanhx = _i_  +  _1_  +  _1_  +  . . .  ad  inf., 
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118.  Prove         ?coth  a?  =  i  +  aj^V""* I . 

119.  Prove  that 

«,^«-l  1  1  r-^^         oj-acos 

af*-a^     X-  a     x  +  a       ^^r^\  2r7r        ' 


05^  -  2aa;cos +  c? 

n 


if  n  be  even, 


2r7r 

but  =_i_+2y    '  ^ 

aj-a       .^^=.1  2r7r         ' 

ar  -  2aax50S +  a^ 

n 

if  n  be  odd. 

120.  Prove  that 

2r7r  +  ^ 
naf'-^(a;*'-a"co8^)  ^  ^'^'»-^       ^ ""  ^^^ — ^i — 

a«"-2af*a"cos^  +  a2n-2^^_o     — —  Yt^+B       o* 

ar  -  2a£CC0S +  a^ 

n 


CHAPTER  IV. 

SUCCESSIVE   DIFFERENTIATION. 

88.  Repeated  Operations. 

The  operation  denoted  by  -j-  is  defined  in  Art.  39  with- 
out any  reference  to  the  form  of  the  function  operated 
upon,  the  only  assumption  made  being  that  the  function 
is  a  function  of  the  same  independent  variable  as  that 
referred  to  in  the  operative  symbol,  viz.  x.  It  is  moreover 
clear  that  the  result  of  the  operation  is  also  a  function 
of  Xy  and  as  such  is  itself  capable  of  being  operated  upon 
by  the  same  symbol.     That  is  to  say,  if  y  be  a  function 

of  Xy  -p  is  also  a  function  of  x,  and  therefore  we  can  have 

-T-( -p  I  as  a  true  mathematical  quantity.    And  further,  it 

will  be  thus  seen  that  the  operation  -r-  may  be  performed 
upon  any  given  function  of  x  any  number  of  times. 

89.  Notation. 

The  expression  -j-y^j  is  generally  abbreviated  into 
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-j-\  y  or  ,  ^,  and  is  called  the  **  second  derived  function" 
or  "  second  differential  coefficient "  of  y  with  respect  to  x,  • 
And,  generally,  if  the  operator  -r-  be  applied  n  times,  the 

(d  \^        d^v 
■J-)  y  or  -T—,  and  is  called  the  n^ 

derived  Junction  or  n^  differential  coefficient  of  y  with 
respect  to  x. 

It  will  be  convenient  to  denote  the  operative  symbol 

-T-  by  2),  which,  in  addition  to  being  simpler  to  write, 

makes  no  assumption  that  the  independent  variable  is 
d&ifhoted  by  x;  and  in  many  problems  the  independent 
variable  is  more  conveniently  denoted  by  some  other 
letter.  For  example,  in  dynamical  problems  the  time 
which  has  elapsed  since  a  given  epoch  is  frequently 
taken  as  the  independent  variable  and  is  denoted  by  t, 
while  the  letters  x,  y,  z,  are  reserved  to  denote  the 
co-ordinates  at  that  time  of  the  point  whose  motion  is 
considered. 

It  appears  then  that  if  we  use  indices  to  denote  the 
number  of  times  an  operation  has  been  performed,  we 

may  write  X)y=^, 


D.D-^yr=Dny=^. 
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90.  Analogy  between  the  operator  ^  and  symbols  of 
quantity. 

The  index  notation  employed  above  to  denote  the 
number  of  times  an  operation  is  repeated  is  exactly 
analogous  to  the  index  notation  used  in  algebra  to  denote 
powers  of  symbols  of  quantity. 

If  a  be  an  algebraic  quantity,  the  algebraical  notation 
for  a . a  is  a\  and  for  a. a, a  is  a^  and  so  on ;  the  index 
here  denoting  the  number  of  factors  each  equal  to  a 
which  are  multiplied  together.  But,  as  defined  above, 
there  is  no  idea  of  multiplication  in  D  ,D  or  1)^,  but  a 
simple  repetition  of  an  operation.  In  the  same  way  Z)* 
has  no  quantitative  meaning  in  itself,  but  represents  an 
operation  consisting  of  employing  the  process  of  differ- 
entiation n  times.  For  example,  the  difference  between 
such  quantities  as  L^y,  {Dy)\  and  D^y^  should  be  carefully 
noted.  The  index  in  the  first  case  has  reference  only  to 
the  symbol  of  operation  "D"  which  is  therefore  to  be 
applied  twice  to  y. 

In  (Dy)^  the  index  is  a  purely  quantitative  one  used 
in  the  algebraical  sense  to  denote  the  product  Dy  x  Dy. 

While  in  D^^  we  are  to  understand  that  the  square  of 
y  is  to  be  differentiated  twice. 

That  the  ultimate  results  are  different  may  be  easily 
seen  by  taking  any  simple  case, 
6.gr.,  if  2/= a:?, 

then  Dy  =  2a;, 

and  Dh/=2 (1) 

Again,  (Dyf=4fX^ (2) 

whilst  y^=ix^y 

and  Dy^  =  ^a?, 
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giving  i)y=12aj2. (3) 

A  comparison  of  the  results  (1),  (2),  (3),  will  at  once 
satisfy  the  student  of  the  truth  of  the  above  remarks. 

91.  The  operator  D  satisfies  the  elementary  rules  of 
Algebra. 

We  will  next  consider  how  far .  the  analogy  goea 
between  symbols  of  quantity  and  the  symbol  of  opera- 
tion which  we  have  denoted  by  D, 

The  fundamental  rules  of  algebra  are  three  in  number 
and  are  known  as 

(1)  The  "  Distributive  Law;' 

(2)  The  "  Commutative  Law,*'  and 

(3)  The  "  Index  Lawr 

These   three  laws    form   the  basis    of   all    subsequent 
algebraical  formulae  and  investigations. 

(1)  The  Distributive  Law  is  that  denoted  by 

m(a+b+c+  ...)  =  ma+m6+mc+... 
Now,  in  Chap.  II.,  Prop,  iii.,  it  is  proved  that 

D(u+v+w+..,)  =  Du+Dv+Dw+.,.f 
so  that  the  symbol  D  is  distributive  in  its  operation. 

(2)  The  Commutative  Law  in  algebra  is  that  expressed 
by  ab  =  ba. 

Now,  in  Chap.  II.,  Prop,  ii.,  it  is  proved  that 

Dcy=:cDy, 
so  that  the  symbol  D  is  commutative  with  regard  to 
constants. 

But  it  is  clear  that  the  positions  of  the  D  and  the  y 
cannot  be  interchanged  ;  such  an  error  would  be  similar 
to  writing  Osin  instead  of  sin  6.  So  that,  while  D  is 
commutative  with  regard  to  constants,  it  is  not  so  with 
regard  to  variables. 


1 
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(3)  The  Index  Law  in  algebra  is  denoted  by 

TTi  and  n  being  supposed  to  be  positive  integers. 

Now,  to  differentiate  a  result  m  times  which  has 
already  been  operated  upon  n  times  is  clearly  the  same 
as  differentiating  m+n  times, 

So  the  operator  D^.D^  is  equivalent  to  the  operator 
2)*"+**  where  m  and  n  are  positive  integers. 

Hence  the  symbol  D  obeys  the  Iridex  Law  for  a  positive 
integral  exponent. 

To  sum  up  then,  the  operative  symbol  D  satisfies  all 
the  elementary  rules  of  combination  of  algebraical 
quantities,  with  the  exception  that  it  is  not  com/mutative 
with  regard  to  variables. 

92.  It  follows  from  the  above  remarks  that  any 
rational  algebraical  identity  has  a  corresponding  sym- 
bolical operative  analogue. 

For  example, 

(m+a)(m+6)=m2+(a+6)m+a6, 
so  also  the  operation  (i)+a)(2)+6)  is  exactly  equivalent 
to  the  operation  2)^+(a+6)2)+a6. 

Similarly,  to  the  identity 

{m+a)^=m?+2,am+a^ 
corresponds   the  equivalence  of  the  operations   (D+a)^ 
and  L^+2aD+a\ 

93.  It  is  clear  that  in  cases  like  the  above  an  a  priori 
proof  may  be  given  of  the  identity  of  the  operations 
represented.  For  instance,  suppose  it  be  required  to 
show  that      {D +a){D+ b)y  =  [D^  +  (a + b)D + ab]y, 
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we  have  {D+b)y  =  Dy  +  by, 

and  (D+a){D+b)y  =  (D+aXDy  +  by) 

=  D{Dy+by)+a{Dy+by) 
=  iy^y  +  bDy+aI>y+aby 
=  D^y+{a+b)Dy+aby 
=  [D^+(a+b)D+ab]y, 
the  result  to  be  proved:    and  the  process  of  proof  is 
exactly  the  same  as  that  employed  in  proving  that 

{m+a){m+b)=m^+{a+b)m+ab. 
However,  such  proofs  are  unnecessary  after  the  remarks 
of  Art.  91,  for  they  simply  repeat  in  form  the  proof  of 
the  corresponding  algebraical  theorem. 

It  will  now  be  obvious,  for  instance,  without  further 
proof,  that  since 

J. .  ^ 
we  shall  also  have 

=  I>y+7mI)^-'^y+^^^^ 

94.  Notation. 

The  first  derived  function  of  y  with  respect  to  the 
independent  variable  is  often  denoted  by  y^,  y\  or  y. 
This  notation  can  be  conveniently  extended,  and  we 
shall  often  find  it  convenient  to  denote 

Dy^U^y^B^y.^.D-y 


by 

Vv   Vi' 

y^ 

•  •  •  2/n> 

or  by 

y"',  2/'". 

J/"' 

•  ••  y  > 

or  by 

y\  y". 

r. 

etc.. 

or  by 

•        •• 

y,  y. 

y. 

etc. 
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It  is  clear  however  that  the  notation  of  dashes  or  dots 
as  used  in  the  last  two  systems  is  inconvenient  for  higher 
differential  coefficients  than  the  fourth  or  fifth  by  reason 
of  the  number  of  dashes  or  dots  which  it  would  be 
necessary  to  use.  The  bracketed  index  notation  is  a 
somewhat  dangerous  one,  from  the  liability  of  confusion 
with  an  algebraical  index.  The  suffix  notation  appears 
to  be  free  from  objection  in  cases  when  there  can  be  no 
misunderstanding  as  to  which  is  the  independent  variable. 

95.  Standard  Results  and  Processes. 

The  n^  diflferential  coefficients  of  some  functions  are 
easy  to  find. 

Ex.  1.  If       y=e^;  y^  =  aef^\  j/g^a^e"*; ...  2/^=a''e^. 
Cob.  (i.)  If  a  =  1 

Cor.  (ii.)       y  =  a^= e*io8r«« ; 

2/1  =  (iog^)^^^^ = (logea)a^ ; 
2/2 = (logea)  V^^»««  =  (log«a)2a^ ; 
6uC.  ^  eic, 
Vn = (log,a)"e'i<«." = (log^)"a« 

Ex.  2,  If      yi=log,(a!+a); 

1  1  _(-l)(-2) 

^i~a;  +  a'  ^2~     {x+af  ^«~    {x+af    ' 
_  (-l)(-2)(-3)...(-ti+l) 
*"~  {x+ay 

{x+a)" 

Cor  If       y=— ,— , y»=/  ,  \..y 

"    x+a  "      (a;+a)»+i 
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Ex.3.  If      y  =  sin(aa;+6); 

2/1 = acos(aaj + 6)  =  osin^oa; + 6 + 1^  j ; 

2/3 = ahm\^ + 6 +^ j ; 

Similarly,  if  y  =  cos(ckc + 6), 

Vn  =  a«cos(  ao; + 6 + ~Y 
Cqe.  If        a=l  and  6  =  0; 
then,  when      y  =  since,  2/„  =  sin^a? + ^) ; 

and,  when        y  =  cosaj.  y^  =  cosf  a; + ^Y 

Ex.  4.  If      2/  =  e*"sin(6a; + c) ; 

2/1  =  ae«^8in(6aj + c) + 6e«^cos(6a; + c). 
Let  a  =  rcos^  and  6  =  rsin ^, 

so  that  ^^a?^i2  ^^^  ^^.  ^  b 

^    a 
and  therefore  y^ = re^'sin  (bx+c+ </>). 
Similarly        2/2 = r^e^Bm(bx +c+ 2^), 

and  finally     2/H=r"e°^sin(6a;+c+7i^) 

=  (aH  62)2e«^8in(6a; + c + 7itan-i-). 
Similarly,  if    2/  =  e«^cos(6a? + c), 

yn  =  (a2 + b^ye^coshx +c+ ntan  - 1- Y 
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As  the  above  results  are  frequently  wanted,  it  will 
be  well  for  the  student  to  be  able  to  obtain  them 
immediately. 

fix) 
96.  Fractional    expressions    of   the    form  ^-^  (both 

functions  being  algebraic  and  rational)  can  be  differ- 
entiated n  times  by  first  putting  them  into  'partial 
fractions.     (See  p.  85.) 


Ex.1. 


x^  a? 


^    (aj— a)(aj— 6)(a3— c)     (a  — 6)(a— c)  cc— a 

.62  1     .  c2  1 

"TTi TTt -V    T'T 


(6— c)(6— a)  x—b    (c—aXc^b)  x—c 
(see  note  on  partial  fractions)  ; 
a^  (-l)^n!  b2  (^lynl 

•*•    2^«-(a-.6)(a-c)  (aj-a)'*+i"*"(6-c)(6-a)  (cc-6)»+i 

c^  i-'iynl 

(c-a)(c-6)  (aj-c)'^+i* 

Ex.  2.  2^=  ^ 


(a;-i)2(a:+2y 
To  put  this  into  Partial  Fractions  let  a?=  1 +^ ; 

then  y^'    ^  +  ^'+^ 


z^'     3+z 

1/1        30       4      0^    \ 


-^.+:^+J-    ' 


Sz^^9z  "^9  S+z 


3(a;-l)«  '  9(0! -1)  '  9(x+2) 
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whence  v  -^+l)'C-^)^+^llzl):^ 

4yi!(-lf 
"'■9(a;+2)"+i' 

97.  When  quadratic  factors  (which  are  not  resolvable 
into  real  linear  factors)  occur  in  the  denominator,  it  is 
often  convenient  to  make  use  of  Demoivre's  Theorem. 

Ex.  Let 

y 1 \ 

2ih\x+a  —  ib     x+u  +  ih)' 
then     .  2,,=  ^(-l)n.n!{^-^_l^^ 

_  (  - 1)^71  !/(g;+a+f6)^+^-  {x+a-ihf+^\ 

Let    aj+a  =  rcos0, 
and  6  =  rsind; 

whence   7^=^(x+df+h^, 

b 


and    tiind  = 


x  +  a 


nence   y«~    -g^;--  i(^:j:^)2+-b-2jn+i 

X  {(cos  e  + 1  sin  e)«+i  -  (cos  0  -  £  sin  0)«+i } 
__(-l)^t?J    2ism(n  +  l)e 

2ib       [{x+a)^+b^]'^ 
=  ^~2"~8in(ti+l)esin-+i0, 

where  0  =  tan~^ 

x+a 

F 
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and  therefore  2/„==^:z2)^^^JzJl'^ 

where  tan  0 = , 

x+a 

i.e.,  ^  =  1"^- 

Examples. 

Find  the  ^i***  differential  coefficients  of  y  with  respect  to  x  in  the 
following  cases. 

l-y=/-       .^Tx-  •     8.  y=      ^ 


(x-a){x-h)'  '  ^     ^  +  a2* 

3.  3^  =  sin3^•.  1_ 

4.  3^  =  e^cos2^.  •  -5^     (a;2+a2)(a^2+62) 

5.  y  =  «*'sin36:F.  ^^          1 

•^     (^-l)3(:r-2)-  12.^= ^^-         . 

1  or*  +  a^jF^  +  a^ 
7.  .y  = 


./;^-a2' 


98.  Leibnitz's  Theorem. 

To  find  the  n^  differential  coefficient  of  a  product  of 
two  functions  of  x  in  teiiras  of  the  differential  coefficienU 
of  the  separate  functions. 

It  was  proved  in  Chap.  II.,  Prop,  iv.,  that 

d.     v_  du       dv 
dx      ^^   dx       dx 
It  appears  from  this  formula  that  the  operative  symbol 

—  or  D  may  be  considered  as  the  sum  of  two  operative 
ttx 

symbols  D^  and  D^,  such  that  D^  only  operates  on  u  and 

differential    coefficients   of  u,  while  D^  operates   solely 
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upon  V  and  differential  coefficients  of  v.  For  with  such 
symbols  D^(uv)  =  v-j- , 

and  D^{uv)  =  u^, 

whence  D{uv)  =  v-w-  +  it ,-  =  D^{uv)  +  DJ^uv) 

We  may  therefore  write  for  D  the  compound  symbol 

Now,  since  D^  and  D^  are  symbols  which  indicate  differ- 
entiations, they  each,  like  the  original  symbol  D,  obey 
the  distributive  and  index  laiva  and  are  commutative 
with  regard  to  constants  and  each  other.  It  therefore 
follows  by  formal  analogy  with  the  Binomial  Theorem 
that  the  operations  (D^+D^)^ 

and       Z),"+7iJ)i^-ii),+^^^'^^^D,»-^P,H...  +  A'* 
are  identical. 

Now  ^i"(^^)  =  ^^' 

etc. 
Hence 

_  i"«.       dv  (V^-^u    n{n  —  1)  d?v  d^-^u 
■'"•••■'"  da;"' 
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It  appears  therefore  from  this  formula  that  if  all  the 
differential  coeffictients  of  u  and  v  be  known  up  to  the 
71*^,  inclusive,  the  n^^  differential  coefficient  of  the  pro- 
duct may  at  once  be  written  down. 

99.  Another  Proof. 

From  the  importance  of  the  above  result  it  is  considered  useful 
to  add  here  an  inductive  proof  of  the  same  theorem. 

[Lemma.  Tf  nCr  denote  the  number  of  combinations  of  n  things 
r  at  a  time,  then  will 

nCr  +  n  W+l  =  n+1  W+1. 

This  will  form  an  easy  exercise  for  the  student.] 

Let  y=uvy  and  let  suffixes  denote  differentiations  with  regard  to  x. 
Then  y^=u^v-\-uV'^, 

^2 = ^2^  +  21^1^1 + uv^y  by  differentiation . 
Assume  generally  that 

yn  =  UnV  +  nC\Un-lVi  +  nC^Un-^V^  +  . . .  +  nCrUn-rVr  +  «6V+lW«-r-  l^r+l 

+  ...+UVn (a) 

Therefore,  differentiating, 


+  Wn-rVr  +  l|  "j''^^[+...+«V,, 


+1 


=  M„+ir  +  ,,+l(7iW„Vi  +  n+\C2Un..lV2'¥  n^-\C'iUA  -  2V3  +  . . . 

+„+iCr+iM„.rVr+i  +  ...+wi7„+i,  by  the  Lemma  ; 
therefore  if  the  law  (a)  hold  for  n  differentiations  it  holds  for  n+ 1. 
But  it  was  proved  to  hold  for  two  differentiations,  and  therefore  it 
holds  for  three  ;  therefore  for  four  ;  and  so  on  ;  and  therefore  it  is 
generally  true,  i.e., 

{Uv)n  =  UnV  +  nC\Un  -  \Vl  +  nC^Un  -  2^2  +  ...  +  mPrUn  .  rVr  +  . . .  +  UV^. 

100.  Applications. 

Ex.  1.  Let  y  =  e^X,   where    X=  an}^   function  of  x. 

At 

Since  y^/e«^)  =  a'"^*^, 
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which  may  be  written  by  analogy  with  the  Binomial 
Theorem  ef^Li + ^  Yx  (Art.  93). 

Ex.  2.  y  =  oc^smax, 
i/n  =  oc^a%in  lax'\ — ^]  +  nSa:^a'^~^sm  lax-\ — ^— '^1 


n(n  — 


Jf"-2)3.2.1a«-«sm(c^+^^). 


Ex.  3.  Differentiate  n  times  the  equation 

^n(^  2/2)  =  ^  2/n+2  +  n  .  2aJ .  2/n+l  +  -^"g] ^^/n, 

^(^2/1)  =  xyn+i+  nyn, 

therefore  by  addition 

x^yn+2 + (2n + 1  )xyn+i  +  (n^ + 1  )2/n = 0, 


101.  Note  on  Partial  Fractions. 

Since  a  number  of  examples  on  successive  differentiation  and  on 
integration  depend  on  the  ability  of  the  student  to  put  certain 
fractional  forms  into  partial  fractions,  we  give  the  methods  to  be 
pursued  in  a  short  note. 
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Let  -^y-^  be  the  fraction  which  is  to  be  resolved  into  its  partial 
fractions. 

1.  If  f{x)  be  not  already  of  lower  degree  than  the  denominator, 
we  can  divide  otit  until  the  nurnerator  of  the  remaining  fraction  is  of 
lower  degree  ; 

^'fJ->  1 7w ^.  =  1  + 


{x  -  l)(.r  -  2)        ^  {x  -\){x-  2)* 
Hence  we  shall  consider  only  the  case  in  which  f{x)  is  of  lower 
degree  than  0(^). 

2.  If  ^(.r)  contain  a  single  factor  [x  -  a\  not  repeated,  we  proceed 
thus  :  suppose  t^{x)  =  {,x -a)y^{x\ 

and  let  -Jlfi-  =  ^  +  x(^), 

(.r  —  a)  ^(a')     x  —  a     ^/{x) 

A  being  independent  of  x. 

Hence  -^  (^'^  =  A  -^(r  —  /7^2^') 

This  is  an  identity  and  therefore  true  for  all  values  of  the  vari- 
able x'j  put  x—a.  Then,  since  ^(o?)  does  not  vanish  when  x=a  (for 
by  hypothesis  ^{x)  does  not  contain  x-a  as  a  factor),  we  have 

Hence  the  rule  to  find  A   is,  "Put  x—a  in  every  portion  of  the 
fraction  except  in  the  factor  x  —  a  itself." 

XI        r  \  oc  —  c  a  —  c      1        b  —  c       1 

Ex.     (i.) =  — \. 


{x  —  a){x—b)     a  —  b' x  —  a    b-a'x—b' 
Ex     (ii)         ^^+^A'+^        ^  a^+pa+q    _1  b^+pb-^q      1 

(.i'-a)(.r-6)(.r-c)     (a-6)(a-c)  ^r-r?     (6-(?)(6-a)  or-t 

^   c^+pc-hq      1 
(c  -  a)(c  -  6)  ^  —  c* 

X.    (ill.)  -      ,-7 7^, o\=2T7-         -IN f 


Gv-l)(:r-2)(^-3)     2(^^-1)     a;-2     2(^-3) 
Ex.  (iv.) 


x^ 


{x  —  a){x-b) 

Here  the  numerator  not  being  of  lower  degree  than  the  denominator^  we 
divide  the  numerator  by  the  denominator.    The  result  will  then  be 
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4         B 

expressible  in  the  form  14-—^^ —  + r>  where  A  and  5  are  found 

x—a    x—h 

as  befpre  and  are  respectively and 


a—b  b—a 

3.  Suppose  the  factor  {x  —  a)  in  the  denominator  to  be  repeated  r 
times  so  that  <t>{pc)  —  {x-  aY\p{x). 
Put  x  —  a=i/. 

Then*  /(^)-  f(<^+2/) 

or  expanding  each  function  by  any  means  in  ascending  powers  of  ^, 

Divide  out  thus : 

etc., 
and  let  the  division  be  continued  until  y  is  a  factor  of  the  remainder-. 
Let  the  remainder  be  y^xiy)' 

Hencethefraction=^+-^+-A,+. ..  +  -"'+    ,"^--  . 

yr      yr-l      yr-l  y  ^{a^y) 

_     (7o      .        fi     •,        C^ 
{x-af     {x-aY-''     {x-af-'^ 

^Cr-\^xix-d)^ 
x  —  a       ^//(x) 
Hence  the  partial  fractions  corresponding  to  the  factor  {x  -  ay  are 
determined  by  a  long  division  sum. 

Ex.  Take -^, -r. 

Put  ^  —  1  =y. 

Hence  the  fraction  =  \  "'"^'  . 

f{2+y) 

-if 


^+y2 


1/ 


-hf 
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Therefore  the  fraction 


'  +4+ ' 


2y>'4/'8y    8(2 +  y} 
1^31 


2{x--\Y    4{x-\f    S{x-\)     8(07+1)' 

4.  If  a  factor,  such  dj&a^  +  ax+h,  which  is  not  resolvable  into  real 
linear  factors  occur  in  the  denominator,  the  form  of  the  correspond- 

in«T  partial  fraction  is     "  '^    — i-     For  instance,  if  the  expression 

^  x^  +  ax  +  b  ^ 

he  1 


{x  -a){x-  b)\a^ + a?)  (^  +  62)2 
the  proper  assumption  for  the  form  in  partial  fractions  would  be 
^     ,     J5    .       C        Dx  +  E    Fx+O     Bx-h/< 


x-a^x-b^(x-by  ^  +  a"2  ^  x^  +  b'^  ^(^  +  62)^' 
where  A,Bj  and  C  can  be  found  according  to  the  preceding  methods, 
and  on  reduction  to  a  common  denominator  we  can,  by  equating 
coefficients  of  like  powers  in  the  two  numerators,  find  the  remaining 
letters  2>,  E,  F,  G,  ffy  K.  Variations  upon  these  methods  will 
suggest  themselves  to  the  student. 


1.  If  y  =  taii~^a32,  find 

2.  lfy  =  x^logXy  find 


EXAMPLES. 

<Py 


3.  If  y  —  sin  mx  cos  nx,  find  -j^. 

dor 

4.  If2/  =  a;e"*,  find^. 

■If. 

5.  ir^  =  ai",  find   --^    distinguishing    the    cases    in    which 
r  < ,  = ,  or  >  w. 

6.  If  2/  =  03  log     ^ ^  ,  prove  that  as*— ^  =  |  y  -  ^^\  • 

a  +  005  aar     \         dxf 
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7.  If  y  =  ax  sin  x,  prove  that  or~^  -  2a;--^  +  (ar*  +  2)y  =  0. 

dd(r         ax 

8.  If  y  =  a  cos  (log  a?),  prove  that  ^c^^^  +  a;  ,*^  +  y  —  0. 

9.  If  y  =  oa;"'*'^  +  bx~^,  prove  that  a^-r4  =  ^(^  +  1  )y. 

aar 

10.  If  y  =  sin~^a;,  prove  that  (1  -  ar*)  — ^  -  a?-^  =  0. 

Cmj        ax 

11.  If  y  =  (sixi-'xy,  prove  that  (1  -  ar^)^^  =  a;!^  +  2. 

aar       c/a; 

12.  If  y  =  «*•*""'',  prove  that  ( 1  -  aj^)^  -  x^f  =  a^. 

cbocT       ax 

13.  If  y  =  ^  sin  7?ia;  +  B  cos  ma;,  prove  that  — ^  +  w^y  =  0. 

14.  If  y  =  ile*"*  +  ^e-"",  prove  that  ^  -  m^  =  0. 

15.  If  y  =  -4(a;  +  Ja^  +  a^)",  prove  that 

16.  If  y  =  tan-^aj,  prove  that  ( I  +  ar*)^  +  2a:$^  =  0. 

dor         ax 

17.  If  y  =  e~'oos  a;,  prove  that  — ^  +  4y  =  0. 

18.  If  y  =  ar^e*",  find  ^. 

19.  If  V  =  aJ* sin  aa;,  find  --^. 

20.  Ify  =  ; ^ ,.  find^. 

^     (a;  -  a){x  -  6)  rfa:" 

^^•^^^  =  (.^l)3(a:-2y^"^S' 

22.  If  y  =  a;  tan'^a;,  find  ^.  * 

23.  If  y  =  log  af  +  a;'* log  a;,  find  --^. 
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24.  If  2/  =  - L^ -,  show  that  ^  is 

\  +  X  +  XT  +  or  daf" 

K  -  \Yn\  sin«+i^{sin(n  +  1)^ -  cos(w  +  1)^  +  (sin  6  +  cos  0)-^'^} 
where  ^  =  cot- ^a?.  [Math.  Tripos. 

25.  If  (1  -  ar*)^  -  a;^  =  0,  prove  that 

26.  If  (1  -  a?)'^,  -x^  =  a'y,  prove  that 

ax-       ax 

^  '(/a;»+^     ^  ''  dx"+^     ^  'dx" 

» 

27.  If  y  =  sin( w  sin"  ^oj),  show  that  ( 1  -  ^)-j^  =  a;-^  -  m^y^ 

and  (1  -  .r^)^^,  -  (2n  +  1  k^^  -  (n"  -  m^)^  =  0. 

28.  If2/  =  ^(a;+  sf^f+o^Y  +  B{x  +  Ja^w?)-", 

then  will  (ar^  +  a^)^  +  a;^^/  _  ^2   _  q 

^  Va;2       cfa;        ^ 

and  (ar^  4-  a")'^""^  +  (2^  +  1  )aj1^  +  (m^  -  n^)?^^  =.  0. 

29.  If  2/  =  e*^    *  =  «(,  +  (Xja?  +  ag-'^  +  . . .,  show  that 

(ii.)(l4-a-)^^^,  +  {2(.+  l).-l}g^^^ 

(iii.)  (n  +  2)a„+2  +  wa„  =  a^+j. 

The  last  equation  is  to  be  found  by  substituting  the  series 
for  y  in  equation  (i.)  and  equating  the  coefficients  of  a;"  to  zero. 

30.  If  sin(m  sin~^a;)  =  a©  +  ^1^  +  ^2^  +  . . . ,  prove 

(n  +  l)(ri  +  2)a„^.2  =  (n*  -  m^)a„. 

31.  If  e«"^"~^*  =  ao  +  Oia;  +  ag^^  +  . .  ,  prove 

{n  +  \){n-\-  2)a„^.2  =  (n^  +  a^)a„. 
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32.  If  (sin" ^a;)*  =  ^o  +  <h^  +  «2^  +  <^^  +  . . . ,  show  that 

(n  +  1  )(w  +  •2)a„+2  =  wX. 

33.  If  f{z)  can  be  expanded  in  a  series  of  positive  integral 
powers  of  z,  show  that 

34.  Show  that 


f(^^^"^f{'*Si^' 


where  X  represents  any  function  of  x. 
35.  Show  that 


f(-Y 


sm  /•/        o-  sin 

mx  =  /  (  -  rrr)      mx. 
cos         /  ^         'cos 


36.  Find  the  n^  diflTerential  coeflBcient  of 

e'^laV  -  2nax  +  w(w  +  1 )}. 


37.  If  w  =«  sin  no?  +  cos  nx,  show  that 
dx 


[I.  C.  S.  Exam.] 


^^  =  n'-{l+(-l)^sin2nxp. 


[I.  C.  S.  Exam.] 

38.  If be  differentiated  i  times,  the  denominator  of  the 

result  will  be  (e*-  1  )'■•■',  and  the  sum  of  the  coefficients  of  the 
several  powers  of  e*  in  the  numerator  will  be  ( -  1)*1  .  2  .  3...t. 

[Oaius  Coll.] 

39.  Prove  that 

d'u     d"uv        rZ^-i/  M     n(n-l)    dT-""  /  d^v\ 
dx""      dx""        dx''-^  dx)         1.2      daf-^  dx^ 

^       '     dx"" 


CHAPTER  V. 
EXPANSIONS. 

102.  The  student  will  have  already  met  with  several 
expansions  of  given  explicit  functions  in  ascending  in- 
tegral powers  of  the  independent  variable ;  for  example, 
those  for  (x+a)^,  e^,  log(l+a;),  tan"^iC,  sin  x,  cos  a?,  which 
occur  in  ordinary  Algebra  and  Trigonometry.  ^ 

The  principal  methods  of  development  in  common  use 
may  be  briefly  classified  as  follows  : 

I.  By  purely  Algebraical  or  Trigonometrical  processes. 
II.  By  Taylor's  or  Maclaurin's  Theorems. 

III.  By   Differentiation   or   Integration   of  a   known 

series,  or  equivalent  process. 

IV.  By  the  use  of  a  differential  equation. 

These  methods  we  proceed  to  explain  and  exemplify. 

103.  Method  I.  Algebraic  and  Trigonometrical  Methods. 

Ex.  1.  Find  the  first  three  terms  of  the  expansion  of  log  sec  ^  in 
ascending  powers  of  .v. 
By  Trigonometry 

/p2  /vA  yS 

cosx=l--  +  - --+  .. 
Hence      log  sec  a:  =  —  log  cos  a:=  —  log  {l—z), 

^2  A«4  y)i6 

1  •A/  •*/        t    %A/ 
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^2      ^ 

logsec:F=0+  -.  +  —  +  ... 


and  expanding  log(l  —z)  by  the  logarithmic  theorem  we  obtain 

2     3 
12!     4!"^6!     •••J^aLs!     4!"^-J 

^312!     -J 

"l     24     720       ■ 
■^'8     48  "*■••• 
^24     "" 

/pi        />»4         /w6 

hence      log  sec  .r=^ — 1-1^+   ^ 

^  2     12     45 

Ex.  2.  Expand  cos'^  in  powers  of  x. 

Since      4  co8% = cos  3r + 3  cos  x 

_,_32a:2     3^^_       .  /_iw3'^"a72« 
"^       2!^"4r     •••^'     ^"(27i)r^- 

we  obtain     cos3a' = J  j  ( 1+  3)-(32  +  3)^  +  (3*  +  3)?*  -  . . . 

Similarly      sin'^r = ^  |  (3'  -  3)^'  -  (3"  -  Z)f^  +  (3'  -  3)f^  - . . . 

Ex.  3.  Expand   tan  x  in  powers  of  x  as  far  as  the  term  in- 
volving .r*. 

'^  "~  Of   •"  R?  ~  •  •  * 

Since  tan.v=       *^--    '    -   - 

-     3tr    X* 

2!"^4!~- 

we  may  by  actual  division  show  that 

x^     2 

tan  .r=^  +  — -  4- — ^"^  4- . . . 
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Ex.  4.  Expand  i{log(l+^)}2  in  powers  of  x. 
Since  (1  ■\-xY=  e»i<«(i+«), 

we  have,  by  expanding  each  side  of  this  identity, 

i+^y4-y(y-i),.2+y(y-i)(y-2)^_^y(y-iXy-2)(y-3)^_^ 

^  •  o  •  ^  i 

=  l+yl0g(l+:r)+|?{l0g(l+^)}2+... 

Hence,  equating  coefficients  of  y\ 

i{iog(i+.)r=l-;-i+i^+i^f-±3.i^_,,,^ 

a  series  which  may  be  written  in  the  form 

'^-{i+4)^+(i+i+i)^-a+Hi+i)-J+- 

Examples. 

1.  Prove     e*«i"*=l+a72+J;r4+TiTjA'^... 

2.  Prove  cosh«^  =  1  +  ^"^'^  +  r,  (3,1  -  2)"^. . . 

3.  Prove  that 

[log (14- a;)]"    A''-_   «_^:+i.  ,       p    ^+2  p    ^+3    , 

/•!  r\  \r+l)\  (r+2)!  (r+3)! 

where  rPk  denotes  the  sum  of  all  products  h  at  a  time  of  the  first  r 
natural  numbers. 


104.  Method  II.  Taylor's  and  Maclaurin's  Theorems. 

It  has  been  discovered  that  the  Binomial,  Exponential, 
and  other  well-known  expansions  are  all  particular  cases 
of  one  general  theorem  known  as  Taylor's  Theorem,  which 
has  for  its  object  the  expa^iision  of  f(x+h)  in  ascending 
integral  positive  powers  of  h,  f(x)  being  a  function  of  x 
of  any  form  whatever.  It  will  be  found  that  such  an 
expansion  is  not  always  possible,  but  we  reserve  for 
later  articles  [120  to  128]  a  rigorous  discussion  of  the 
limitations  of  the  theorem. 
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105.  The  theorem  referred  to  is  that  under  certain 
circumstances 

f{x+h)=f{x)+hf{x)+^/{x)^^^^ 

+-,/~(«)  +  ...  to  infinity, 

<an  expansion  o{f{x  +  h)  in  powers  of  A. 

This  result  was  first  published  by  Taylor  in  1715,  in 
his  "  Methodus  Incrementorum  Directa  et  Inversa/'  In 
1717  Stirling  pointed  out  another  form  of  Taylor's 
Theorem,  viz., 

f(a>)=f(0)+xf(0)+p"{0)+^/"{0)+... 

+  -!/"(<>)  +  •••  to  infinity. 

which  is  easily  deducible  from  Taylor's  Series  by  writing 
0  for  X  and  x  for  h  ;  the  meaning  of  f%0)  being  that  f(x) 
is  to  be  differentiated  r  times  with  respect  to  x,  and  then 
X  is  to  be  put  equal  to  zero  in  the  result. 

The  latter  series  gives  a  method  of  expanding  any 
function  of  x  in  positive  integral  powers  of  x.  Being  a 
form  of  Taylor's  Theorem  it  is  subject  to  the  same  limita- 
tions. It  is  generally  known  as  Maclaurin's  Theorem, 
though  its  publication  by  Maclaurin  was  not  made  until 
twenty-five  years  after  its  first  discovery  by  Stirling. 

106.  Taylor's  Theorem  also  deducible  from  Maclaurin's, 
It  has  been  shown  that  Maclaurin's  series  is  deducible 

from  Taylor's  form.  Taylor's  series  is  also  deducible 
from  Maclaurin's. 

For,  let  f{x)^F{x+y\ 

then  f\x)  =  F\x + y)y  etc., 

80  that      /-(O)  =  Fi^yX  f(0)  =  FXy\  fXO)  =  F''(y),  etc. 
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Hence  Maclaurin's  Theorem 

m^   m 

becomes     F(y +x)  =  F(y) + xF'{y) + f/\y) + . . . , 
which  is  Taylor's  form. 

Taylor's  Theorem. 

107.  Prop.  To  prove  that,  if  f(x+h)  can  be  expanded 
in  a  convergent  series  of  positive  integral  powers  of  h, 
that  expansion  is 

f{X  +  h)=f{x)  +  hf\x)  +  '^f{x)+   ...  to  00. 

Put  x+h=X;  then  since  x  and  h  are  imdependent 

dX_ 
dh~  ■ 

Hence  <mi^^Ml    ^-f(X) 

"®°°®  dh        dX    ■  dh^^^^- 

Similarly  ^^  =f'{X),  etc. 

Now,  a88wmvn>g  the  ^possibility  of  such  an  expansion, 

h^        h^ 
let         f{x+h)==A^+A^h+A^~+A^^^  +  ..., (1) 

where  A^,  A^y  A^, ...  are  functions  of  x  alone,  not  con- 
taining h,  and  are  to  be  determined. 

Differentiating  with  regard  to  k  we  have,  by  the 
[)receding  work, 

Differentiating  again 

f'{x+h)=^'^-^-^^''^  =  A,+AJt+Aj^^+Aj!^^+...,{S} 

etc. 
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Put,  A  =  0,  and  we  have  at  once  •from  (1),  (2),  (3), ... 
-4o=/(i»),  A^=f{x),  A^=f\x\  etc., ... 
Substituting  these  values  in  (1) 

Maclaitrin*s  Theorem. 

108.  Prop.  To  prove  that  if  f(x)  can  be  expanded  in 
a  convergent  aeries  of  positive  integral  powers  of  x,  that 
expansion  is 

/(^)=/(0)+a/'(0)+J/'(0)+J;r(0)+...  to  00. 

Assuming  the  possibility  of  such  an  expansion,  let 

f{x)  =  A^+A^x+A^^^+A^-  +  ..., (1) 

where  -4^,  A^,  A^, ...,  are  constants  to  be  determiner!,  not 
containing  x. 

Then  differentiating  we  have 

r(x)  =  A,+A^+A,f,+A,f^+ (2) 

r{x)  =  A,+A^+A,f^+A,^+ (3) 

etc. 
Hence  putting  aj  =  0  in  (1),  (2),  (3),  ...,  we  have 

Ao=AO\  ^i=/(0),  ^2=/m  etc., ... ; 
and  substituting  these  values  in  (1) 

j{x)  =m + xf\Q) + J/"(0) + ^/'"(O)  + . . .  +  JaO)  + . . . 

■ 

109.  It  will  be  noticed  that  in  the  above  proofs  there  is 

nothing  to  indicate  in  what  cases  the  expansions  assumed 

in  the  equations  numbered  (1)  in  each  of  the  last  two 

Q 
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articles  are  illegitimate,  and  we  shall  have  to  refer  the 
student  to  Arts.  120  to  128  for  a  fuller  and  more  rigorous 
discussion. 

110.  It  is  important,  before  proceeding  farther,  that 
the  student  should  satisfy  himself  that  the  well  known 
expansions  of  such  functions  as  (oj+A)",  e*,  sin  a;,  etc., 
are  really  all  included  in  the  general  results  of  Arts. 
107,  108. 

For  example,  ii  f{x)  =  x'',f{x+k)  =  {x+hy\  f(x)  =  nx''~\ 
f'{x)  =s  n{n  —  l)aJ""^  etc.     Hence  Taylor's  Theorem, 

fix+h)  =f{x)+hf(x)+~r(x) + ..., 

gives  the  binomial  expansion 

(x  +  hy  =  a!" + nhx"-' + ""'  ^^,^A  V"'  + . . . 

Again,  suppose  f{x)  =  e*,  then  f\x)  =  e*,  /"(x)  =  e*,  etc., 
therefore  /(O)  =  l,/(0)  =  1,  f(0)  =  1,  etc. 

Hence  Maclaurin's  Theorem, 

f{x)=m+xf(o)+^fxo)+.„, 


2!' 


X^  .  01? 


gives  e'=l+aj+2-,+3-,+  ..., 

the  result  known  as  the  Exponential  Theorem. 

111.  We  append  a  few  examples  which  admit  of  ex- 
pansion, and  to  which  therefore  the  results  of  Arts.  107, 
108  apply. 

Examples. 
Prove  the  following  results  : — 


EXPANSIONS.  99 

2.  log(l+^)=j.-^+^-.... 

3.  tan~^T=^-   — I .... 

3      5 

4.  ««co8  A'  =  1  +  2^008"^ .  ^  +  2^cos^T  -  +  2*cos?-  -  + . . . 

4  .42!  43! 

+  2-^008 -+.... 

4  7i! 

5.  log(l+e*)=log2+i^+Ja72-^^.... 

6.  «^"'=l+^  +  J:p2-Ja?*-.... 

7.  8in(jF+A)  =  sina?+Aco8J7-    -sinjr-  — cos^+.... 

2!  3! 

8.  8in-'(^+^)=8m-^^+-^+       ^     ,  i%  ^  +  ^'- A%.... 

\/r^     (1-^2)1 2!     (l-4;2)4  3: 

9.  \ogB\u{x+K)==\ogB\xix+hcotx-      cosec^^H —  -___+.... 

2  3  siii'*.r 

10.  sec  *(^+A)=sec^^+   — -r  ---  —  +.... 

xslx^-\     .r'V-l)^2:      ■ 


•  t 


Method  III. 

112.  Expansion  by  Differentiation  or  Integratio7i  of 
a  known  seines  or  equivalent  process. 

The  method  of  treatment  is  indicated  in  the  following  examples  : 
Ex.1.   To  expand  tan~^x  in  powers  of  X.     Gregory's  Series. 
Suppose  f{x)  =  tan~^J7 = a© + ^i^ + "2^ + ^9"^  4- . . . , 

then  f(a;)=    — ^=ai+2a2X+SajX^+4a^.i^-\- ...  ; 

also  ^=l—x^+a^  —  x^-{-.... 

l+x^ 

Hence,  comparing  these  expansions,  we  have 

02=0^4= ctQ=ag=  ...  =0, 

and  ^1=1)  3a3=  —  1,  5a5=  1,  etc. 

Also,  Oq = tan~^0 = 7iir ; 

JXf         X^       17* 

therefore  tan~^j7= nir +^  -  _  +  _L  - '-_. -f- . . .. 

3      5      7 
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This  result  may  be  obtained  immediately  by  integratiou  of  the 

series  for    --,  viz., 

1  +x^'        ' 

the  constant  a^  being  determined  as  before. 

Ex.  2.   7o  expand  sin~^  x. 

Suppose  f(pc)  =  sin~^ jr =a^-\- a^x 4- a^^ + a^ 4- . . . ; 

therefore  f{x)  =  — ,-—  ^  =  a^  +  ^a.^  +  Za^v^ + 4a4.r3  + . . .  - 

vl-.t'- 

But  -J-  _  =  1  +  i.r2+  Ll^^+  .... 

sl\-x^  ^        2.4 

Hence,  comparing  these  series,  we  have 

a<i  —  a^  —  a^=  ...  =0, 

1    3 
and  ^'i  =  l>  3a3=J,  5^5= —^.... 

Also  Wq  =  sin~M)  =  ??ir. 

Hence  sin-^r=  «7r+^'  +  i  .  ^4-  ^—  -  +  — ^ '  ^  .  -^  + ...  ; 

-    3      2.4  5      2.4.6    7 

and,  as  before,  this  might  have  been  obtained   immediately  by 

integnation  of  the  expansion  of  — — =^ . 

vi  —Jp' 

Ex.  3.  Again,  if  a  known  series  be  given,  we  can  obtain  others 
from  it  hy  differentiation. 

For  example,  borrowing  the  series  for  (sin~^^)'^  established  in 
Ex.  2  of  the  next  Art.,  viz. — 

1/  •   -1  vi    ^2     2.r*^2.4  ^"6^2. 4. 6  ^r^^ 
^^  ^23  43.5   63.5.7   8 

we  obtain  at  once  by  differentiation 


sin~^ 


*•  j^^.2.4«,2.4.67^ 

^  =  07  +  -y^-\- X^+  X*  +  .... 


>Ji-x^  3         3.5         3.5.7 


Examples. 

1  .t^     1    3   .x'* 

1.  Prove  log(x'  +  Vl  +  x"^)  =  sinh" ^x=x  —  aii^ .>~7 '\  ""•••• 


2  3      2.45 


2.  Prove  tanh~'^=.r+ —+ — v.... 

3      6 
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3.  Deduce  from  Ex.  3,  Art.  112, 

(1  -x^)^^m-^x=x-^-  2-f  - 14  4-.... 

3     3  6     3.67 

And  hence  by  putting  .r=sin^,  prove 

^     .a     1     sin2^     2    sin*^     2 . 4  sm^d 

3        3      5        3.5      7 

[Quarterly  Journal,  vol.  vi.] 

IV. — A  Newtonian  Method. 

113.  It  remains  to  exemplify  a  fourth  method  of  pro- 
ceeding which  may  often  be  employed  with  advantage, 
and  moreover  is  of  historical  interest,  as  having  been 
employed  by  Newton. 

Assume  a  series  for  the  expansion 

(say  aQ+ajX+a2X^+ ). 

Then  form  a  differential  equation  in  the  way  indicated 
in  several  of  the  examples  in  the  preceding  chapter. 
Substitute  the  series  in  the  differential  equation  and 
equate  the  coefficients  of  like  powers  of  x  on  each  side 
of  the  equation.  We  shall  thus  get  equations  enough  to 
find  all  the  coefficients  except  one  or  two  of  the  first  which 
may  be  easily  obtained  from  the  values  of /(O)  and  /'(()). 

Ex.  1.  Expand  a*  in  this  manner. 

Let  a'=ao  +  aiJF+«2-^2  +  ^^^_j_ (]) 

If  y=«^ 

J^=a«log«a=ylogca (2) 

dx 

But  ^=aj  +  2«2r+3<v''^+...  ; (3) 

dx 

therefore,  substituting  from  (1)  and  (3)  in  the  differential  equation 

(2),  ix^  4-  ^a.^ + Za^x^  + . . .  =  logea(ao  +  ^\^ + f/2  ^^  +  •  •  •)• 

Hence,  comparing  coefficients, 

(/i=aologe,cr, 
2«2==ailog««, 
3^/3— a2log<K/,  etc. 
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Now  a^j=/(0)  =  aO=l  ; 

therefore  a,  =  \og^,  a,=^^lf\  ^3=^^,  -.• 

and  th e  series  is  a*  =  1  +  x  \og/i  +  —  (logea)^  + .  •  •  . 

Ex.2.  Let^=/(a?)  =  (8in-i.r)2. 
yi=2  8iii-i.r_— ^ 

?/„  = \. 8111   ^r 

/.        {\-a^y^=xy^-\-^ (1) 

Now,  let         y  =  a^  +  a^x + 02^  + . . .  +  a„a:"  +  Gf„+i;r''+^  +  an+a-r""*"*  + .  - ., 
therefore      ^i  =  «i  +  2a2^  + . . .  +  nanXi'* " ^  +  (n  + 1  )«„ + i.?r"  . 

+  (n4-2)a„+»r«+i  +  ..., 
and  ^2=  ^^2+  •  ••  +  '^C'* ~  iVn.?^'*"-  +  (w  +  l)w«„+ij;*'~* 

+  (n  +  2)(n+l)a„+2.r"+.... 
Picking  out  the  coefficient  of  x^  in  the  equation  {which  may  he 
done  without  actual  substitution)  we  have 
(w  +  2)(w  +  l)a„+2-w(w-l)a„  =  wa„; 

therefore  a«+2=;^ — -/!,     .  ^..^n (2) 

(/i  +  l)(n  +  2) 

Now,  ao=/0)  =  (sin-iO)2, 

and  if  we  consider  sin~'jF  to  be  the  smallest  positive  angle  whose 
sin e  is  .r,  sin  "^0  =  0. 

Hence  ao=0. 

Again,  a^  =f(0)  =  2  sin'  ^0 .  — i—  -  =  0, 

VI -0 

and  «2-ir(0)=i(j^^+0)  =  l. 

Hence,  from  equation  (2),  a^  cir,,a^^  ...,  are  each  =0. 

22  22      22„ 

and  aA^ .«9  = = — 2, 

*     3.4      ^     3.4     4!  ' 

_  42  _     22.42     _22. 42    o 

''«~5.6''*~3.4.5.6""6!     -"^^ 

e  i/C.  —  6i>c.  J 

therefore  (sin  -\vY  =  -  j^ + -^ + ^4^*2.^  +  ?^--^--i*2^  + . . .. 


EXPANSIONS.  301 

A  slightly  different  method  of  proceeding  is  indicated  in  the 
following  example. 

Ex.  3.  Let  y=sin  (msin"^^)=ao  +  ai^  +  a2-;  +  <*3r^  + (1) 

Then  y.  =co8  (m  sin~^jr) — -  -      , 

whence  ( 1  -  x^)yY  =  wi2(  1  -  y^). 

Differentiating  again,  and  dividing  by  2yi,  we  have 

{\-a^)y^-xy^  +  my=0 (2) 

IJifferentiating  this  n  times  by  Leibnitz's  Theorem 

(l-j;2)2^„+2-(27i+l)^„+i  +  (w2-n%„=0 (3) 

Now,  a©  =  (y)x=o = sin  {m  sin "^0)  =  0, 

(assuming  that  sin~^;r  is  the  smallest  positive  angle  whose  sine  is  x) 

«i  =  (yi)«M)=wi, 

«2=(y2)«-o=0, 

etc. 

Hence,  putting  J7=0  in  equation  (3), 

Hence  a^  a^,  ag,  ...,  each  =0, 

and  ^3  =  -  (w^  -  l^^i  =  -  rn{m^  - 1'^\ 

ag  =  -  (m2  -  32)a3 = m{m^  -  l^)(m^  -  S^), 

ay  =  -  (w2  -  52)ag  =  -  m{m^  -V)  {m^  -  3^){m^  -  S^), 

etc. 

Whence 

.    ,      .   _i  V  m(w2-l2)  o^w(m2-l2)(w2-32)  . 

sm  (w  sm  *;r)  =  inx  -  — ^- ,-  --'^  +  -  -^^^ ^ ^' 

3!  5! 

tw(w2  -  I2)(wi2  _  32)(^2  _  52) 

The  corresponding  series  for  cos  {m  sin "  ^x)  is 

^  ^  2!  4:  6! 

If  we  write  ^=sin  ^  these  series  become 

.         ^  .      a      W(w2-12)    .    3^^m(m2-l2)(m2-32)*   .    5^         . 

sm  w^ = 771  sin  ^  -  — ^ — : ^  sm^^  +  — i^ ii i  snr^  -  etc., 

3!  5!  .       ' 

co8m<?  =  l-|'8in2g  +  ^'^^^-^')  sin*^ 

.^2(^2,22)(^2_42)^.^^^       ^^ 

6! 
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Examples. 
prove  that 


(i+^)J=«y, 


and  hence  that 


In  this  manner  find  all  the  coefficients  of  the  Binomial  Theorem. 

2.  If  y = sin"^^= ^0+ ai^+ a2^2_^^^  + . . ., 

prove  that  «n+2=,   ^^.,    ^  ^.an, 

(7i  +  l)(n  +  2) 

and  in  this  manner  deduce  the  expansion  given  in  Ex.  2,  Art.  1 12. 

3.  If  y  =  (tan  ■  '^xf = ao  +  a^x  +  a^xP"  +  ag^  + . . . , 

prove  that     (7i+2)(n  +  l)a»+2+27i'^a„  +  (/? -2)(w-l)a„_2=0. 

Continuity. 
114.  Def.  a  function  is  said  to  be  continuous  between 
any  two  values  of  the  independent  variable  involved  if, 
as  that  variable  is  made  to  assume  successively  all  inter- 
mediate values  from  the  one  assigned  value  to  the  other. 


M 


o 


A 


N 
Fig.  15. 


B 


the  function  does  not  suddenly  change  its  valuCy  but 
changes  so  that  for  any  indefinitely  small  change  in  the 
variable  there  is  never  a  change  of  finite  magnitude  in 
the  value  of  the  function. 
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115.  Suppose  the  function  to  be  ^(flj).  Trace  the  curve 
y  =  <f>(x)  between  the  ordinates  AL{x  =  a)  and  BM(x  =  h), 
Then  if  we  find  that  as  x  increases  through  some  value, 
as  ON  (Fig.  15),  the  ordinate  <f>{x)  suddenly  changes  from 
NP  to  NQ  without  going  through  the  intermediate 
values,  the  function  is  said  to  be  discontinuous'  for  the 
value  x=ON  of  the  independent  variable. 

116.  Similarly,  we  may  represent  geometrically  the 
discontinuity  of  a  differential  coefficient.  For  -~  repre- 
sents the  tangent  of  the  angle  which  the  tangent  line  to 
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Fig.  16. 


the  curve^raakes  with  the  axis  of  x.     If,  therefore,  as  the 

point  P  travels  along  the  curve  the  tangent  suddenly 

changes  its  position  (as,  for  example,  from  PT  to  PT  in 

the  figure),   without  going    through   the    intermediate 

du 
positions,  there  is  a  discontinuity  in  the  value  of  ~~. 

(vtC 

117.  Prop.  If  any  function  of  x^  say  <j>{x),  vanish  when 
x  =  a  and  ivhen  a?  =  6  and  is  finite  and  continuous,  as 
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also  its  first  differential  coefficient  ^\x)  between  those 
values,  then  will  <p\x)  vanish  for  at  least  one  inter- 
mediate  value. 

For  if  <l>{x)  were  always  positive  or  always  negative 
between  a?  =  a  and  u?  =  6,  (f>{x)  would  be  continually  increas- 
iDg  or  continually  decreasing  between  those  values  (Art. 
44),  and  therefore  could  not  vanish  for  both  a:  =  a  and  oj  =  6, 
which  would  be  contrary  to  the  hypothesis.  Hence  <t>\x) 
must  change  sign  and  therefore  vanish  for  some  value  of  x 
intermediate  between  x  =  a  and  x  =  h, 

118.  The  same  thing  is  obvious  at  once  from  a  figure. 
For,   suppose   the   curve   y  =  <f>{x)   cuts   the   axis   at   A 


Fig.  17 


Fig.  18. 

(x  =  ay  y  =  0)  and  B  (x  =  b,  2/  =  0),  then  it  is  obvious  that 
if  the  curve  y  =  (p(x)  and  the  inclination  of  its  tangent  be 
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continuous  between  A  and  B,  the  tangent  line  must  be 
parallel  to  the  axis  of  x  at  some  intermediate  point  P. 

It  is  also  clear  that  the  tangent  may  be  parallel  to  the 
axis  of  X  at  other  points  between  A  and  B  besides  P  as 
in  Fig.  18,  so  that  it  does  not  follow  that  (j/ix)  vanishes 
only  once  between  two  contiguous  roots  of  <j>(x)  =  0. 

119.  The  same  proposition  is  thus  enunciated  in  books 
on  Theory  of  Equations:  "-4  real  root  of  the  equation 
^\x)  =  0  lies  between  every  adjacent  two  of  the  real 
roots  of  the  equation  <f>{x)  =  0 " ;  and  is  known  as 
RoUe's  Theorem. 

120.  Remainder  after  the  first  n  terms  have  been  taken 
from  Taylor's  Series. 

There  is  much  diflSculty  in  giving  a  rigorous  direct 
proof  of  Taylor's  Series,  as  might  be  expected  from  the 
highly  general  character  of  the  result  to  be  established. 
It  is  therefore  found  easier  to  consider  what  is  left 
after  n  terms  of  Taylor's  Series  have  been  taken  from 
<f>{x+h).  If  the  form  of  this  remaimder  be  such  that  it 
can  be  made  smaller  than  any  assignable  quantity  when 
sufficient  tei^Tns  of  the  series  are  taken,  the  difference 
between  <j>{x+h)  and  Taylor's  Series  for  </)(x+h)  will  be 
indefinitely  small,  and  under  these  circumstances  we 
shall  be  able  to  assert  the  truth  of  the  theorem.  The 
following  investigations  of  an  expression  for  the  remainder 
are  taken,  with  few  changes,  from  Bertrand's  "  Traite  de 
Calcul  DiflKrentiel  et  Integral." 

Let  E  denote  the  remainder  after  n  terms  of  Taylor's 
Series  have  been  taken  from  <p{x+h) ;  so  that 
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<p{x^h)  =  0(a;)+/i^'(x)+|j^»+. ..+-^|'_  j^,^»- Va;)+ii  ...(1) 
Let  ic+A  =  JT,  hence 

<I>{X)  -  <f,(x)  -  ^~-^<p\x)  -  ^^'  Jj  "*^-V»  -  •  •  • 

-^j^<fr-^(-^-^=o (2) 

(X  —  xY 
Put  R  = \^f  ^  ^^rm  suggested  by  the  remaining 

9  1/  m 

terms  of  Taylor's  Series.  Consider  the  function  formed 
by  writing  z  instead  of  x  throughout  the  left-hand 
member  of  equation  (2)  except  in  P,  which  is  therefore 
i^idependent  of  z.  Call  the  function  thus  obtained  F(z), 
Hence 

F(z)  =  <p(X)-4>{z)-  -^' - %'{z) - ^-^-- ^'^\"{z) -... 

-?"1vV"-'(^)-^^> (^) 

We  shall  assume  that  <p(z)  and  all  its  diflferential 
coefficients  up  to  the  n^  inclusive  are  finite  and 
continuous  between  the  values  ic  and  X  of  the  variable  z. 

It  is  clear  from  equation  (2)  that  F{x)  =  0,  also  by  putting 
z  =  Xin  (3)  we  have  F(X)  =  0 ;  also  F(z)  and  F\z)  are  finite 
and  continuous  between  these  values  of  the  variable  z. 
Hence  F\z)  vanishes  for  some  value  of  z  inteimiediate 
between^  x  and  Xy  say  for  z  =  x+6(X—x),  where  0  is  a 
proper  fraction.  Differentiating  equation  (3)  with  respect 
to  z,  the  terms  alternately  destroy  each  other  except  at 
the  end  of  the  series,  and  we  have  left 

whence      P=^<f>''{x  +  d(X -x)], 
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that  value  of  z  being  taken  which  makes  F\z)  vanish. 
Hence,  remembering  that  X  —  x^hy  the  true  value  of  It 

sought  is  ;^^''(^+^^) (^) 

The  theorem  may  therefore  be  written 
(f,(x+h)  =  <f>{x) + h(l>\x)  +  ^^(t>\x)  + . . . 

where  0  is  a  proper  fraction. 

If  then  the  form  of  the  function  <p(x)  be  such  that  by 

fen 

making  n  sufficiently  great  the  expression    -,cj>^{x+Qh) 

can  be  made  less  than  any  assignable  quantity  however 
small,  we  can  make  the  true  Series  for  (fi{x+h)  differ  by 
as  little  as  we  please  from  Taylor's  form 

<f>{x)  +  h</>X^)  +  -<l>"{x)  +  ..,tOQO. 

The  above  form  of  the  remainder  is  due  to  Lagrange, 
and  the  investigation  is  spoken  of  as  Lagrange's  Theorems 
on  the  Limits  of  Taylor's  Theorem. 

121.  A  different  form  of  the  remainder  is  due  to  Cauchy. 
In  equation   (2)    put  R  =  {X  —  x)P  and    proceed    as 
before,  then,  instead  of  equation  (4),  we  shall  have 

which  vanishes  as  before  for  some  value  of  z  between 
z=^x  and  z  =  X  =  x+h,  say  for  z=^x  +  Qh\  whence 

( 1  —  0 .«  -  i/^»i 
and  therefore   R  =  ^— - — -ttt-  4>Hx  +  Qh). 

{71—  W.      ^   ^  ' 
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122.  Another  form  is  obtained  by  Schlomileh  and  Roche 
by  assuming  a  slightly  different  form  for  ii,  viz., 

p+l 
This  gives,  instead  of  equation  (4-), 

whence        P  =  ^'    -e^_I)!         ^C^+^'O. 

The  last  form  includes  the  two  former  as  particular 
cases;  for  putting  p+l=n  it  reduces  to  Lagrange's 
result,  and  putting  p  =  0  it  reduces  to  Cauchy's. 

123.  The  corresponding  forms  of  remainder  for  Mac- 
laurin's  Theorem  are  obtained  by  writing  0  for  a:;  and 
X  for  A,  when  the  three  expressions  investigated  above 
become  respectively 

5^"(^-)'  ^^^frie.),  and  <j5f(^^W 

124.  The  student  should  notice  the  special  cases  of 
equation  (6),  Art.  120,  when  n  =  \,  2,  3,  etc.,  viz., 

0(03 + A)  =  (f>{x) + hKl>{x + e,h), 

<f>(x + h)  =  0(0?) + h<l>Xx) + |j0"(aj  +  eji\ 

etc. 
All  that  is  known  with  respect  to  the  6  in  each  case  being 
that  it  is  a  proper  fraction. 

125.  Geometrical  Illustration. 

It  is  easy  to  give  a  geometrical  illustration  of  the 
equation  <f}(x  -f  h)  =  0(iB) + h<f>\x + Qh), 
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For  let  X,  0(a:),  be  the  co-ordinates  of  a  point  P  on  the 
curve  y  =  <p(x),  and  let  x+h,  <p(x+h)  be  the  co-ordinates 
of  another  point  Q,  also  on  the  curve.  And  suppose  the 
curve  and  the  inclination  of  the  tangent  to  the  curve  to 
the  axis  of  x  to  be  continuous  and  finite  between  P  and 
Q ;  draw  PM,  QN  perpendicular  to  O-f  and  PL  perpen- 
dicular  to  QN,  then 

<t>{x+h)-<f>(x)__NQ^MP_LQ_        .p^ 


Also,  x+Qh\^  the  abscissa  of  some  point  R  on  the  curve 
between  P  and  Q,  and  <f>\x+6h)  is  the  tangent  of  the 
angle  which  the  tangent  line  to  the  curve  at  R  makes 
with  the  axis  of  x.     Hence  the  assertion  that 

is  equivalent  to  the  obvious  geometrical  fact  that  there 
yniist  be  a  point  R  somewhere  between  P  and  Q  at  which 
the  tangent  to  the  curve  is  parallel  to  the  chord  PQ. 

126.  The  cases  in  which  Taylor's  Theorem  is  said  to  fail 
are  those  in  which  it  happens 

(1)  That  (p^x),  or  one  of  its  differential  coefficients, 
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becomes  infinite  between  the  values  of  the  vari- 
able considered ; 

(2)  Or  that  (p{x)y  or  one  of  its  differential  coefficients^ 

becomes  discontinuous  between  the  same  values ; 

(3)  Or  that  the  remainder,  — fl>^{x+Qh)y  cannot  he  made 

to  vanish  in  the  limit  when  n  is  taken  sufficiently 
large,  so  that  the  series  does  not  approach  a  finite 
limit. 

Ex.  If  <t>{x)  =  ,Jx 

<p{x + A)  =  sH^h,  0'(^)  =  ,j^ ^,  etc. 
Hence  Taylor's  Theorem  gives 

<t>{x-{-h)=  \lx+h=  V^+2T7i^  "*"*** 

If,   however,  we  put   x=0^  3—7-  becomes  infinite,  while    \lx  +  h 

becomes  sjh. 
Thus,  as  we  might  expect,  we  fail  at  the  second  term  to  expand 
ijh  in  a  series  of  integral  powers  of  h. 

127.  In  Art.  107  the  proof  of  Taylor's  Theorem  is  not 
genera],  the  assumption  being  made  that  a  convergent 
expansion  in  ascending  positive  integral  powers  of  x 
is  possible.  The  above  article  points  out  clearly  when 
this  assumption  is  legitimate. 

For  any  continuous  function  in  which  the  (p+1)*^ 

differential  coefficient  is  the  first  to  become  infinite  or 

discontinuous  for  the  value  x  of  the  variable,  the  theorem 

hP 
rp{x +h)  =  <f>{x) + h^Xx)  + . . .  +  —^<I>K^  +  eh), 

p. 

which  involves  no  differential  coefficients  of  higher  order 

than  the  p*^,  is  rigorously  true,  although  Taylor's  Theorem , 
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4,{x+h)  =  <t>{x)+h<l>\x)  +  ...  +  -<pp{x)+^^^ 
fails  to  furnish  us  with  an  intelligible  result. 

Ex.  If  4>{x)^{x-a)^y 

5  3 

we  have  tf>\x)  —  -{x-a)^, 

and  Taylor's  Theorem  gives 

2  4  2!      8  {x-a)\  3! 

which  fails  at  the  fourth  term  when  x=a. 

But  Equation  6  of  Art.  120  gives  the  result 

{x+h-a)i={x-a)i  +  \{X'--a)^h+^l^{X'¥eh--a)\ 

A  4   2! 

which,  in  the  case  when  x—ay  reduces  to 


225' 

and  this  obeys  the  only  limitation  necessary,  viz.,  that  Q  should  be 
a  proper  fraction. 

128.  The  remarks  made  with  respect  to  the  failure  of 
Taylor's  Theorem  obviously  also  apply  to  the  particular 
form  of  it,  Maclaurin's  Theorem,  so  that  Maclaurin's 
Theorem  is  said  to  fail  when  any  of  the  expressions  0(0), 
0'(O),  0"(O),  ...  become  infinite,  or  if  there  be  a  dis- 
continuity in  the  function  or  any  of  its  differential 
coefBcients  as  x  passes  through  the  value  zero,  or  if  the 

remainder  —^'^(6x)  does  not  become  infinitely  small  when 

H 
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nfv  becomes  infinitely  large,  for  in  this  ease  the  series  is 
divergent  and  does  not  tend  to  any  finite  limit. 

129.  Examples  of  Expansions  by  Maclaurin's  Theorem, 
with  investigation  of  Bemainder  after  n  terms. 

Ex.  1.  Let       f{x)=a', 
then  /"(;r)  =  a*(log«a)",  and  /«(0)  =  (log^)«. 

Hence  the  formula 


gives 


._^lno'//^2_L         .  a.     •^l*I^/'lArr«^«-l-L^/T0«/ 


Now  \    ©«  /   can  be  made  smaller  than  any  assignable  quantity 

by  sufficiently  increasing  n  ;  hence  the  remainder,  after  n  terms  of 
Maclaurin's  Theorem  have  been  taken,  ultimately  vanishes  when  n 
is  taken  very  large,  and  therefore  Maclaurin's  Theorem  is  applicable 
and  gives 

a'=\+x log«a + *|-Xioge^)2 + f'(log^)3  +  ...  to  ex. 

^  I  o ! 

Ex.  2.  Let  /(^)  =  log(l+:r), 

./'w=,-^-,/'w=(-i)(-j^..../-(x)=(-i)-;^j. 

Hence  ./(0)=0,  /(0)  =  l,  /'(0)=  -1,  /"'(0)  =  2  .., 

/'•(0)  =  (-l)«->  (n-1)!. 
And  the  Lagrange-formula  for  the  remainder,  after  n  terms  of  Mac- 
laurin's Series  have  been  subtracted  from/(^),  viz.     -'  ^  ^\  becomes 

(^l)«-i 


•(rr^)' 


n 

and  if  x  be  not  greater  than  1,  and  positive, is  a  proper  frac- 
tion, and  therefore  by  making  n  sufficiently  large  the  above  re- 
mainder ultimately  vanishes,  and  therefore  Maclaurin's  Theorem 
is  applicable  and  gives 

l0g(l+^)=«-^  +  ^-J+  ...to  CO, 

where  x  lies  between  {)  and  1  inclusive. 
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It  appears  that  if  we  consider /(j;)  =  log(l  -x)  the  remainder  is 

n\l-exf  ' 
In  this  form  it  is  not  clear  that  the  limit  of  the  remainder  is  zero. 
But  if  we  choose  for  this  example  Cauchy's  form  of  remainder, 
Art.  123,  it  reduces  to 

1     /x-Oxy, 

i-e\i-e.v/ ' 

and  if  ;«?  be  positive  and  less  than  unity,    — —  is  also  less  than 

unity,  and  therefore  f  -^^-x~  )  can  be  made  as  small  as  we  like 

by  sufficiently  increasing  w.    Hence  Maclaurin's  series  is  applicable 

ff'2      /pS       /w4 

and  gives         ^^S(^~^)^  ~^~-^  —  \^ ~  ...toco. 

^       <5       4 


Bernoulli's  Numbers. 

X  6*+  1 

130.  To  expand  u—f{x)= -^-  in  powers  of  x. 

Let  u=f{x)  and  u'=f(fl\ 

'*i=/W  and  w'i=/(0), 

«2=/'(^)  and  w'2=/'(0), 
with  a  similar  notation  for  higher  differential  coefficients.    Then 
Maclaurin's  Theorem  gives 

X  «*+!        /  ,       ,   ,  x^  ,   , 

Changing  the  sign  of  x  we  see  that  the  left  hand  member  of  this 
equation  remains  unaltered  ;  hence  we  have 


w = w  —  ^e  1  +  —u  2  - . .  • , 


and  by  subtraction 


«>!  o! 

whence,  by  equating  to  zero  the  coefficients  of  the  several  powers  of 
J7,  we  infer  that  u\ = w'3 = tt  g  *=  ...  =0, 

so  that  the  expansion  contains  no  odd  powers  of  x. 
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Again,  since  e*M=w  +  -+.r_, 

we  have,  by  differentiating, 

A 

etc., 
and  putting  ^=0  in  these  equations  we  obtain  from  the  first,  third, 
fifth,  etc.,  «'  =  J4.J, 

3w'2+t4'=4, 

5w'4+l(>w'2+w'  =  J, 

7tt'g + 35  w'4  4-  21  w'2  +  w'  =  i> 

etc., 
giving  w'  =  l,  w'2=i,  w'4=  -A,  ^'6=irV,  ^'3=  ~iftr,  etc. 

TT  00  6*+!     ,     1^      1^      la7«      1^ 

Hence         -  i— Li:  =  l  +  :!^  ±_-.jL  *l.+-L   _-_  Z_+... 

2  e'-l  6  2!     30  4!     42  6!    30  8! 

This  series  introduces  a  set  of  coefficients  which  are  found  of 
great  importance  in  the  higher  branches  of  analysis.  The  series  is 
frequently  written  in  the  form 

and  the  numbers  B^^  B^  B^,  ...,  which  are  calculated  above  ai*e 
called  Bernoulli's  numbers,  having  been  first  discovered  and  used 
by  James  BemouUL 

The  coefficients  of  this  expansion  have  been  investigated  as  far 
as  the  term  containing  jc^  by  Bothe,  and  published  in  Crdle's 
Journal. 

131.  Many  important  expansions  can  be  deduced  from  that  of 
f  !!±i 

2  «j*-r 

For  example,     x  coth  x = x =  x-^-- 
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Writing  im  for  x^  i^cothw?  becomes  a?cot^,  and  we  have 

xcotx=\  —  Bi—— — B^——- ... 

Again,  tan  x = cot  x—2  cot  2x 

_1     „22^     T,2*.r3 

X       ^21         ^4! 


L2^       ^2!        ^4!  J 


EXAMPLES. 

1.  rrove  smax  =  ax-~--  +^—-~-  ,..+  -      sin— -  +  ...,  and 

3!        5!  n\  2 

that  the  remainder  after  r  t^rms  may  be  expressed  as 

sin  ladx  +  —  i. 

r\        \  2) 

2.  Prove   cosaa;=l --—-+——-...  + — r-cos---  + ...,    and 

2!        4!  n!  2  • 

that  the  remainder  after  r  terms  may  be  expressed  as 

oTaf 


ri 


(aO.^^). 


cos  I  aOx  + 


3.  Prove  (1 -«)-'»=  l+ria;  +  ^^^^^tJ^ 

^w(TO+l)...(w  +  r-2)^_i 

w(n+_l)...(n  +  r- 1)         aj** 


r!  (1  -  exy+'' 

4.  Expand  and  find  the  general  term  of  the  expansion  of 
e*"co8  hoc 

Results.  l+a^+^^'a^  +  <^^-'^a^+ ,.. 


n 


General  term  =  ^ L 


cos 


|wtan"^-W. 
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5.  Expand  sinh'a;  and  cosh'a;,  giving  the  general  term  in  each 
case. 

6.  Find  tbe  first  three  terms  of  the  expansion  in  powera  of  x 
of log(l +tanaj).  Result,  a;- Ja^  +  fic*+ .... 

7.  Expand  log  (1  ■\-a?e^)  as  far  as  the  term  containing  tP, 

Result.  2c'  +  ar*+  -  .... 

8.  Expand  as  far  as  the  term  containing  a^  (I)  log  (1  +  cos  a;) 
and  (2)  log  (l+x  sin  x). 

Results.  J  ^  ^     *=»        4     96 

9.  Prove  log  cos  a;  =  "  J"  ^J"  16j-272|^... 

^    -D  ,      sina;         x^      oa^ 

0.  Prove  log =  -  ^  -  ^;— ?i-«« 

®    a;  6      180 

aj2      7 

1.  Prove  log  a;  cot  a:  =- ---—a;*... 
^  3      90 

rt    T>  1      sinha;     x^      ar* 

2.  Prove  log =  :s  -  tttt^-- 

^     X         6      180 

o    T»  1      tan"^a;         ar^  .  13  4        251       « 

3.  Prove  log =  -_  +  -_«*-— ——-—aj^... 

''a;  3      90        5.7.9* 

4.  Prove  e'-=l+x+="2-l-yj:-|... 

5.  Provee*'~'=l+a;+ V  +  ^... 

6.  Provelog-^  =  ?-^+    ""^ 


X'  .  5a;«_^     251aj* 


e*-l     2     24     2880 

7.  Prove  log  {log(l  +a:)l}  =  -f  +  ^^      g  ■   33^^ 

8.  Prove 

/m2        O/^.^        /v**        />*5        ow        /*»7        /*»o 
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19.  Prove 

J       o       4        5        o 

20.  Prove  (l+a;)*=l+a;2-^i»3  +  |^4_|a;5... 

Expand  Examples  21  to  30  in  ascending  integral  powers  of  x. 

21.  tan-^rc  +  tanh~^a;. 

22.  tan-^-^-?^  +  sinh-^   ^^ 


23.  tan-^^g^  -  +  tanh"^*^^  "*"  ^. 

24.  tan-^^-Zi^. 

q+px 

_i  n/IT^-  1 


25.  tan- 


X 


26.  tan-^       ^ 


Jl-x^ 
28.  sin-^   ^^ 


l+if2 

29.  cos-^^  "  ^"'. 

30.  sinh-X3a;  +  4a^). 

31.  If  y  =  c""*"*   *  =  «()  +  a^a;  +  a^^  Va^  +  . . . ,  prove 

iu!  o!  4! 

^a(a2+l)(a2  +  32)^^ 
6! 
(4)  Deduce  from  (3),  by  expanding  the  left  side  according 
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to  the  exponential  theorem  and  equating  the  coefficients  of  a^ 
a\  ....  the  series  for  sin"^a;,  (sin"^a;)2, . . .,  and  show  that  if  in 

the  development  of  ^ — - — ^,  viz., 

x^     1    ar»     1.3    a^ 
T'^'2'3'^274'5'*""" 
every  number  which  occurs  be  increased  by  unity,  the 

result,viz.,  _+„  +  3-^  .  ^  + ... 

IS  equal  to  i — - — 1-,  ,_  rK  ^ 

^  2  [Propessor  Cayley.J 

32.  Prove  that  if  log^  =  tan~^a5 

(l*^,g.(.-2,„-lw£^-("-l)(»-2)£X. 

and  hence  find  the  coefficient  of  a^  in  the  expansion  of  y  by 
Maclaurin's  Theorem.  [I.  C.  S.  Exam.] 

33.  If  y  satisfy  the  equation    — ^  -  mh^  =  0,  and  if  the  first 

and  second  terms  of  its  expansion  be  respectively  A-\-B  and 
{Am - Bm)xy  show  that  the  general  term  is  {A  +  (-  1)*^}!?L_ . 

fCm 

Hence  show  that  y  =  Ae'^  +  Be~*^. 

34.  If  y  satisfy  the  differential  equation 

and  the  first  terms  of  tlie  expansion  of  y  are 

At 

continue  the  expansion. 

35.  If  a„  be  the  coefficient  of  o^  in  the  expansion  of  e'sina; 

show  that  .    iMT 

sm  -— 

„        »«-l4.»«-2      ««-s, 2 

^'*"  1!  ■*■  ^y-sT"^ — ^' 

[I.  C.  S.  Exam.] 
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36.  From  y  =  (a:+  J\  +  x^Y  obtain  a  linear  differential 
equation  with  rational  algebraic  coefficients,  and  by  means  of  it 
find  the  expansion  of  y  in  ascending  powers  of  a;. 

37.  From  the  relation  y  =  \     ^^  obtain  a  linear  differential 

\-x 

equation  with  rational  algebraic  coefficients,  and  by  means  of  It 
find  the  expansion  of  y  in  ascending  powers  of  x, 

38.  If  tan  y  =  1  +  oo;  +  hx^,  expand  y  in  powers  of  a?  as  far  as 
0^.  [I.  0.  S.  Exam.] 

39.  If  Aq^  A^y  etc.,  be  the  successive  coefficients  in  the 
expansion  of  y  =  e«*""+'^**'  prove 

[I.  C.  S.  Exam.] 

40.  If  a^  +  ttn+i^**^^  +  ^n+2^*'  ^  three  consecutive  terms  of 
the  expansion  of  (1  -  a2)*sin~^a5  in  powers  of  a:,  prove  that 

n  +  2* 
also  that  all  even  terms  vanish,  and  that  the  expansion  is 

/)•  />•»  _  rA * /)•<   __ 

3        3.5  3.5.7 

[Quarterly  Journal.] 

41.  Show  that  if  a  rational  integral  function  of  x  vanish  for 
n  values  between  given  limits,  its  first  and  second  differential 
coefficients  will  vanish  for  at  least  (n-X)  and  (n  -  2)  values  of 
X  respectively  between  the  same  limits.  Illustrate  these  results 
geometrically.  [I.  C.  S.  Exam.] 

42.  Prove  that  no  more  than  one  root  of  an  equation y(a;)  =  0 
can  lie  between  any  adjacent  two  of  the  roots  of  the  equation 
/'(«)=.0. 

43.  Show  that  the  following  expressions  are  positive  for  all 
positive  values  of  x : 

(i.)  (a:-lK+l; 
(ii.)  (a.-2y  +  a;  +  2; 


^n+2  =  „    .    cfln  \ 
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(iii.)  (a:-3)e*  +  ^+2a:+3; 
(iv.)  a;-log(l+ic). 

[N.B. — By  Art.  44,  if  ^  be  poGdtive,  y  is  increasing  when 

dx 

x'.is  increasing.     Hence,  if  y  be  positive  when  a:  =  0,  and  if  also 
y  be  positive  as  x  increases  from  0  to  oo,  it  follows  that  y 

will  be  positive  for  all  positive  values  of  «.] 

44.  Show  for  what  values  of  x  and  at  what  differential  co- 
efficient Tayloi-'s  Theorem  will  fail  if 

f{x)  =  («^-«)^(a^-^)*(a^-g)* 

{x — dy* 

45.  Can  log  a;  or  tan'^A/-  be  expanded  by  Maclaurin's 
Theorem  in  a  series  of  ascending  positive  integral  powers  of  a?  1 

46.  If  y(aj)  =  e~*,  how  does  Maclaurin's  Theorem  fail  for  an 
expansion  in  ascending  powers  of  sc  ?  Is  /[x)  continuous  as  cp 
passes  through  zero  ? 

or 

47.  If  y(a;)  = ~,  show  that  there  is  a  discontinuity  in 

?Q-^  as  X  passes  through  zero. 

48.  Prove 

49.  If  ^  =  logic, 

.,    .  ,    du  ,  ay^  d^u  , 

prove  that  u  +  x—-  +  ^  -7-5  +  . . . 

"^  dx     21  doc^ 


.1      c    du^  (log2)«  d^u  ^ 
=  ..  +  log2.^  +  i^^4-... 
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60.  Deduce  from  Taylor's  Theorem,  by  putting  h—  -x,  the 
series 

Ax)  =A0)  +  xfix)  -  fr(x)  +  ^/"(x)  -  ete. 

[John  Beknoulli.] 

51.  Prove 

tan-i(a;  +  A)  =  taii-i^j  +  (A  sin  6)  sin  6  -  ^A^-^^  sin  26 

.  (Asin^)^  .    on     (Asin^)*  ../,.. 

+  ^ — A — ^  81J1 3^  -  ^ '-  sin  4c'  +  etc., 

3  4 

where  a;  =  cot  ^. 

52.  Verify  the  following  deductions  from  Ex.  51  : — 

(1)  I  =  0  +  C08^ .  sin^  +  ^-^^sin2»  +  ?^8in3^  +  22!^8in4^  +  . . . 

by  putting  h—  -  a;  =  -  cot  d, 

(2)  ?=^  +  sin^  +  Jsin2^  +  Jsin3^  +  i8in4e+... 

1 


by  putting  /*=  -  Vl  +ic2=  -gj^^- 

/«v  ^_8in^     1     sin  2^     1     sin  3^     1     sin  4^ 
^  ^  2""^i9     2*"^^??     3'  ^^;?6r     4  •  ^^^?? 

by  putting  h—  -x 


X        sin  b .  cos  d'      [EuLER.] 

53.  If  ^TT-^  be  a  rational  fraction  in  which  the  denominator 
F(x) 

has  n  factors,  each  equal  to  a;  -  a,  and  the  remaining  factors  are 

a;  -  A,  x  —  ky  etc.,  so  that  F(pc)  =  (x-  a)"</)(aj)  where 

<l>(x)  =  {x-h){x-k)...y 
prove  that 

Ax) \_  f(a)  1  1  f  ./W  I 

/•(a:)     (a:  -  a)"  </.(a)     (a:  -  a)— i  da  (  <^(a)  J 

+ I ^im\+    +JL+ 

2l{x- a)"-^  (Ml  4,(a)  !  x-h 

(n-i)!  da— O.  ^(o)(a:-o)/      x-h 
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54*  Establish  the  following  approximations  to  the  length  of 
a  circalar  arc : — 

Let  G  be  the  chord  of  the  whole  arc, 

H  do.  half  the  arc, 

Q  do.  quarter  the  arc. 

(1)  Arc=: — ^ — nearly.  [Huyghens.] 

(2)  Arc  =  £±15gziO^  nearly. 

Examine  the  closeness  of  the  approximation  in  each  case. 

55.  In  the  equation 

J\x  +  h)  =/{x)  +  hf(x  +  Oh), 
show  that  the  limiting  value  of  ^  as  A  is  indefinitely  diminished 
is  J. 

[Expand  f{x  +  Oh)  in  the  above  in  powers  of  6h,  and  also 
J{x  +  h)  in  powers  of  h,  and  compare  the  two  series,  remember- 
ing that  0  itself,  being  a  function  of  x  and  h,  may  be  written 
=  AQ  +  A^h  +  A^^+  ...  whete  Aq,  A^  ,..   are  functions  of  x. 
The  term  Aq  will  be  the  limiting  value  of  6  when  A  =  0.] 

56.  In  the  equation 

/{x  +  h)^f{x)  +  hf(x+eh), 
if  ^  be  expanded  in  powers  of  A,  the  first  four  terms  will  be 

2^24/2   ^48      /,*      ^  6760/,8 

suffixes  being  used  to  denote  differentiations. 

57.  Find  by  division  the  first  srz  of  Bernoulli's  coefficients. 

n,.    „„,,  1       1        1        1       5       691 

ineyare  -,    _,    -^^,    ^,    ^    ^^^ 

58.  Prove  by  continuing  the  differentiations  in  Art.  130  that 

1      .  1.  n-p      n(w~l)(n-2)p  _, 

irn^2^2"n  — 4!      ^8+...-^ 

a  formula  from  which  the  values  of  the  coefficients  B^,  ^3...  can 
be  successively  deduced  by  putting  n  =  2,  4,  6,  etc. 

[De  Moivre.] 
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59.  Expand  [ -; — ^J   ^  powers  of  ft 

[Differentiate  expansion  of  cot  6^  'Art.  131.] 

60.  Prove 

^    =1  +  2(2- l)fl^  +  2(23-l):?8(944.... 


sine^  '         '2!  '  '4! 

Q 

[Use  cosec  ^  =  cot-  -  cot  6  and  Art.  131.] 

61.  Prove 

2!         ^  4!         *^ 

62.  By  taking  the  logarithmic  differential  of  the  expression 
for  sin^  in  factors  and  comparison  of  the  expansion  of  the 
result  with  that  of  ^cot  ^  (Art.  131),  show  that 

B      -2(2^')J/i+  W-1+       i 
^*"-^"(2^r^2-^^3*»^-j 

_2(2n)!  1 

"(^  -  ^  [Raabe.] 

where  Ilfl  -  -^|  denotes  the  continued  product  of  such  factors 

as  1  -  -^  for  all  integral  prime  values  of  r  from  2  to  oo  . 

63.  Expand  sin(wtan~ia;)(l +a;2)2 
in  powers  of  x. 


CHAPTER  VI. 

PARTIAL  DIFFERENTIATION. 

132.  Functions  of  Several  Independent  Variables. 

Our  attention  has  hitherto  been  confined  to  methods 
for  the  differentiation  of  functions  of  a  single  independent 
variable.  In  the  present  chapter  we  propose  to  discuss 
the  case  in  which  several  such  variables  occur.  Such 
functions  are  common ;  for  instance,  the  area  of  a  triangle 
depends  upon  two  variables,  viz.,  the  base  and  the  alti- 
tude; while  the  volume  of  a  rectangular  box  depends 
upon  three,  viz.,  its  length,  breadth,  and  depth ;  and  it  is 
plain  that  each  of  these  variables  may  vary  independently 
of  the  others. 

133.  Partial  Differentiation. 

If  a  differentiation  of  a  function  of  several  independent 
variables  be  performed  with  regard  to  any  one  of  them 
just  as  if  the  others  were  constants,  it  is  said  to  be  a 
partial  differentiation. 

The  symbols  ^r-f  ^  *  ®tc.,  are  used  to  denote  such 

ox    oy 

differentiations,   and   the   expressions  — ,    — ,  etc.,   are 

if 
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called  'partial  differential  coefficients  with  regard  to  x,  y, 
etc.,  respectively. 
Thus  if,  for  instance, 

we  have  --=y^smz, 

dy 

Zz 

134.  Analytical  Meaning. 

The  meanings  of  the  differential  coefficients  thus  formed 
are  clear ;  for  if  we  denote  u  by  f{Xy  y,  z)  the  operation 

denoted  by  —  may  be  expressed  as 

ox 

Tf      f{x+Ky,z)''f(x,y,z) 

IjZj^ = 0 J- , 

and  similarly  tor  ^^  or  --. 

^         dy       dz 

135.  Geometrical  lUastration. 

It  will  throw  additional  light  upon  the  subject  of 
partial  differentiation  if  we  explain  the  geometrical 
meaning  of  the  process  for  the  case  of  two  independent 
variables. 

Let  PQR8  be  an  elementary  portion  of  the  surface 
z=f(x,  y)  cut  off  by  the  four  planes 

r = y,  F=  y+Sy\  [Capital  letters  representing 
X=x,  X=x+Sx  )        current  co-ordinates], 
so  that  the  co-ordinates  of  the  corners  P,  Q,  JB,  8  are 
for  P  X,  y,  f(x,  y\ 
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forQ 
foriSf 
and  for  JZ 


«+<J«.  2^,y(»+^«,  y), 

x+Sx,  y+Sy,  f(x+Sx,  y+Sy), 


Fig.  20. 

If  PLMN  be  a  plane  through  P,  parallel  to  the  plane 
of  ajy,  and  cutting  the  ordinates  of  P,  Q,  JS,  8  in  P,  X,  2/,  iV" 
respectively,  we  have 

LQ==A^+Sx,y)''f(x,y\        ] 

N8=f{x,  y+Sy)^f{x,  y),         \ (1) 

MR=f{x+Sx,  y+Sy)-f(x,  y).j 

'dz 
Hence  the  partial  differential  coefficient  ^  obtained  by 

ox 

considering  y  a  constant  is 

= tangent  of  the  angle  which  the  tangent  at  P  to  the 

curved  section  PQ  (parallel  to  the  pkme  xz)  makes 

with  a  line  drawn  parallel  to  the  aods  of  x, 

*^z 
Similarly  — ,  which  is  obtained  on  the  supposition 

that  X  is  constant 
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=  LtisinNPS, (3) 

=  tangent  of  the  angle  which  the  tangent  at  P  to  a 

section  parallel  to  the  plane  of  yz  Toakea  with  a 

parallel  to  the  ojxis  of  y, 

136.  If  the  tangent  plane  at  P  to  the  surface  cut  ZQ, 
MR,  N8  in  Q/  R\  S'  respectively, 

LQ'=PLt&uLPQ^=^.Sx. (4) 

NS" = PN  tAu  NPS' =^^  ,Sy, (5) 

Also  the  section  made  on  the  tangent  plane  by  the  four 
bounding  planes  of  the  element  is  a  parallelogram, 
and  the  height  of  its  centre  above  the  plane  PLMN  is 
given  by  \MR  and  also  by  \{LQ'+NS'\  which  proves 
that  MR=Lq+N8' 

-i*«+i*- <« 

The  expressions  proved  in  (4),  (5),  and  (6)  are  fi/rst 
appi'oximations  to  the  lengths  LQ,  N8,  and  MR  respec- 
tively, and  differ  from  those  lengths  by  small  quantities 
of  higher  order  than  PL  and  PN,  and  which  are  there- 
fore negligible  in  the  limit  when  Sx  and  Sy  are  taken 
very  small.  The  investigation  of  the  total  values  of 
LQ,  NS,  MR  must  be  postponed  until  we  have  investi- 
gated the  extension  of  Taylor's  Theorem  to  functions  of 
several  variables.     (Art.  156.) 

137.  Differentials. 

It  is  useful  at  this  point  to  introduce  a  new  notation, 
which  will  prove  especially  convenient  from  considera- 
tions of  symmetry. 
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Let  Dx,  By,  Dz  be  quantities  either  finite  or  infinitesi- 
mally  small  whose  ratios  to  one  another  are  the  same  as 
the  limiting  ratios  of  Sx,  Sy,  Sz,  when  these  latter  are 
ultimately  diminished  indefinitely.  We  shall  call  the 
quantities  thus  defined  the  differentiala  of  a;,  y,  z.  Also,  as 
we  shall  be  merely  concerned  with  the  ratios  of  these  quan- 
tities, and  any  equation  into  which  they  may  enter  will  be 
homogeneous  in  them,  it  is  unnecessary  to  define  them 
farther  or  to  obtain  absolute  values  for  them.  The  student 
is  warned  again  (see  Art.  41)  that  the  differential  coefficient 

-^—  is  to  be  considered  as  the  result  of  performing  the 
operation  represented  by  ^  upon  y,  an  operation  de- 
scribed in  Art.  39.      The  dy  and  dx  of  the  symbol  -~ 

cannot  therefore  be  separated,  and  have  separately  no 
meaning,  and  hence  have  no  connection  with  the  differen- 
tials Dx  and  Dy  as  defined  in  the  present  article  ;  but  at 
the  same  time  we  have  by  definition 

Dy  :  Dx  =  Limit  of  the  ratio  8y :  8x 

=  ^:1 
dx'    ' 

and  therefore  Dy = ^Dx, 

Dy 
and         jy  (which  is  a  fraction) 

=  ^  (which  is  the  result  of  the  pro- 
cess of  Art.  39). 
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We  have  used  a  capital  in  the  differentials  Dxy  Dy,  Dz 
for  the  purpose  of  explanation,  and  for  the  avoidance  of 
any  confusion  between  the  notation  for  differentials  and 
for  differential  coefficients;  but  when  once  understood 
there  is  no  necessity  for  the  continuance  of  the  capital 
letter,  and  it  is  usual  in  the  higher  branches  of  mathe- 
matics to  denote  the  same  quantities  by  cfcc,  dy,  dz. 
Hence  we  shall  in  future  adopt  this  notation. 

138.  Equation  6  of  Art.  136  may  now  be  written 

when  Sx,  Sy,  Sz  become  infinitesimally  small.  This  value 
of  dz  is  termed  the  total  differential  of  z  with  regard  to  x 
and  y.  The  total  differential  of  z  is  therefore  equal  to 
the  sum  of  the  partial  differentials  formed  under  the 
supposition  that  y  and  x  are  alternately  constant. 

Ex.  Consider  the  surface 

then  p^—y  and  ,—  —x^ 

ox  dy 

whence  dz = xdy +ydx. 

139.  It  is  easy  to  pass  from  a  form  in  which  differentials 
are  used  to  the  equivalent  form  in  terms  of  differential 
coefficients.     For  instance,  the  equation 

may  be  at  once  written 

dz _'dz  dx     dz  dy 

di'dxli^dy  dt' 
where   t   is  some   fourth    variable   in   terms   of   which 
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each  of  the  variables  x,  y,  z  may  be  expressed ;    for 
dz  =  -72  '  dt,  dx  =  -g7-  dt,  dy  =  -g-  .  dt  (Art.  137). 

Similarly  the  equation 

ds^  =  doi^+dy^ 
may,  by  the  same  article,  be  written  in  the  language  of 
differential  coefficients  as 


or 


or 


140.  Total  Differential  (Analytical).  Two  independent 
variables.  We  may  investigate  the  total  differential  of 
the  function  <f>{x,  y)  analytically  as  follows : 

Let  u  =  ip{Xf  y), 

and  when  x  becomes  x+h  and  y  becomes  y  +  Jc,  let  u 
become  u  +  Su,  then 

u+Su=(f)(x+h,  y+k) 
and  Su  =  <p{x+h,  y+k)—<l>{x,  y) 

_^(x+h,  y+k)'-(j){x,  y+k)   , 
^  h  '^ 

and  when  we  proceed  to  the  limit  in  which  h  and  k 

become  indefinitely  small  we  have 

n     0(a^+^>  y+fc)-0(a;,  y+k)     j        '^  ^r^  ^,_,u     ^^ 
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and  X<,=o^('^^-^+^)-^(^'^>=J-^ 

k  dy 

Also  du:dx:dy  =  the  ultimate  ratios  of  8u:h: k,  hence 

141.  Several  independent  variables. 

We  may  readily  extend  this  result  to  a  function  of 
three  or  of  any  number  of  variables. 

Let  u  =  ff>(xy  x^y  x^, 

and  let  the  increments  of  x^,  x^,  x^,  be  respectively  \,  \, 
h^  and  let  the  corresponding  increment  of  u  be  ^u ;  then 

Sw  =  0(i»i + h^y  x^ + h^y  i»3 + A3)  -  (/>{x^,  x^,  x^ 

K 

^  K  ^^ 

.  0(^i>  a;,,  x^+h^-<t>{x^,  x^,  x^.   . 

whence,  on  taking  the  limit  and  substituting  the  ratios 
du  :  dx^ :  dx^ :  dx^  instead  of  the  ultimate  ratios  of 
Su  :  h^ihc^: h^,  we  have 

i,e,,  the  total  diflFerential  of  u  when  x^,  x^,  x^,  all  vary  is 
the  sum  of  the  partial  differentials  obtained  under  the 
supposition  that  when  each  one  in  turn  varies  the  others 
are  constant. 

142.  And  in  exactly  the  same  way  if 

It  ^   (p\X-\y     X^y      ...      Xflfy 

we  have  du  =  ^-dx.+^r—dXo+.r—dXo  + ...^T^—dXn- 
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143.  Total  Differential  Coefficient. 

If  u=0(aj„a;j) 

where  x^  and  x.^  are  known  functions  of  a  single  variable 

oj,  we  have  du  =  ^—dx^ + .r~dxo» 

and  remembering  that 

,       duj      -J        dx.j     J        dx^j 
du  =  ^r-dx,  dx.  =  -T^dx,  dx^=^dXy 
dx  ^     dx  ^     dx 

-  ^  .  du     'du  dx^  ,  du  dx^ 

we  obtain  j-=;r~  •  j    +^r— -tt- "^^ 

ax     ox^   dx     dx^  dx 

And  similarly,  if  u  =  (f){x^,  x^,  ...,  aj„), 

where  oj^,  x^,  ...,  Xn,  are  known  functions  of  a?,  we  obtain 

du__du   dx^     du   dx^         du    dxn 

dx     dx^ '  dx     dx^ '  dx      "  'dXn    dx ' 
And  further,  if  ajj,  cc^,  x^  ...,  cc^  be  each  known  functions 
of  several  variables  x,  y,  z,  ..,,  we  shall  have  in  the  same 
way  the  series  of  relations 

du__du  dx  dv.  dx^  du  dXn 
dx  ~~  3ajj  *  dx  dx^  ^  dx  "  'dXn '  dx ' 
du^^du  dx^  du  dx^  du  dXn 
dy     dx^ '  dy     dx^ '  dy     "  'dXn '  dy  * 

etc. 

144.  An  Important  Case. 

The  case  in  which     u  =  (p(x,  y), 
y  being  a  function  of  Xy  is  from  its  frequent  occurrence 
worthy  of  special  notice. 

Hpre  bvArt  14S  ??!f:_?^  .  ?0   # 
Here,  by  Art.  14d,  ^^  -  ^^  -^  ^y  '  dx 

dx     - 
since  j-=I. 

dx 


or 
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145.  Differentiation  of  an  Implicit  Function. 

If  we  have  0(aj,  y)  =  0, 

then  (p{x+h,  y+k)  =  0, 

and  the  Su  of  Art.  140  vanishes.     Proceeding  as  in  that 

article  we  obtain  —^+'7^ .  ^  =  0, 

?>x     ?>y  ax 

dy  _^     dx 
dx        30 
dy 
This  is  a  very  useful  formula  for  the  determination  of 

-^  in  cases  in  which  the  relation  between  x  and  y  is  an 

i/mplicit  0716,  of  which  the  solution  is  inconvenient  or 
impossible. 

Ex.  ^(^,  y)=^+v3_3a^?y=0;  find    •?. 

da: 

and  g=3(3^2_^)J    "   ^        /-«^' 

146.  Order  of  Partial  Differentiations  Commutative. 

Suppose  we  have  any  relation 

y  =  0(aj,  a), 
where  a  is  a  constant,  and  that  by  differentiation  we 

obtain  -^  =  F(x,  a), 

it  is  obvious  that  the  result  of  differentiating  <f>{x,  a') 
would  be  F(x,  a') ;  that  is,  the  operation  of  changing  a 
to  a'  may  be  performed  either  before  or  after  the 
differentiation,  with  the  same  result.  We  may  put  this 
statement    into    another    form,   thus :    Let  Ea    be    an 
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operative  symbol  such  that  when  applied  to  any  function 
of  a  it  will  change  a  to  a\  i.e.,  such  that 

then  in  operating  upon  the  function  ^(x,  a)  the  operations 

Ea  and  -j-  are  commutative,  that  is, 
dx 

Ea^i>{^>  a)  =  :^Ea<l>{x,  a)  =  Fix,  a'). 
Next,  suppose  z  =  ^(a:;,  y). 

The  partial  diflFerential  operations  —  and  —  have  been 

defined  to  be  such  that  when  the  operation  with  regard 
to  either  variable  is  performed  the  other  variable  is  to  be 
considered  constant.  We  propose  to  show  that  these 
operations  are  commutative,  i.e.,  that 

9_  _B    __  3_   ^_ 
?)x  'dy       dy  dx  ' 
Let  Ey  denote  the  operation  of  changing  y  to  y  +  Sy  in 
any  function  to  which  it  is  applied;   then^^  and  the 

partial  operation  —  are  com/mutative  syTnbols.     And 

CX/u 

j^  d<l>(x,  y)     d(p(x,  y) 
3     3  3»>c  3ijC 


3  r.       AV</i(j;,  >/)  —  (j>{x,  ji) 
3     3. 
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147.  Another  Proof. 

The  symbols  —  and  —  may  also  be  shown  to  be 

commutative  as  follows : 
By  definition 

^0(a?,  y)     J.     (/>(x+ h,  y) - (f>(x,  y) 

,       0(g;+7i,  y-¥k)-(t>{x,  y+k)    ^      (f>{x+h,  yy<l>(x,  y) 

=  I'tk^O ^ 

J     ^{x+K  y+k)-^(x,  y+k)'-(p(x+h,  y)  +  (f>(x,  y) 

=  ljlh=0 7 7 • 

*=o  tl.K 

And,  similarly,  —  —(l>{x,  y)  may  be  shown  equal  to 
the  same  expression. 

148.  Extension  of  Rule. 

This  rule  admits  of  easy  extension  by  its  repeated 
application.     Thus 

(i)(|)^=©(|/)(l;r 

«--^  (ir(i)"*=(im)v 

Also  if  we  have  more  than  two  independent  variables 
for  instance,  if  u  =  ff>(x,  y,  z) 

(l)(|)(l)«=©(l,)(l)^ 
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so   that    the   order   in    which   the   differentiations  are 
performed  is  immaterial  in  the  final  result. 

149.  Notation. 

It  is  usual  to  adopt  for 

the  more  convenient  notation 

piiP 

and  the  propositions  above  enunciated  will    then    be 


written 


'dxdy     'dy'dx' 


d.rV'dy'''' dy^'dx'^' 
etc. 

150.  The  formulae  here  established  may  be  easily  verified  in  any 
particular  example. 

Ex.  Let  w=sin(a?y), 

then  ^~2/  ^^  (^)  > 

and  ;^^^=cosajy  — arysinic^ (1) 

Again                         ^  ~  ^  ^^®  ^> 
and  -^=cosa??^-a?y  sinojy,  (2) 

and  the  agreement  of  equations    (1)   and    (2)  verifies  for  this 
example  the  result  of  Arts.  146,  147. 

151.  It  is  convenient  to  use  -the  letters  p,  g,  r,  8,  t,  to 
denote  the  partial  differential  coefficients 


ji^ 
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50  3^  320    3^0    3V 
3x*  32/'  3a;2'  3a;33/'  3i/2' 

where  0  is  a  given  function  of  the  two  variables  x  and  y. 
Hence  we  have,  if     0  =  (f>(Xy  y), 

dz  -pdx  +  qdy,  Art.  140  ; 

and  to  obtain  -^  from  the  implicit  relation  <f>{x,  y)  =  0, 

we  have  -^  =  — -. 

ax         q 

152.  To  obtain  the  Second  Differential  Coefflcient  of  an 
Implicit  Function. 

d^ii 
To  obtain  -^  we  have  only  to  differentiate  the  last 

result  of  the  preceding  article ;  thus, 

d^y  _     ^dx    ^dx 
da?"  (f 

Now  #^3p    3pdy^^      /    p\     gr-yg 

dx     dx    dy  dx  V     9/  9     ' 

and  dg_3g    3gcZy^^^7    p\_gg-i>^ 

cfaj     3aj     3y  rfic  V     ?/         ?     ' 


giving 


<''-?'") -^(^^) 


d^  q^ 

_     q^r  —  2pq8+pH 

Similarly  -t4,  etc.,  may  he  found,  but  the  results  are 
complicated. 
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Examples. 

1.  If  «=x'^y", 

du*     dx  .    dy 
prove  -=77i — 4-w— *', 

11         X        y 

and  verify  the  formula      ,.  ^  =^  ^  . 

2.  Verify  the  formula  ^  =^~ "     in  each  of   the   following 

oxoy    oyox 

oases : —  /i\  •  _iy 

(1)  T«  =  8m  •^^. 

X 

(2)  ,t=:#«^ 


2 

a2  -22* 

(3)  i^=log^^^/. 

(4)  u—a^. 


3.  If  M-    -^'^ 

«how  that 


2^+e' 

'dy'dz^    ^S^dy 

4.  If  X = r  cos  ^  and  y = r  sin  ^, 

prove  dx = cos  ^c?r  —  r  sin  ^rf^, 

and  c?y  =  sin  Odr + r  cos  ddS  ; 

and  hence  that  dx'^+dy^=dr^+r^d6\ 

and  that  xdy—ydx=r^dd. 

5.    If  ^  =  l0g(^  +  y2  +  22)^ 

^2?*  32|^  32^^ 

d?yos      d^d^      d^dy 


6.  Prove  that  if 


7.  Show  that  if 


^=._^and^=--^. 
dx        ahf  da^        ahf^ 

^2         ^  >'     y2«-i 
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d/ii  dz 

153.  To  find  ^  -  and  -?—  from  the  equations 

F,{x,y,z)  =  0, 
Here,  as  in  Art.  145, 

dF\    dF^    dy    dF^    dz  ^ 
dx      dy  '  dx     dz  '  dx"   ' 

'dx      dy  '  dx     dz  '  dx 

Solving  these  equations  we  obtain 

dy  dz 

dx  dx 


dl\    dF^_JdF\    dF\    dl\    dF\_dF\    df\ 
dz  '  dx       dz  '  dx      dx  '  dy      dx  '  dy 

^ 1 

•     dl\  dJ\^dF^  dF^ 

dy  '  dz      dy  '  dz 

which  give  the  values  of   ,^  and  ^-. 
°  dx         dx 

Ex.  Given  y^F-^x.  z\ 

and  z^F^{x,y\ 

dF\^d¥\    d¥\ 

'  dx        i_5^l     5^2 

dz   '  dy 

154.  Oiven  that 

V=<j>{x+it,y+rit,z+^t,  ...) 
^  vjhere  x,  y,  z  ,,.,    i,  v>  ^  --*>    ^^^  ^ 

form  a  syst&m  of  independent  vaHables,  to  show  that 

^^^'dV       -dV       dV 
dt^^dx'^'^'^^^dz^"' 
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Let  x^  =  x+^t, 

etc., 

so  that  ^  =  1,  ^  =  1,  etc., 

dx  dy 

?^i_^  ^yi^„  etc 

5^  =  0,^1  =  0,  etc.; 
dy         dx 

then  V=<f>(x^yy^,z^,  ...), 

and  |r=|Z.^.+|r.^+...(Art.l43) 

dx     o£c,     3a;     oy,     9a; 

3a;j' 
Similarly        ^=Zy^'  ^^^' 

,  ?lV_^r  '^x^,^v  ■dy 

155.  Hence  we  have  the  following  identity  of  opera- 
tors, viz. : — 

and  as  the  variables  are  all  indepeTident  and  the  opera- 
tors partial, 

the  development  being  made  in  formal  analogy  v%th  the 
Multinomial  Theorem, 

For  example,  in  the  case  of 

*  V=<f>ix+it,y+rit\ 
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we  shall  have     ^=^|r+,|r, 

dt^  "^  dx^  '^^^^xdy^'^  V' 
etc. 

Taylor's  Theorem.    Extension. 

156.  To  expand  <f>{x+hf  y+k)  in  powers  ofh  and  k. 
By  Taylor's  Theorem  we  obtain 

and  expanding  each  term  we  have 

^(a3+ A,  y+fc)  =  ^(a^'  2/)  +  ^^  +  2!  aJ  +  •  •  • 

+  k^  +  /tA;;r-  ^  + . . . 
oi/        oxoy 

^^ 

or,  as  it  may  be  written  symbolically, 

157.  Since  it  is  immaterial  whether  we  first  expand 
with  regard  to  k  and  then  with  regard  to  h,  or  in  the 
opposite  order,  we  obtain  by  comparison  of  the  coefficient 
of  hk  in  the  two  results  the  important  theorem 

'dxdy     dydx 
already  established  in  Arts.  146,  147. 
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158.  Further  Extension.    Several  Variables. 

The  form  of  the  general  term  in  the  preceding  case  and 
the  further  extension  of  Taylor's  Theorem  to  the  expan- 
sion of  a  function  of  several  variables  is  more  readily 
investigated  as  follows : 

Let  <l>{x+^t,  y+rjt,  ...) 

be  called  F{t).     Then  Maclaurin's  Theorem  ^ves 

F(t)  =  ^(0) + tFXO) + ~F'{0)  + . . .  +  ^^,F\m\ 

and  by  Art.  155 

and  since  the  variables  x,  y,  ...,  are  independent  of  t,  we 
may  put  ^  =  0  either  before  or  after  the  operation  has 
been  performed. 

We  thus  obtain 

Now,  putting  h  =  ^t,  k  =  fjt,  l  =  ^t,  ...,  we  obtain 
<l>{x+h,y+k,  z+l,  .,.)  =  4>{x,y,z,  ...) 


+n 


li^^+^+-)^'p(.''+^^'y+^^'-y 


nl\  dx      dy 
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159.  Extension  of  Maclaurin's  Theorem. 

Moreover,  if  we  put  x  =  0  and  ^  =  0,  and  then  write  x 
for  h  and  y  for  h,  we  have  an  extension  of  Maclaurin*s 
Theorem  which,  for  two  independent  variables,  may  be 
written 


««,!,).^0.0,+4|f)^+,f^)^ 


u<mMmM^^} 


+ 

+etc. 

160.  If  we  now  recur  to  Art.  136  we  see  that  the  true 
value  of  MR  is        f(x +SXyy+ Sy)  —f(x,  y) 

showing  what  error  was  made  in  that  article  in  taking 
MR'  as  an  approximation  to  the  correct  value. 

The  student  will  find  no  difficulty  in  writing  down  the 
true  values  of  the  lengths  of  ZQ  or  NS, 

Euler's  Theorems  on  Homogeneous  Functions. 

161.  Ifu  =  A  x^y^ + Bxf^y^  + . . .  =  ^Ax^y^^  say,  where 

to  show  that  X- — h  y^r- = nu. 

?ix     ^dy 

By  differentiation  we  obtain 

K 
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then  ^^~  "*'^^"  ~  2-4aic«y^+2il)Sa3«2/^ 

=  TiLAx^y^ = nn. 
It  is  clear  that  this  theorem  can  be  extended  to  the  case 
of  three  or  of  any  number  of  independent  variables,  and 
that  if,  for  example, 

u=A  x^y^zy + Bx^'y^sr/ +.,, 
where    a+/3  +  y  =  a'+/3'+y'=...=n, 

then  will       x^^ + 1/— -  +  2:-- = nu, 

dx     ^dy       dz 

The  functions   thus   described   are   called  homogeneons 

functions  of  the  n^  degree, 

162.  We  now  put  the  same  theorem  in  a  more  general 
form. 

Def.  a  komogeneovs  function  of  the  n^  degree  is  one 
which  can  be  put  in  the  form 

\x   X       / 

Let  u=x'^f{^,  ?  ...). 

\x  X       / 

Put  ^=r,  ?=Z,  etc., 

X  X 

,  dY__      y   3Z__      z 

wnence  ,^    —  *"*  9>  -^    —  ^  «,  . . . 

ox  OCT    dx  XT 

--  =:   ,  ~-=0,  etc. 

dy     X  dy 

Now,  since        u  =  x'^fI  Y,  Z,  . . . ), 

^       n  lET/xr  «.     ^  ^    „(dF  dY ^dF  dZ  ^      ) 

-=nx^-^F{Y^  Z.  ...)+..^|3^.-+^. -  +  ...} 
=^nx--^F(Y,  Z,  ...)-aj-2|y|^+^||+...|, 


x' 
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dz^^dZ'dy"^     dZ 
etc.  =  etc. 
Finally,  multiplying  by  x,  y,  s, . . .  respectively,  and  adding 

163.  If  t(  be  a  homogeneous  function  of  x  and  y  of  the 

n^  degree,  ,^-,  ---  will  be  homogeneous  functions  of  the 
ox  oy 

(n—l)^  degree,  and  applying  the  result  of  Art.  162  to 
these  we  have  (.|+,|^^g=C-l)r* 


dy/dx  ^dx' 

Multiplying  by  x  and  y  we  have  on  addition 

=  n('ii— l)u. 
Similarly  we  may  proceed  and  finally  by  induction 
establish  a  general  theorem  of  similar  character,  but  of 
higher  order;    but  it  is  better  to  adopt  the  method 
hereafter  applied  in  Art.  166. 

164.    If   V=Un  +  Un^i  +  Un-2+  "'+n2  +  '^\  +  ^9> 

where  Un,  w„_i,  ...  are  homogeneous  functions  of  degrees 
n,n  —  l,  ...  respectively.     Then 
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Hence  if  F=0 

ox     ^?iy  " 

165.  Let  u  =  (f>{IIn),  where  Hn  is  a  homogeneous  func- 
tion of  the  n^  degree. 

Suppose  we  obtain  from  this  equation 

then  ^'^^C*')  +  J'a^-^W  +  •  •  •  =  '^^»' 

du  ^     du  ,             F(u)  ,,v 

^9x+^32/+-='^I^) (1> 

In  the  particular  case  in  which  72  =  0  we  therefore  have 

Examples. 

Verify  the  following  results  by  differentiation. 
1.  Let  u=a!^-i-t^  +  3a,-i/z. 

This  is  clearly  homogeneous  and  of  the  3rd  degree,  whence 

i  oa:       oy      oz 


2.  Let  2^='^T:.r=a; 


\vi7  / 


This  is  a  homogeneous  expression  of  degree  Vt,  whence 
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\/^+  sly 


3.  Let  w  =  8in 

Here  Art.  162  gives  a7?^^+v|^=0. 

ox      oy 

4.  Let  w=tan-i^-^. 

x-y 

Here  Art.  165  gives  x^^+y^^=aui2u, 

o^      oy 

5.  Find  which  of  the  following  functions  are  homogeneous,  and 
in  cases  of  homogeneity  verify  Euler's  Theorem  of  the  first  degree : 

(a)     xe~». 


X 


(y)    (^  -  y)  (log^-  log  y). 

(o)     sin^ ^. 

x+y 

6.  Given  z=x'^-\-y  and  y=z^-^Xy  find  the  differential  coefficients 
of  the  first  order 

(1)  when  X  is  the  independent  variable, 

(2)  when  y  is  the  independent  variable, 

(3)  when  z  is  the  independent  variable. 

7.  Given  xyz=a^,  find  all  the  differential  coefficients  of  the  first 
and  second  orders,  taking  x  and  y  for  independent  variables. 

8.  If  «=sin-^-,^±^, 

prove  that  x^  +  y^-  =  i  tan  u. 

ox       oy 

9.  If  u=^ax^  +  by^-\-cz^  +  2fyz+2gzx  +  2kxy^ 

show  that,  if  it  be  possible  to  find  values  of  x,  y,  z  which  will 
simultaneously  satisfy 

Zx    'dy~'d^z~~  ^ 
a,h,g 
then  will  A,  *,/    =0. 
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(3        3         \"* 


10.  If  w  be  a  homogeneous  function  of  the  n^  degree  of  any 
number  of  variables,  prove  that 

11.  If  w  =  0(aj,  y)  and  ^(ai,  y)=0,  prove  that 

30  3^  3^  30 
c^__3sc  3y  3aj  3y 
flfo  3^J  * 

166.  (General  Proof  of  Euler's  Theorems. 

We  now  proceed  to  give  a  more  complete  investigation 
of  Euler's  results. 

Let  u=i(ji{Xy  2/,  2?  ...)  be  any  function  expressible  in  the 
form 


\x  X       f 


It  is  observable  that  if  x+xty  y+yt,  z+zt,  ...  be 
written  instead  of  x,  y,  z,  ...  in  any  such  function  we 
obtain  the  result 

<l>{x+xt,  y+yt,...)  =  x^^(l+t)^F(^^^,..^ 

=  .^l+.)n^(|,-J...) 

=  (l  +  t)^u; 

so  that  the  effect  is  simply  that  of  multiplying  the 
original  function  by  (1+^)^. 

Now,  let  Vm  denote  the  symbol  of  operation  obtained 
by  expanding  (xX +yY+zZ+  ...)'^  by  the  Multinomial 

Ts       7s       'Ps 

Theorem,  and  after  expansion  writing  — ,  — ,  ^, . . .  in 

place  of  X,  F,  Z,  etc. ;  then  we  have,  upon  expansion  of 
each  side  of  the  above  equality, 
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^n{n-l)...{n-T+l)  \ 

r.  J 

And  on  equating  coefficients  of  like  powers  oit 

V^n  =  n(n — 1  )(ti — 2)u, 

etc. 
VrU=n{n-'l),..(n  —  r+l)u, 

167.  When  there  are  two  independent  variables,  x  and 
y,  these  become 

etc.; 
and  for  the  case  of  three  independent  variables 

dx     ^dy      dz 

—  a(n—l)u, 
etc. 

168.  Care  must  be  taken  to  distinguish  between  the 
expressions  ^?^u  a^w,         3% 


*"^         ('"i+4)'''' 
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which  might  at  first  sight  be  thought  to  be  identical. 
However,  it  is  apparent  that  the  latter 


=  \a? 


,  /      3%    .    3u  ,     «3%\ 


3aj33/     ^3j/     ^  dy^ 

and  therefore  differs  from  the  first  expression  by  the 

addition  of  the  two  terms 

?}U      'du 
X — ,  y — . 


EXAMPLES. 

1.  Verify  the  formula  -___=___  in  the  following  cases 

oxoy     oyox 


=  sin  ^. 

X 

(P)  u  =  log{a5  tan~^  Ja^  +  y^}  • 


(a)  w  =  sin^. 

X 


2.  Find  ^-  (a)  if  ax'  +  2kxy  +  by^=l, 
ax 

(13)  if  a;*  +  2/*=5a2icy. 

(y)  if  (cos  a;)*' =  (sin  y)*. 

(8)  if  y*  +  a^  =  (a;  +  y)'+^ 

(c)  if  af.y'^af^^  +  y^^'. 
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3.  If  w  =  sin~^-  +  tan~^^,  show  that  x--  +  v^—  =  0. 

y  X  ox       oy 

4.  If  Uy  y,  z  be  functions  of  x  such  that 

d  I  dy\  d  I  dz\ 

ci?a;\  dxj         do\  dxj 

prove  that  u\y~  -  «-^  |  =  0. 

dx  \  dx      dx) 

5.  If  u  and  v  be  both  functions  of  the  same  function  of  x  and 

y,  prove  that         .  --  =—  .  — ,  and  that  ^{u;^]=^{f^^]' 

ox    oy     oy    ox  ox\  oy/     oy\  ox/ 

6.  If  V=/(uj  v\  u=J[(Xy  y),  v=fJ^Xy  y),  show  how  to  find 

|r  in  terms  of  IT  and  IT. 

Oki  ox  oy 

Ex.  Given  u  =  x^-\'y\  v  —  2a5y,  show  that 

7.  Verify  Euler's  Theorem 

x-  —  +  y— -  =  nu 
ox       oy 

for  the  functions  (a)     tfc  =  sin|  — ~^|. 

\x-\-y) 

8.  If  w  =  <^(y  +  aa;)  +  \^(y  -  aa?),  prove  ^^  =  ^^3:;7^- 


10.  If  w  =  J^  +  yT   _,_  ^^M  ^  j,M  prove  that 
2m(2w-l)       ^\x)        \a;/ 

,3^1*   .    o         '^"^     .      2^^       /^   .      2\m 
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11.  l^f  ^'^^"*"^2"*"3~2  fl-ncl  r*  =  ar*  +  2/*  +  «^,  show  that  each 

of  the  functions  tan"^,  -,    ^    ,  -  log  ^1—,  satisfy  the  equation 

X  r  ar  +  'jf  r       r  —  z 

1 2.  Prove  VV"*  =  m(m  +  l)r'"-^ 

13.  If  w  and  u  be  functions  of  05,  y, «,  both  satisfying  V  F=  0, 

prove  that         V  (uu  )  =  21 75—  •  -7^—  +  ^^- .  ^^-  +  ^- .  ^^  I- 

'^  ^      '        \dx    ox      oy    oy      oz     oz  / 

14.  If  F„  be  a  homogeneous   function   of  the   n^   degree, 

2  F  . 

satisfying  V  V=0,  then  will  -^^ also  satisfy  the  same  equation. 

16.  lif(xy  y)  =  Oy  <t>{x,  z)  =  0,  show  that 

'dx  '  'dy'  dz     'dx    'dz 

1 6.  Find  -^  in  terms  of  y  and  z  from  the  equations  : 

dz 

a  sin  x-\'h  sin  y  =  c, 

a  cos  a?  +  6  cos  z  =  c,  [I.  C.  S.  Exam.] 

1 7.  If  a*  +  y*  +  4a2a::y  =  0,  show  that 

(y3  +  a^xf^^  =  2a^xy{xY  +  Sa^). 

18.  If  /?V  +  ftV  +  /'^V  =  1,  find  ?^  and  J^- .     Also,  find 

\a/       \b/       \c/  ox  oyoz 

-J  when  the  variables  are  connected  by  the  two  equations 

\IX 


(!)■-©■-(!)■  ^?--■• 


be      '[H.C.S.  Exam.] 

19.  liu  =  F{x-y,y-ZyZ-x\  prove  ^- +  :^  +  ^  =  0. 

OX     oy     oz 
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20.  liu^ 


x\ 

y\ 

z^ 

X, 

y» 

z 

1, 

1, 

1 

prove  ;5-- +  7;s- +  ^51  =  0. 

^  ox     oy     oz 


21.  If  «^  =  cosec" W^^     ^^,  show  that 


3aw 


,3^w     tan  w/ 13  .  tan^wX 


^x'dy'^'^^^Af^       12  ^2"^    12  ) 


22.  Find  the  value  of  the  expression  ^=-—  +  ^-^  when 

aaj2     oy^ 


aV  +  6 V  -  c V  =  0. 
23.  If  y^Ax^^1Bxy^Cy\  prove 


[I.  C.  S.  Exam.] 


327 
3aj2 


=  8r(.l(7--52). 


24.  Ifw+  xrn2?=/(a;+  nZ-I^),  prove  |!^  = 
32^^32^  .^       J  ^2«?  .  32y    ^ 


3v  3w  __  3«? 
'bx  dx     dy 


3a;2     32/2 


3a32     32/2 


25.  If  M  +  J  -Iv  be  a  homogeneous  function  of  a?,  t/,  ;$;,  of 

degree  j9+  ^/3l^,  then      a^^  +  i/— +  ;3;^  =  »w-gt;, 

ace       3y       3^; 


and 


3t;  .     3y  .    3i; 


26.  If  F= 


(1  -  2iC3/  +  2/2)~*,  prove  that 

3F      3F 


OJ 


cte-%-=^'^- 


Also  that 
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27.  If  - .  +  ^ H- _=  1,  and  Ix  +  my  +  n«  =  0,  prove  that 
a^     0^     c^ 

dx  dy  dz 


ny     mz     Iz     nx     mx     ly 
"62  ~  "^     c2  ~  ^      a2  ■"  p 

that  ii(^-!ri!) + y(^zfO + -i^z^ = 0. 

c^o;  cf^  ti^a; 

29.  If  Pdx  +  ^<iy  be  a  perfect  differential  of  some  function 

of  05,  y,  prove  that   -_  =  _3^. 

uy      ox 

30.  If  /*c?a;  +  Qdy  +  i2c^»  can  be  made  a  perfect  differential  of 
some  function  of  x,  y,  z  by  multiplying  each  term  by  a  common 
factor,  show  that 


APPLICATIONS  TO  PLANE  CURVES. 


'v 


CHAPTER    VII, 

TANGENTS  AND  NORMALS. 

169.  Equation  of  TANGENT. 

It  was  shown  in  Art.  38  that  the  equation  of  the 
tangent  at  the  point  (x,  y)  on  the  curve  y=f(x)  is 

^^-2'=S(^-)' (1) 

X  and  Y  being  the  current  co-ordinates  of  any  point  on 
the  tangent. 

Suppose  the  equation  of  the  curve  to  be  given  in  the 
form  fix,  y)  =  0. 

It  is  shown  in  Art.  145  that 

dy __  ^Zx 
Substituting  this  expression  for  ^  in  (1)  we  obtain 


Y-y==-^j/iX-x), 
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or  (Z-a;)|^+(F-2/)g=0 (2) 

for  the  equation  of  the  tangent. 

170.  Simplification  for  Algebraic  Curves. 

If /(a;,  y)  be  an  algebraic  function  of  x  and  y  of  degree 
n,  suppose  it  made  homogeneous  in  x,  y,  and  z  by  tJte 
introduction  of  a  proper  power  of  the  linear  unit  z 
wherever  necessary.  Call  the  function  thus  altered 
fip^i  y>  ^)'  Then  f{Xy  y,  z)  is  a  homogeneous  algebraic  func- 
tion of  the  n^  degree ;  hence  we  have  by  Euler's  Theorem 

(Art.  161)         x|/+t/|+|{=ri/fe  y,  z)  =  0, 

by  virtue  of  the  equation  to  the  curve. 

Adding  this  to  equation  (2),  the  equation  of  the  tangent 
takes  the  form 

^i^4,^4-'> •■ ■« 

where  the  z  is  to  be  put  =  1  after  the  differentiations 
have  been  performed. 

Ex.  /(^,  y)  H  or* + a^XT/ +bh/  +  c* =0. 

The  equation,  when  made  homogeneous  in  x^y^z  by  the  introdxvction 
of  a  proper  power  of  z^  is 

f(Xj  y,  z)  =  a:l^-{-a^xyz^-\-lrh/^+d^2^=0, 

and  J-  =  4^3  4-  ah/z^, 

ox 

J^^a^xz^+l^^, 
?)y 

|/=  2a^xyz + 36^22 + 4^^. 

Substituting  these  in  Equation  3,  and  putting  z=\,  we  have  for 
the  equation  of  the  tangent  to  the  curve  at  the  point  (j7,  y) 
Z(4^  +  a2y)+  r(a2^+63)  +  2a2^+36^  +  4c*=0. 

With  very  little  practice  the  introduction  of  the  z  can 
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be  performed  mentcdly.  It  is  generally  more  advan- 
tageou8  to  use  equation  (3)  than  equation  (2),  because  (3) 
gives  the  result  in  its  simplest  fovTn,  whereas  if  (2)  be 
used  it  is  often  necessary  to  reduce  by  substitutions  from 
the  equation  of  the  curve. 

171.  Application  to  General  Rational  Algebraic  Curve. 
If  the  equation  of  the  curve  be  written  in  the  form 

(where  Ur  represents  the  sum  of  all  the  terms  of  the  r^^ 
degree),  then  when  made  homogeneous  by  the  introduc- 
tion where  necessary  of  a  proper  power  of  z  we  shall 
have 

and  ^  =  t6„_i  +  2Un-22?  +  3Un-32^^+... 

+{n-2)ujSi^-^+{n-V)u^z'^-^+nu^'^"'^, 
and  therefore  substituting  in  (3)  and  putting  2?  =  1,  the 
equation  of  the  tangent  is 

ox        oy 

+  {n-'2)u^+(n-\)u^+nu,  =  {) (4) 

172.  NORMAL. 

Def.  The  normal  at  any  point  of  a  curve  is  a  straight 
li/ne  through  that  point  and  perpendicular  to  the  tangent 
to  the  curve  at  that  point 

Let  the  axes  be  assumed  rectangular.  The  equation  of 
the  normal  may  then  be  at  once  written  down.  For  if 
the  equation  of  the  curve  be 

y==Kx), 

L 
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the  tangent  at  {Xy  y)  is    T—y  =  -f-{X'-x)y 


dx 
and  the  normal  is  therefore 

(X-x)+(Y-y)^=o. 

If  the  equation  of  the  curve  be  given  in  the  form 

f(x,y)=o, 

the  equation  of  the  tangent  is 

(^-)|+(r-,)|=o, 

and  therefore  that  of  the  normal  is 

X-x     Y-y 

dx  dy 

Ex.  1.  Consider  the  ellipse 

This  requires  z^  in  the  last  term  to  make  a  homogeneous  equation 
in  J7,  y,  and  z.     We  have  then 

Hence  the  equation  of  the  tangent  is 

where  z  is  to  be  put  =  1.     Hence  we  get 

^'f  +  l^y = 1  for  the  tangent, 

and  therefore  -  = ^  for  the  normal. 

X  y 

^  ¥ 

Ex.  2.  Take  the  general  equation  of  a  conic 

ax^'{-2hxy-\-hy^-\-2gx+2fy  +  c=0. 

When  made  homogeneous  this  becomes 

ax^+2hxy-\-hy^+2gxz+2fyz+cz^^0. 

The  equation  of  the  tangent  is  therefore 
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X{ax+hy+g)  +  Y{hx+hy+f)+gx-\-fy+c==0, 
and  that  of  the  noiinal  is 

X-x     _     Y-y 
ax+hy+g    kx-\rhy+f 
Ex.  3.  Consider  the  curve 

^=log  sec  -, 
a  a 

Then  ^<^=tan^, 

ax  a 

and  the  equation  of  the  tangent  is 

r-y=tan?(Jr-.r), 

and  of  the  normal 

{Y-y)t^^+{X-x)=0, 

Examples. 

1.  Find  the  equations  of  the  tangents  and  normals  at  the  point 
(^,  y)  on  each  of  the  following  curves  : — 

(1)  x^+y^=c^,  (6)  xhj-¥xy'^-=^a\ 

(2)  y2=4a^.  (6)  e''=sin^. 

(3)  .vy^k\  (7)  (x?-Zaxy^-f=^, 

(4)  y=ccosh^.  (S)  (^+yT=a^(^-3^^). 

2.  Write  down  the  equations  of  the  tangents  and  normals  to  the 
curve  y(a7*+a')=ar*  at  the  points  where  y=% 

X 

3.  Prove  that  -+^  =  1  touches  the  curve  y—he  *  at  the  point 

a    0 

where  the  curve  crosses  the  axis  of  y, 

4.  It  p=x  cos  a+y  sin  a  touch  the  curve 

or    6"*     ' 


tn  tn  m 


prove  that  jom-i  =.  ^^  ^os  a)"* -  i  +  (6  sin  a)»»- 1. 

Hence  write  down  the  polar  equation  of  the  locus  of  the  foot  of  the 
perpendicular  from  the  origin  on  the  tangent  to  this  curve. 
Examine  the  cases  of  an  ellipse  and  of  a  rectangular  hyperbola. 
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5.  Prove  that,  if  the  axes  be  oblique  and  inclined  at  an  angle  w, 
the  equation  of  the  normal  to  y=/(a?)  at  (or,  y)  is 

(F-2^)(cos«+^)+(X-^)(l+cosa,^)=0. 

173.  Tangents  at  the  Origin. 

It  will  be  shown  by  a  general  method  in  a  subsequent 

article  (254)  that  in  the  case  in  which  a  curve,  whose 

equation  is  given  in  the  rational  algebraic  form,  passes 

through  the    origin,  the    equation   of   the  tangent   or 

tangents  at  that  point  can  be  at  once  written  down ;  the 

rule  being  to  equate  to  zero  the  terms  of  lowest  degree 

in  the  equation  of  the  curve. 

Ex.  In  the  curve  ^+^^+0^+6^=0,  ax+by^O  is  the  equation 
of  the  tangent  at  the  origin  ;  and  in  the  curve  (a^+y^^=:a\x^-^^), 
^— y2_Q  ig  i\^Q  equation  of  a  pair  of  tangents  at  the  origin. 

It  is  easy  to  deduce  this  result  from  the  equation  of 
the  tangent  established  in  Chapter  II.     That  equation  is 

Y-'y  =  m{X—x)  where  m=-^. 

At  the  origin  this  becomes  Y=7nX, 

where  the  limiting  value  or  values  of  m  are  to  be  found. 
Let  the  equation  of  the  curve  be  arranged  in  homo- 
geneous sets  of  terms,  and  suppose  the  lowest  set  to  be  of 
the  r*^  degree.     The  equation  may  be  written 

«^/.(|)+.-%4)h-...."/„(|)=o. 

Dividing  by  ar*",  and  putting  y  =  rrhx,  and  then  x  =  0  and 
2/  =  0,  the  above  reduces  to  the  form 

an  equation  which  has  r  roots  giving  the  directions  in 
which  the  several  branches  of  the  curve  pass  through  the 
origin.     If  m^,  m^,  mj,  ...  m^  be  the  roots,  the  equations 
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of  the  several  tangents  are 

These  are  all  contained  in  the  one  equation  /r(-)  =  ^> 

and  this  is  the  result  obtained  by  "  equating  to  zero  the 
terms  of  lowest  degree"  in  the  equation  of  the  curve, 
thus  proving  the  rule.  In  this  manner  all  the  trouble  of 
differentiation  is  avoided,  and  the  result  written  down 
by  inspection. 

Geometrical  Results. 
174.  Cartesians.    Intercepts. 

From  the  equation   F—  y  =  -j^{X — x) 

it  is  clear  that  the  interceTpts,  which  the  tangent  cuts  off 
from  the  axes  of  x  and  y  are  respectively 

c«-^and2/-a.^-, 

dx 
for  these  are  respectively  the  values  of  X  when  F=0 

and  of  T  when  X  =  0. 


Fig.  21. 


Let  PNy  PT,  PO  be  the  ordinate,  tangent,  and  normal 
to  the  curve,  and  let  PT  make  an  angle  6  with  the  axis 
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of  aj;  then  tan  6  =  ~f-*    Let  the  tangent  cut  the  axis  of  y 

in  ty  and  let  OF,  OT^  be  perpendiculars  from  0,  the 
origin,  on  the  tangent  and  normal.  Then  the  above 
values  of  the  intercepts  are  also  obvious  from  the  figure. 


175.  Subtangenty  etc. 

Def.  The  line  TN  is  called  the  sv^tangent  and  the 
line  NG  is  called  the  subnormal. 
From  the  figure 

Subtangent = TN=  ycot6  =  -^. 

dx 

Subnormal = NO  =  y  tan  6 = y-r-. 


Normal  =  PG  =  ysece  =  yjl + tan^e  =  y^^l  +  {^. 

Tangent  =  TP=y  cosec  d=  y — ^^^ —  =  y 

dx 
dy  dy 


OY=Otcosd= 


0 1 ,  =  Off  cos  0 = — 7=== 


M^) 


These  results  may  of  course  also  be  obtained  analyti- 
cally from  the  equation  of  the  tangent. 
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176.  Values  of 


ds  dx 


,  etc. 


dx'  ds' 

Let  P,  Q  be  contiguous  points  on  a  curve.    Let  the 

co-ordinates  of  P  be  (x,  y)  and  of  Q  (aj + SXyy + Sy).    Then 
the    perpendicular    PR  =  Sx,    and    RQ  =  Sy.      Let    the 


Fig.  22. 

arc  AP   measured   from   some   fixed   point   A    on   the 

curve  be  called  s  and  the  arc  AQ=8+S8.    Then  arc 

PQ  =  S8,     When   Q  travels   along  the  curve   so  as   to 

come  indefinitely  near  to  P,  the  arc  PQ  and  the  chord 

PQ  ultimately  differ  by  a  small  quantity  of  higher  order 

than  the  arc  PQ  itself  (Art.  36). 

Hence,  rejecting  infinitesimals  of  order  higher  than  the 

second,  we  have 

&2  =  (chord  PQ)^  =  (&2 + Sy^\ 

Similarly  Lt'£.-Lt{l+f^. 


or 


or 


\dx)  "^"^  W  ' 


\dx 
and  in  the  same  manner 


m'Mii 


dyj 
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If  \}r  be  the  angle  which  the  tangent  makes  with  the 
axis  of  a;  as  in  Art.  39, 

and  also     cos  ur  =  Lt-^ — t-t^t^  =  ^* nn,  =  ^*~^ = ^j"» 

^         chord  PQ        arc  PQ         8b     as 

^         chord  PQ        arc  PQ         Ss     da 

177.  Polar  Co-ordinates. 

If  the  equation  of  the  curve  be  referred  to  polar  co- 
ordinates, suppose  0  to  be  the  pole  and  P,  Q  two 
contiguous  points  on  the  curve.  Let  the  co-ordinates  of 
P  and  Q  be  (r,  6)  and  (r+Sr,  6+ SO)  respectively.  Let 
PN'  be  the  perpendicular  on  OQ,  then  NQ  diflfers  from 
Sr  and  NP  from  rS6  by  small  quantities  of  a  higher 
order  than  SO  (Art.  33). 


Fig.  23. 

Let  the  arc  measured  from  some  fixed  point  -4  to  P  be 
called  8,  and  from  A  to  Q,  s+Ss.  Then  arc  PQ=S8. 
Hence,  rejecting  infinitesimals  of  order  higher  than  the 
second,  we  have 

Ss^  =  (chord  PQf  =  (NQ^ + PN^)  =  {Sr^ + 7^S€F), 
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and  therefore 


or 


Q'-'-^^'' 


according  as  we  divide  by  S^y  Si^,  or  S6^  before  proceed- 
ing to  the  limit. 

178.  Inclination  of  the  Badins  Vector  to  the  Tangent. 

Next,  let  <f)  be  the  angle  which  the  tangent  at  anj- 
point  P  makes  with  the  radius  vector,  then 

.      ^      de  ^     dr        .    ^     rde 

tan0  =  r^.      cos0  =  ^,      sm0=-^. 

For,  with  the  figure  of  the  preceding  article,  since,  when 
Q  has  moved  along  the  curve  so  near  to  P  that  Q  and  P 
may  be  considered  as  ultimately  coincident,  QP  becomes 
the  tangent  at  P  and  the  angles  OQT  and  OPT  are  each 
of  them  ultimately  equal  to  0,  and 

tan  0  =  Z^  tan  NQP=Lt-rnrr=Lt-K-=r^ ; 
^  ^  QJy  Sr       dr 

cos  ^=LtcosNQP=Lt^^=Lt^=Lt%=%; 

179.  Polar  Subtangent,  Subnormal,  etc. 

Def.  Let  OF  be  the  perpendicular  from  the  origin  on 
the  tangent  at  P.  Let  TOt  be  drawn  through  0  per- 
pendicular to  OP  and  cutting  the  tangent  in  T  and  the 
normal  in  t.  Then  OT  is  called  the  ''Polar  Subtangent " 
and  Ot  is  called  the  "  Polar  Subnormai," 
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It  is  clear  that    OT  =  OP  t&n  4,= r"^. . ., 


and  that 


dr' 


Ot=OP  cot  ^=^ 


Fig.  21. 


(1) 

(2) 


180.  It  is  often  found  convenient  when  using  polar 

1                                          1  du        07* 
co-ordinates  to  write  —for  r,  and  therefore s  j^i  for  37^- 

With  this  notation 

Polar  Subtanffent  =  r^^-=  — -=-. 

®  dr        du 

181.  Perpendicular  from  Pole  on  Tangent,  etc. 

Let       OF=jp  and  PF=<. 
Then  J9  =  rsin0, 

and  therefore 

^2=;p<5osecV  =  ^(l+cotV)  =  ^|l+-2(^^ 

111 /drY 
therefore   -^=-^+^^^j (1) 


=  u^+(^ 


(du\ 

Ue) 


.(2) 


Similarly 


^  =  rcos^; 
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11  1 

therefore  Ti"^^  see^^  =  3,(1  +  tan^^) 

therefore  l=:^+(g) (3) 


{v'  «) ' 


182.  Polar  Equation  of  the  Tangent 
Let  the  polar  co-ordinates  of  the  point  of  contact  be 

and  let  U'  be  the  value  of  -j^  for  the  curve  at 

that  point. 

The  equation  of  any  straight  line  may  be  written  in 

the  form  u  =  J.  cos  (0~a)+-Bsin(0  — a),  (1) 

A  and  B  being  the  arbitrary  constants.    Let  this  straight 
line  represent  the  required  tangent. 

By  differentiation 

^=-^sin(0-a)  +  ficos(e-a) (2)    . 

Now,  since  the  tangent  touches  the  curve,  the  value  ot 

-^  at  the  point  of  contact  is  the  same  for  the  curve  and 

for  the  tangent.     Hence,  putting  Q  =  a  in  equations  (1) 
and  (2),  we  have 

U=A  and  U'=^B, 
whence  the  required  equation  will  Ue 

u=Z7cos(0-a)+J7'sin(e-a) .(3) 

183.  Polar  Equation  of  the  Normal. 

The  equation  of  any  straight  line  at  right  angles  to  the 
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tangent  given  by  equation  (3)  of  the  preceding  article 

may  be  written  in  the  form 

Cu  =  U'cos  (e-a)-U  sin  (6  -  a), 

C  being  an  arbitrary  constant. 

This  equation  is  to  be  satisfied  hy  u=Uy  6  =  a  for  the 

point  of  contact ;  therefore  substituting  we  have 

CV=U\ 

whence  the  required  equation  of  the  normal  is 

U' 

-jjU=  U'cos  (0  —  a)  —  Usin  (6  —  a). 

184.  Class  of  a  Curve  of  the  n^  degree. 

Def.  The  number  of  tangents  which  can  be  drawn  frcrni 
a  given  point  to  a  rational  algebraic  curve  is  called  its  class. 

Let  the  equation  of  the  curve  be  f{x,  y)  =  0.  The 
equation  of  the  tangent  at  the  point  (oj,  y)  is 

dx        dy       dz 
where  z  is  to  be  put  equal  to  unity  after  the  differentia- 
tion is  performed.     If  this  pass  through  the  point  h,  k  we 

dx      dy      dz 

This  is  an  equation  of  the  (n  — 1)*^  degree  in  x  and  y 
and  represents  a  curve  of  the  {n—l)^  degree  pasdng 
through  the  points  of  contaxit  of  the  tangents  drawn  from 
the  point  (/i,  k)  to  the  curve  /(a?,  y)  =  0.  These  two 
curves  have  n{n—\)  points  of  intersection,  and  therefore 
there  are  7i(7i— 1)  points  of  contact  corresponding  to 
n{n—l)  tangents,  real  or  imaginary,  which  can  be 
drawn  from  a  given  point  to  a  curve  of  the  n^^  degree.* 

It  appears  then  that  if  the  degree  of  a  curve  be  n,  its 

*  Poncelet,  "  Annales  de  Gergonne,"  vol.  VIII. 
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class  is  71(71— 1);  for  example,  the  classes  of  a  conic,  a 
cubic,  a  quartic  are  the  second,  sixth,  twelfth  respectively. 

185.  Number  of  Normals  which  can  be  drawn  to  a  Curve 
to  pass  through  a  given  point. 

Let  h,  k  be  the  point  through  which  the  normals  are 
to  pass. 

The  equation  of  the  normal  to  the  curve  f{x,  y)  =  0  at 

the  point  (ic,  y)  is         ~§7^=  ~^' 

dx         dy 
If  this  pass  through  h,  k, 

This  equation  is  of  the  n^  degree  in  x  and  y  and 
represents  a  curve  which  goes  through  the  feet  of  all 
normals  which  can  be  drawn  from  the  point  h,  k  to  the 
curve.  Combining  this  with  f(x,  y)  =  0,  which  is  also  of 
the  n^  degree,  it  appears  that  there  are  n^  points  of 
intersection,  and  that  therefore  there  can  be  n^  normals, 
real  or  imaginary,  drawn  to  a  given  curve  to  pass 
through  a  given  point. 

For  example,  if  the  curve  be  an  ellipse,  71 =2,  and  the  number  of 

normals  is  4.     Let  -5+?5=l  be  the  equation  of  the  curve,  then 

is  the  curve  which,  with  the  ellipse,  determines  the  feet  of  the 
normals  drawn  from  the  point  (A,  k).  This  is  a  rectangular  hyper- 
bola which  passes  through  the  origin  and  through  the  point  (A,  k), 

186.  The  curves 

(A-.,)|+(A.-2,)|=0    0) 
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and  (A-a=)^_(i-2/)g=0,  (2) 

on  which  lie  the  points  of  contact  of  tangents  and  the 
feet  of  the  normals  respectively,  which  can  be  drawn  to 
the  curve /(a;,  ^)  =  0  so  as  to  pass  through  the  point  (A,  k)^ 
are  the  same  for  the  curve /(aj,  y)  =  a.  And,  as  equations 
(1)  and  (2)  do  not  depend  on  a,  they  represent  the  loci  of 
the  points  oj  contact  and  of  the  feet  of  the  normals 
respectively  for  all  values  of  a,  that  is,  for  all  members  of 
the  family  of  curves  obtained  by  varying  a  in  f(x,  y)  =  a 
in  any  arbitrary  manner. 

187.  Polar  Curves. 

The  curve  h^-+lM+M=^{) 

^X         92/         ?)Z 

is  called  the  "  First  Polar  Ourve  '*  of  the  point  A,  k  with 
regard  to  the  curve  f{x,  y)  =  0;  z  being  a  linear  unit 
introduced  as  explained  previously  to  make  f(x,  y)  homo- 
geneous in  cc,  y,  z,  and  put  equal  to  unity  after  the  diflfer- 
entiation  is  performed. 

As  this  is  a  curve  of  the  {n  —  Vf^  degree  it  is  clear  that 
the  first  polar  of  a  point  with  regard  to  a  conic  is  a 
straight  line,  the  first  polar  with  regard  to  a  cubic  is  a 
coniCy  and  so  on. 

The  first  polar  of  the  origin  is  given  by 

dz 
If  the  curve  be  put  in  the  foim 

the  first  polar  of  the  origin  is 

In  the  particular  case  of  the  conic 
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the  polar  line  of  the  origin  has  for  its  equation 

For  the  cubic  u^+n^+u^+u^^^ 
the  polar  conic  of  the  origin  is 

188.  Thejp,  r  or  Pedal  Equation  of  a  Curve. 

In  many  curves  the  relation  between  the  perpendicular 
on  the  tangent  and  the  radius  vector  of  the  point  of  con- 
tact from  some  given  point  is  very  simple,  and  when 
known  it  frequently  forms  a  very  useful  equation  to  the 
curve ;  especially  indeed  in  investigating  certain  Statical 
and  Dynamical  properties. 

189.  Pedal  Equation  deduced  from  Cartesian. 

Suppose  the  curve  to  be  given  b}''  its  Cartesian  Equa- 
tion and  the  origin  to  be  taken  at  the  point  with  regard 
to  which  it  is  required  to  find  the  Pedal  Equation  of  the 
curve.  Let  a?,  y  be  the  co-ordinates  of  any  point  on  the 
curve;  then,  if  F(Xy  y)  =  0  be  the  equation  of  the  curve, 
the  equation  of  the  tangent  is 

dx        dy        dz 
where  z  is  as  usual  to  be  put  equal  unity  after  the  differ- 
entiation is  performed. 

If  p  be  the  perpendicular  from  the  origin  on  the 
tangent  at  (x,  y)  we  have 

/dFV 

g  \dzj 

^  ^  (^FXa^C^ 

\dx)  ^\dy) 
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Also  7^^x^+y\ (2) 

and  F(x,y)  =  0 (3) 

If  X  and  y  be  eliminated  between  these  three  equations 
the  required  relation  between  p  and  r  is  obtained. 


Ex.  If /l(ar,y)=0be 
we  have 


^    y 
a^ 


,2 


and 


6* 
a*    6*    jo^ 


therefore 


or 


i     1     1 
a2'    fc2' 


1,     1,    rs 
a262 


=0, 


P' 


+r2=a2  +  62. 


This  result  might  be  at  once  obtained  by  eliminating  CD  from 
the  equations  CP^  +  CD^=a^+b^ 

and  CD,p—ah, 

CP  and  CD  being  conjugate  semi-diameters. 

190.  Pedal  Equation  deduced  from  Polar. 

Let  the  curve  be  given  in  Polar  co-ordinates  and  the 
pole  be  taken  at  the  point  with  regard  to  which  it  is 
required  to  find  the  pedal  equation  of  the  curve.  Let 
r,  0  be  the  co-ordinates  of  any  point  on  the  curve,  and  p 
the  length  of  the  perpendicular  from  the  pole  on  the 
tangent  at  r,  Q,    If 

i'(r,0)  =  O  (1) 

be  the  equation  of  the  curve,  then  we  have  (see  Fig.  24) 

j9  =  rsin0,  (2) 

and  tan0=-T- (3) 

Eliminate  Q  and  ^  between  the  equations  (1),  (2),  (3), 
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and  the  required  equation   between  p  and  r  will  be 
obtained. 

Ex.  Given  r"*=a*"sinm^,  required  its  pedal  equation. 

Taking  logarithms  and  differentiating, 


therefore 
Again, 


m  dr        cos  md 

r  dd        sin  md  * 

cot  <t>—cotmd,  or  4>=m0. 


4,' 


,an 


=r. 


therefore 


a 


m 


/^ 


a 


m 


The  following  special  cases  of  this  example  are  worthy  of  notice, 
and  will  furnish  exercises  for  the  student. 


Value 
of  m. 

Equation. 

Name. 

Pedal 

Equation. 

-2 

r2sin2^+a2=0 

Eectangular  Hyperbola 

rp—c? 

-1 

rsin^+a=0 

Straight  line 

p=a 

-i 

2a     , 

—  =  1-C08^ 

r 

Parabola 

'p^—ar 

i 

Cardioide 

p^a=r^ 

1 



2 

r=asind 

Circle 

pa—r^ 

r2=a2sin  2^ 

Lemniscate  of  Bernoulli 

po^—'fi 

Pedal  Curves. 

191.  Def.  If  a  perpendicular  be  drawn  from  a  fioced 

poi/rU  on  a  variable  ta/ngent  to  a  curve,  the  locus  of  the 

M 
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foot  of  the  perpendicular  is  called  the  "  First  Positive 
Pedal  "  of  the  original  curve  with  regard  to  the  given 
point. 

To  find  the  first  positive  pedal  mth  regard  to  the 
origin  of  any  curve  whose  Cartesian  Equation  is  given. 

Let  F{x,y)  =  0 (1) 

be  the  equation  of  the  curve. 

Suppose  Xcosa+  Tama=p  touches  this  curve. 

By  comparison  of  this  equation  with 

dx,        dy        dz 

dF       dF       dF 

3£c         3iy         '^z 

we  have  =-^-^=  — =x,  say (2) 

cos  a     sin  a     —p 

If  X,  y,  X  be  eliminated  between  the  four  equations  (1) 

and  (2)  a  result  will  remain  which  depends  on  p  and  a 

only.     And  since  p,  a  are  the  polar  co-ordinates  of  the 

foot  of  the  perpendicular,  if  r  be  written  for  p  and  6  for  a, 

the  polar  equation  of  the  locus  required  will  be  obtained. 

Ex.  Find  the  first  positive  pedal  of  the  curve 

AaTA-Btf'^^^l, 

The  tangent  is     A  Xaf-'^ + B  Ty^'^ = 1. 

Compare  this  with      X  cos  a  +  Fsin  a = />, 

^^-i^cosa  ^^^^  ^^^_i^8ina 

V  P 


m  ,  iw 


Hence  ^(?2ii!)i^' +  £(!«_«)-'=i. 

Therefore  the  polar  equation  of  the  locus  required  is 


_                    t»                      m 
"*  >.  • >. 

^,;^_co8»»-i^  .  sm«-3^ 


ym-i^  -  + 


1  '  ^_ 

^m-1  jgm-1 


192.  To  find  tite  Pedal  with  regard  to  the  Pole  of  any 
curve  whose  Polar  Equation  is  given. 
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Let  F{r,  0)  =  O  (1) 

be  the  equation  of  the  curve. 

Let  r\  &  be  the  polar  co-ordinates  of  the  point  F,  which 
is  the  foot  of  the  perpendicular  0  Y  drawn  from  the  pole 

i9 


Fig.  26. 

on  a  tangent.     Let  OA  be  the  initial  line.     Then 

e=AOP=AOY+YOP 

=^+I-<^;   (2) 

it 

also  tan0  =  r-T-, (3) 

and  /  =  r  sin  0,         ] 

1  ^1,1 /dry     (Art.  181) (4) 

If  r,  0,  0  be  eliminated  from  equations  1,  2,  3,  and  4 

there  will  remain  an  equation  in  t\Q\     The  dashes  may 

then  be  dropped  and  the   required   equation   will    be 

obtained. 

Ex.  To  find  the  equation  of  the  first  positive  pedal  of  the  curve 

/^=a'"cosm^. 

Taking  the  logarithmic  differential 

m  dr  .         ^ . 

—  —  =  —mtaumS; 

r  dO 
therefore  cot  ^  =  —  tan  md  ; 

therefore  0  =  - + mS. 

2 

But  ^=^'  +  ^-0, 

2 

6' 

therefore  e=^e'  -  md.  or  6= . 

*  m  +  1 
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Again  / = r  sin  <t>  —  r  cos  md    ' 

1 
= a  co8»»*m^ .  cos  md 

at*}  me' 
=aco8--:^-j. 

Hence  the  equation  of  the  pedal  curve  is 


m  m 


m 


r"»+i  =  a"»+icos r-T^. 

m-i- 1 

193.  Def.  If  there  be  a  series  of  curves  which  we  mav 
designate  as 

-£l,  ^j,  -n.2,  -^31  ...  -"n>  ••• 

such  that  each  is  the^irs^  positive  pedal  curve  of  the  one 
which  immediately  precedes  it;  then  A^,  A^,  etc.,  are 
respectively  called  the  second,  third,  etc,  positive  pedals 
of  A,  Also,  any  one  of  this  series  of  curves  may  be 
regarded  as  the  original  curve,  e.g.,  A^;  then  -4 2  is  called 
the  first  negative  pedal  of  A^,  A^  the  second  negative 
pedal,  and  so  on. 

Ex.  1.  Find  the  k^  positive  pedal  of 

/•"*=a"*cosm^. 
It  has  been  shown  that  the  first  positive  pedal  is 

r"*i=a'"icos%d, 

where  ??ii= 


1  +  m 

Similarly  the  second  positive  pedal  is 

r*"i=a"*2Cosm2^, 

where  ^2= -"^1-= -^     ; 

^     1+m,     l  +  2w 

and  generally  the  k^^  positive  pedal  is 

r^^ay^hQosmjfi, 

where  mit=     ^,    . 

l-hkm 

Ex.  2.  Find  the  k^  negative  pedal  of  the  curve 

r"*=a'"cosw^. 
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We  have  shown  above  that  r*"=a*"cosm^  is  the  k^^  positive  pedal 
of  the  curve  r"=a"cos7i^,  provided  m=- —    . 


This  gives  n= 


7/1 


i  -  km 

Hence  the  k^  negative  pedal  of  r"*=a"*cosw^  is 

r**=a"cosw^, 

where  w=  - — ,— . 

1  —km 

9 

194.  Tangential-Polar,  or  p,  ^  Equation  of  a  Curve. 

If  yfr  be  the  angle  which  the  tangent  to  a  curve  makes 
with  any  fixed  straight  line,  the  relation  between  p  and 
yfr  often  forms  a  very,  simple  and  elegant  equation  of  the 
curve.  This  relation  has  been  called  by  Dr.  Ferrers  the 
Tangential-Polar  Equation. 

The  p,  y/r  equation  may  be  deduced  at  once  from  the 
equation  of  the  first  positive  pedal. 

If  r=/(0)  be  the  pedal  curve,  then,  since  V^  =  ^  +  0 

(see  Fig.  25,  Art.  192),  the  equation  between  p  and  ^  is 
clearly 


-fi^-t)- 


Ex.  i.  The  /?,  ^  equation  of  Ax^  +  By^=  I  is 

y =?!»V+52^  (Art.  191). 
A  JB 

•Ex.  2.  The  pedal  of  —  =  l  +  cos^  with  regard  to  the  origin  is 

r 

/•cos^  =  a,  and  therefore  its  p,  xf/  equation  is  ^  sin  ^= a. 

195.  Relations  between  p,  t,  p,  etc. 

Let  PYyQY'  be  tangents  at  the  contiguous  points  P,  Q 
on  the  curve,  and  let  07^  OY'  be  perpendiculars  from  0 
upon  these  tangents.     Let  OZ  be  drawn  at  right  angles  to 
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YY  produced.  Let  the  tangents  at  P  and  Q  intersect  at 
Ty  and  let  them  cut  the  initial  line  OX  in  R  and  S,  Let 
the  normals  at  P  and  Q  intersect  in  C. 


Fig.  26. 

Let  the  co-ordinates  of  P  be  (r,  0),  and   those  of  Q 

{r+Sr,  e+Se),      Let   OY=p,   OY=p+Sp,   PRX  =  y}r, 

QSX  =  \lr+Sylr.  Then  STB,  PCQ,  ySY'  each  =  <J^.  Let 
PY=t,  and  arc  PQ  =  &.     Let  OF  cut  TY  in  F;  then, 

A  ,  A 

since  OYV  is  a  right  angle  and  F0F=5\/r  a  small  angle 
of  the  first  order,  OV  difiers  from  OF  by  a  quantity  of 
higher  order  than  the  first  (Art.  33). 

Hence  VY  difiers  from  Sp  by  a  quantity  of  higher 
order  than  Sp,  and 

rFtan<S^=FF, 

therefore  TF'^-^^^^=^, 

and  proceeding  to  the  limit    t=   ^ 


d\{r 

Similarly,  if  PC  be  called  p  we  have 

arc  PQ  =  PO.^V^, 


(1) 
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neglecting  infinitesimals  of  higher  order  than  <5^,  there- 
fore  P(7=?^, 

and  proceeding  to  the  limit, 

^=% <2) 

Again  St==Y'Q-YP 

=  ( Y'T+  TQ)  -  ( 7V+  VT-  PT) 
=  (PT+TQ)+(Y'T-  VT)-  YV. 

Now  YV='piaa8y}r, 

and  remembering  that  when  ^^  is  an  infinitesimal  of  the 
first  order,  VT  and  Y'T,  PT+  TQ  and  Sa,  tan  S\p-  and  Syjr, 
each  differ  by  quantities  of  order  higher  than  the  first, 
we  have,  upon  dividing  by  S^r  and  proceeding  to  the 

""^  />  =  P+^2.by(l)and(2) (3) 

196.  Perpendicular  on  Tangent  to  Pedal. 

A  A 

From  the  same  figure  it  is  clear  that  since  YO  F'  =  YTY\ 
the  points  0,  F,  F',  T  are  concyclic,  and  therefore 
0fz='7r-0YT=0^T;    and  the  triangles   OYZ  and 

OTY'  are  similar.     Therefore  ^=%. 

And  in  the  limit  when  Q  comes  into  coincidence  with 
P,  F'  comes  into  coincidence  with  F,  and  the  limiting 
position  of  F'  F  is  the  tangent  to  the  pedal  curve.  Let 
the  perpendicular  on  the  tangent  at  F  to  the  pedal  curve 
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be  called  p^,  then  the  above  ratio  becomes 

p     r' 
or  p^r=p^. 

197.  Circle  on  Radius  Vector  for  Diameter  touches  Pedal. 
It  is  clear  also  from  the  figure  of  Art.  195  that  the 

circle  on  the  radius  vector  as  diameter  touches  the  first 
positive  pedal  of  the  curve.  For  OT  is  in  the  limit  a 
radius  vector ;  and  the  circle  on  OT  as  diameter  passing 
through  T  and  F',  two  contiguous  points  on  the  pedal, 
must  in  the  limit  have  the  same  tangent  at  F  as  the 
pedal  curve,  and  must  therefore  touch  it. 

198.  Pedal  Equation  of  Pedal  Curve. 

Let  r=f{p)  be  the  pedal  equation  of  a  given  curve. 

Then,  since  pr  =  p^,  we  have  a  =  >/Tj  aiid  thereforej 

fiP) 
writing  r  for  p  and  p  for  p^,  the  pedal  equation  of  the 

first  positive  pedal  curve  is  j:>  =  ^yr-T. 

Ex.  The  first  positive  pedal  of  the  rectangular  hyperbola  r= —  is 

r 
which  is  the  p,  r  equation  of  Bernoulli's  Lemniscate,  as  is  also 
obvious  from  Art.  190. 

Examples. 
Write  down  the  pedal  equations  of  the  first  positive  pedals  of  the 
curves  given  in  the  table  of  Art.  190. 

19.9.  We  may  also  prove  the  results  of  Art.  195  as 
follows : — 


TANGENTS  AND  NORMALS, 


185 


Let  the  tangent  P^T  make  an  angle  yfr  with  the  initial 

line.     Then  the  perpendicular  makes  an  angle  a  =  yfr  —  ^ 

with  the  same  line.  Let  OY=p.  Let  P^P^  be  the 
normal,  and  P^  its  point  of  intersection  with  the  normal 
at  the  contiguous  point  Q.  Let  OY^  be  the  perpendicular 
from  0  upon  the  normal.  Call  this  p^.  Let  P^P^  be 
drawn  at  right  angles  to  P^Pg,  and  let  the  length  of  0  F„, 
the  perpendicular  upon  it  from  0,  be  p^. 


Fig.  27. 

The  equation  of  P^T  is  clearly 

p  =  «cosa+2/sina (1) 

The  contiguous  tangent  at  Q  has  for  its  equation 

p  + Sp  =  X  cos  (a  +  Sa)  +  y  sin  (a  + So) (2) 

Hence  subtracting  &nd  proceeding  to  the  limit  it  appears 

that  dv  ,        ,  .^. 

-/-=  —a:; sin  a  +  y  cosa (o) 

(la 

is  a  straight  line  passing  through  the  point  of  intersec- 
tion of  (I)  and  (2) ;  also  being  perpendicular  to  (1)  it  is 
the  equation  of  the  normal  P^P^- 
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Similarly         'T^^  — ajcosa  — ysin  a (4) 

represents  a  straight  lino  through  the  ^point  of  intersec- 
tion of  two  contiguous  positions  of  the  line  PJP^  and 
perpendicular  to  PJP^,  viz.,  the  line  jPjPj*  ^^^  ^^  ^^  ^^^ 
further  differentiations. 

From  this  it  is  obvious  that 

OF,  =  ^  =  |H.  since  5^  =  1; 
'     da    d\fr  da 

^~da^~diA' 
etc. 

Hence  t=P,Y=% 

and  p=P,P=07+0Y=p+^,. 

200.  Tangential  Equation  of  a  Curve. 

Def.  The  tangential  equation  of  a  curve  is  the  condi- 
tion that  the  line  lx-\-rrby+n  =  0  may  towch  the  curve. 

Method  1.  Let  F(x,  y)  =  0  be  the  cui've,  then  the 
tangent  at  x,  y  is 

dx         dy        dz 
Comparing  this  with  IX+m  Y+  n  =  0, 

dF   dF  dF 

^  =  !^  =  ^  =  X,  say. 
L       m      n 

If  X,  y,  X  be  eliminated  between  these  equations,  and 
F{x,  2/)  =  0,  or  te+m3/+7i  =  0,  a  relation  between  il,  m,  n 
will  result.     This  is  the  equation  required. 

Method  2.  We  may  also  proceed  thus.  Eliminate  y 
between  F(x,  y)  =  0  and  lx+my+n  =  0;  we  obtain  an 
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equation  in  cc,  say  (f>{x)  =  0.     For  tangency  this  equation 

must  have  a  pair  of  equal  roots.    The  condition  for  this  will 

be  found  by  eliminating  a?  between  <p(x)  =  0  and  <p\x)  =  0. 

In  following  this  method,  instead  of  eliminating  y  it  is 

often  better  to  make  a  homogeneous  equation,  between 

F(x,y)  =  0  and  lx+my+n  =  i\  and  then  express  that  the 

resulting  equation  for  the  ratio  y  :  x  has  a  pair  of  equal 

roots. 

Ex.  Find  the  tangential  equation  of  the  conic 

The  first  process  gives  ns 

Also  la:+m7/+n=0. 

The  eliminaut  from  these  four  equations  is 

a,  A,  ff,   I 


A,  b,  /,  m 

ff,  f>  <  n 
If  trif  7i,   0 


=0, 


which  may  be  written 

where  A,  B,  C,  ,..  are  the  minors  of  the  determinant 


0, 

h, 

9 

A, 

b, 

f 

9, 

f. 

c 

Inversion. 

201.  Def.  Let  0  be  the  pole,  and  suppose  any  point  P  be 
given ;  then  if  a  second  point  Q  be  taken  on  OP,  or  OP 
produced,  such  that  OP ,  0Q  =  constant,  F  say,  then  Q  is 
said  to  be  the  inverse  of  the  point  P  with  respect  to  a 
circle  of  radius  k  and  centre  0. 
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If  the  point  P  move  in  any  given  manner,  the  path  of 
Q  is  said  to  be  inverse  to  the  path  of  P.  If  (r,  6)  be  the 
polar  co-ordinates  of  the  point  P,  and  (/,  6)  those  of  the 
inverse  point  Q,  then  rr'=l(?.    Hence,  if  the  locus  of  P 

be  /(r,  6)  =  0,  that  of  Q  will  be  f(^^,  e\  =  0. 

For  example,  the  curves  r^=a*^coQmd  and  r*"cosm^=a'"  are 
inverse  to  each  other  with  regard  to  a  circle  of  radius  a, 

202.  Again,  if  (x,  y)  be  the  Cartesian  co-ordinates  of  P, 
and  {x\  y')  those  of  Q,  then 

0"'                   /I          7  9^*    cos  \J  1  a  X 

=  — COS0  =  /r jr. —  =  k^    ,„- — ^, 

T  r^  x^+y^ 

kY 
x'^+y 

Hence,  if  the  locus  of  P  be  given  in  Cartesians  as 

Fix,y)  =  0, 
the  locus  of  Q  will  be 

k^x        k^y   \      . 


and  similarly  y  —  ^,g       ,^* 


^t 


+y^'  a^+yV 


Ex.  The  inverse  of  the  straight  line  a:=a  with  regard  to  a  circle 
radius  k  and  centre  at  the  origin  is 


—a. 


or  x^-\-y^—-  x^ 

a 

a  circle  which  touches  the  axis  of  y  at  the  origin. 

203.  Tangents  to  Curve  and  Inverse  inclined  to  Badius 
Vector  at  Supplementary  Angles. 

If  P,  P'  be  two  contiguous  points  on  a  curve,  and  Q,  Q 
the  inverse  points,  then,  since  OP  ,OQ  =  OP' ,  0Q\  the 
points  P,  P',  Q\  Q  are  concyclic;  and  since  the  angles 
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OPT  and  OQT  are  therefore  supplementaiy,  it  follows 
that  in  the  limit  when  P"  ultimately  coincides  withjP 


Fig.  28. 

and  Q  with  Q  the  tangents  at  P  and  Q  make  supplement 
tar}^  angles  with  OPQ. 

The  ultimate  ratio  of  corresponding  elementary  arcs, 
viz., 


ds     ^PP"     jJ)P     OP    OP.OQ    ¥ 


,.2 


ds 


QQ'"    OQ'~OQ~    Oq^ 


/2  ~  7.2' 
/i/ 


Fig.  29. 

204.  Mechanical  Construction  of  the  Inverse  of  a  Curve. 
In  the  accompanying  figure  AC,  CB,  BQy  QA,  PA,  PB 
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is  a  system  of  freely  jointed  rods,  of  which  AG=BG,  and 

AQ=^QB  =  BP=PA, 
At  P  and  Q  sockets  are  placed  to  cany  tracing  pencils. 
A  pin  fixes  G  to  the  drawing  board.     The  system  is  then 
movable  about  (7.     It  is  clear  from  elementary  geometry 
that  G,  Q,  P  are  in  a  straight  line,  and  that 

GP.GQ  =  GA^'-AQ\ 
and  is  therefore  constant.     Hence  whatever  curve  P  is 
made  to  trace  out,  Q  will  trace  out  its  inverse,  the  point 
G  being  the  pole  of  inversion. 

In  the  figure  P  is  represented  as  tracing  a  straight 
line,  in  which  case  Q  will  trace  an  arc  of  a  circle,  as 
shown  in  Art.  202. 

Peaucellier  has  utilized  this  construction  for  the  con- 
version of  circular  into  rectilinear  motion. 

Polar  Reciprocals. 

205.  Polar  Reciprocal  of  a  Curve  with  regard  to  a  given 
Oircle. 

Def.  If  0  F  be  the  perpendicular  from  the  pole  upon  the 
tangent  to  a  given  curve,  and  if  a  point  Z  be  taken  on 
OF  or  OY  produced  such  that  OY ,  OZ  is  constant  {=k? 
say),  the  locus  of  Z  is  called  the  polar  reciprocal  of  the 
given  curve  with  regard  to  a  circle  of  radius  k  and  centre 
at  0. 

From  the  definition  it  is  obvious  that  this  curve  is  the 
inverse  of  the  first  positive  pedal  curve,  and  therefore  its 
equation  can  at  once  be  found. 

Ex.  Polar  reciprocal  of  an  ellipse  with  regard  to  its  centre. 

For  the  ellipse  ^ +f  J  =  1 , 

a^    0^ 

the  condition  that  ^= a:  cos  a +3/ sin  a  touches  the  curve  is 

p^ = a^cos^a  +  fc^sin^a. 
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Hence  the  polar  equation  of  the  pedal  with  regard  to  the  origin  is 

r2=a2cos2^+62sin2^. 
Again,  the  inverse  of  this  curve  is 


r 


=^a^QO&^e  +  hHm% 


or  aV  +  62y2=^^ 

which  is  therefore  the  equation  of  the  polar  reciprocal  of  the  ellipse 
with  regard  to  a  circle  with  centre  at  the  origin  and  radius  k. 

206.  The  method  may  therefore  be  stated  thus : — 
First  j^TicZ  the  condition  that  p  =  xco8a+y  sina  ivill 

touch  the  given  curve.    Then  wHte  —  for  p  and  6  for  a 

4/n  that  condition.  The  result  is  the  required  polar 
reciprocal  with  regard  to  a  circle  of  radius  k  and  centre 
at  the  origin. 

207.  Polar  Reciprocal  with  regard  to  a  given  Conic. 
Def.  If  iS= 0  be  any  curve  and  i7  =  0  a  given  conic,  the 

locus  of  the  poles  with  regard  to  U  of  tangents  to  S  is 
called  the  Polar  Reciprocal  of  tfte  curve  S  with  regard 
to  the  conic  U. 

Let  the  equation  of  a  tangent  to  S  be 

|>  =  Zcosa+ Fsina, 
and  the  condition  of  tangency 

If  Xy  y  be  the  pole  of  this  tangent  with  regard  to 
{/"=  0,  the  tangent  must  be  coincident  with  the  polar 

dx         dy         dz 


therefore 


cos  a  _      dx        sin  a  _      dy 

dz  dz 
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Hence 


1      \Zx)^\dy}        _  3 


.2 


2 


Hence  the  equation  of  the  Polar  Reciprocal  is 


—  and  tana  =  ^- 

"dx 


mo'- 


m 


'■dU 


fWA  ^ 


'dx 


For  further  information  on  the  subject  of  reciprocal 
polars  and  the  methods  of  reciprocation  the  student  is 
referred  to  Dr.  Salmon's  Treatise  on  Conic  Sections, 
Chap.  XV. 


EXAMPLES. 

1.  Find  where  the  tangent  is  parallel  to  the  axis  of  x  and 
where  it  is  perpendicular  to  that  axis  for  the  following  curves : — 

(a)   ax^  +  2hocy  H-  hy^  =  1. 

ax 
(y)  y^  =  x^(2a  -  x). 

2.  Find  the  equations  of  the  tangents  at  the  origin  in  the 

following  curves : — 

(a)    (aj2  +  2/2)2  =  a2j^  _  jy>. 

if 

3.  Find  the  length  of  the  perpendicular  from  the  origin  on 
the  tangent  at  the  point  x,  y  of  the  curve 
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X 

4.  Show  that  in  the  curve  y  =  he  «the  subtangent  is  of  constant 
length. 

5.  Show  that  in  the  curve  hy^  —  {x  +  aY  the  square  of  the 
subtangent  varies  as  the  subnormal. 

6.  For  the  parabola  y^  =  4aa;,  prove 


^^     la  +  x 


7.  Prove  that  for  the  ellipse  —  +  f!-  =  l,  ifaj  =  a sin  <^, 

"TV  =  a  As/ 1  -  e^sin^^. 

8.  For  the  cycloid  x  =  a  vers  0        \ 

y  =  a{9  +  sin  i^)  /  ' 


prove 


ds 
dx 


l'2a 


9.  In  the  curve  y  =  alogsec-, 

a 

ds  X        ds  X        J  , 

prove  =sec-,  =cosec-,  and  x  —  axf/. 

dx  a        dy  a 

10.  Show  that  the  portion  of  the  tangent  to  the  curve 

35*  +  yl  =  a*, 
which  is  intercepted  between  the  axes,  is  of  constant  length. 

Find  the  area  of  the  portion  included  between  the  axes  and 
the  tangent 

11.  Find  for  what  value  of  n  the  length  of  the  subnormal 
of  the  curve  xy^  =  d!*'^^  is  constant.  Also  for  what  value  of  n 
the  area  of  the  triangle  included  between  the  axes  and  any 
tangent  is  constant. 

12.  Prove  that  for  the  catenary  y  —  c  cosh  -,  the  length  of  the 

c 


-f 


normal  = 
c 

N 
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Prove  also  that  the  length  of  the  perpendicular  from  the  foot 
of  the  ordinate  on  the  tangent  is  of  constant  length. 

13.  In  the  tractory 

prove  that  the  portion  of  the  tangent  intercepted  between  the 
point  of  contact  and  the  axis  of  x  is  of  constant  length. 

14.  In  the  spiral  r  =  a6^~'",  prove 

-   =  COS  a  and  «  =  r  sin  a. 
as 

15.  For  the  involute  of  a  circle,  viz., 

a  r 

prove  ,     a 

^  cos  </>  =    . 


r 


2a 


16.   In    the    parabola    — =l-cos^,    prove    the    following 

results : —  /  \    .  0 

(a)  <t>=^'Jr-^, 


m  p= 


a 


sm- 
2 


(y)  p^  =  ar. 

(8)  Polar  subtangent  =  2a  cosec  6, 
17.  For  the  cardioide  r  =  a(l  —cos  6),  prove 

(fi)  ;.=  2«sm8|. 


sin^- 


2 
(5)  Polar  subtangent  =  2a ^i* 

u 

cos- 
2 
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1 8.  If  the  curves  f{x,  y)  =  0,  F{x,  y)  —  0  touch  at  the  point 

X,  y,  prove  _£. .        -   ^^  .  -__  =  0 

ox    oy     oy    ox 

at  the  point  of  contact. 

19.  If  the  curves /(jc,  y)  =  0,  F(xy  y)  =  0,  cut  orthogonally, 
prove  that  at  the  point  of  intersection 

'dx    'dx     'dy    dy 

20.  If  the  form  of  a  curve  be  given  by  the  equations 

prove  that  the  equation  of  the  tangent  at  the  point  determined 
by  the  third  variable  t  is 

Xf{t)  -  Y<i>\t)  =  ^t)^p\t)  -  f  (0<^'(0, 
and  that  the  corresponding  normal  is 

X<\l{t)  +  Ff  (0  =  <^(0<^X0  +  \^Wf  (0- 

21.  Apply  the  preceding  example  to  find  the  tangent  and 
normal  at  the  point  determined  by  ^  on 

(a)  The  ellipse  x  =  a  cos  B  \ 

y  =  h  sin  6  ) 
(/?)  The  cycloid         x  =  a{e  +  sin  0)  ) 

y  =  a(l  -  cos  6)  ) 

A  ^ 
(y)  The  epicycloid   x  —  A  cos  6  -  B  cos  —6 

22.  In  the  four-cusped  hypocycloid 

a  a  2 

show  that  if  as  =  a  cos^a  then  y  =  a  sin^a, 

and  that  the  equation  of  the  tangent  at  the  point  determined 

by  a  is  x  sin  a  +  y  cos  a  =  a  sin  a  cos  a. 

Hence  show  that  the  locus  of  intersection  of  tangents  at  right 


angles  to  one  another  is 


r2  =  ^'cos«2(9. 
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23.  Tf  p^  and  p^  b®  ^^©  perpendiculars  from  the  origin  on  the 
tangent  and  normal  respectively  at  the  point  (a;,  y),  and   if 

tan  \j/—^^  prove  that  Pi  =  x sin  ^-y  cos  \py 

and  jt?2  ==  ^  cos  \^  H- y  sin  i/'. 

Hence  prove  that  jh  =  ^^• 

24.  Through  the  point  h,  k  tangents  are  drawn  to  the  curve 

Aix?  +  By^  =  1 ; 
show  that  the  points  of  contact  lie  on  a  conic. 

25.  If  from  any  point  P  normals  be  drawn  to  the  curve 
whose  equation  is  y^  —  tnaoS^^  show  that  the  feet  of  the  normals 
lie  on  a  conic,  of  which  the  straight  line  joining  F  to  the  origin 
is  a  diameter.     Find  the  position  of  the  axes  of  this  conic. 

26.  The  points  of  contact  of  tangents  from  the  point  h^  k  to 
the  curve  a^  +  ?/^  =  Zcuxy  lie  on  a  conic  which  passes  through  the 
origin. 

27.  Through  a  given  point  A,  k  tangents  are  drawn  to  curves 
where  the  ordinate  varies  as  the  cube  of  the  abscissa.  Show  that 
the  locus  of  the  points  of  contact  is  the  rectangular  hyperbola 

2a52/  -^kx"  Zhy  =  0, 
and  the  locus  of  the  remaining  point  in  which  each  tangent  cuts 
the  curve  is  the  rectangular  hyperbola 

xy  -  Mcxc  +  Viy  =  0. 

28.  Prove  that  the  locus  of  the  extremity  of  the  polar  sub- 
tangent  of  the  curve  u  +/{0)  =  0  is 

Ex.  Find  this  locus  in  the  case  of  the  conic 

-=1  +e  cos  6, 
r 

29.  Prove  that  the  locus  of  the  extremity  of  the  polar  sub- 


u 
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normal  of  the  curve  r  =/(0)  is 


r=r{e-l). 


Hence  show  that  the  locus  of  the  extremity  of  the  polar  sub- 
normal in  the  equiangular  spiral  r  —  ae^^  is  another  equiangular 
spiral. 

30.  In  the  curve 

l+tan- 


m  +  n  tan  - 

2 


the  locus  of  the  extremity  of  the  polar  subtangent  is  a  cardioide. 

[Professor  Wolstenholme.] 

31.  Show  geometrically  that  the  pedal  equation  of  a  circle 
with  regard  to  a  point  on  the  circumference  is  pd=r'^,  d  being 
the  diameter  of  the  circle. 

32.  Show  that  the  pedal  equation  of  the  ellipse 


with  regard  to  a  focus  is 


?'  +  ^=l 


^'_?5-l 


p"         T 

33.  Show  that  the  pedal  equation  of  the  parabola  y^  =  iax 
with  regard  to  its  vertex  is 

34.  Show  that  the  pedal  equation  of  the  curve  r  —  a^  is  of 
the  form  p  =  mr  where  m  is  a  constant. 

35.  Show  that  the  pedal  equation  of  the  tetracuspidal  hypo- 

2  S  2 

cycloid  a;^  +  2/^  ==  a^  is  r^  +  3;?^  =  a^. 

36.  Show  that  for  the  epicycloid  given  by 

x  =  (a  +  6)cos  6  -h  cos  -r—  ^ 
2/  =  (aH-6)sin  ^-6sin~-     0 
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and  that  the  pedal  equation  is 

(a  +  2b  f^ 

37.  Show  that  the  first  positive  pedal  of  the  parabola  y^  =  4aa? 
with  regard  to  tlie  vertex  is  the  cissoid 

x{a^  +  'if)  +  aif  =  0. 

38.  Show  that  the  first  positive  pedal  of  the  curve 

is  {a^  +  y^)^  =  a^(x^  +  y^), 

39.  Show  that  the  first  positive  pedal  of  the  curve 

3  3  2 

is  r=  ±a sin  0 cos  0. 

Also  that  the  tangential  polar  equation  of  the  curve  is 

p=  +?sin2^. 

40.  Show  that  the  first  positive  pedal  of  the  curve 

is  r"*-'"  =  a^^-«(^  +  ^r''"cos"*(9  sin«^. 

41.  Show  that  the  fourth  negative  pedal  of  the  cardioide 
r  =  a(l  +  cos  0)  is  a  parabola. 

42.  Show  that  the  fourth  and  fifth  positive  pedals  of  the 

?-      2         ^ 
curve  r»cos  -d  —  a^ 

y 

are  respectively  a  rectangular  hyperbola  and  a  Lemniscate. 

43.  Show  that  the  n^  positive  pedal  of  the  spiral  r  =  ae^  *''**  **- 

•    n     n(-T-a)cota  0cota 

IS  r  =  asin  ae  ^^     -^       e 

44.  Show  that,  if  the  curves  r==/(6),  r  =  F(6}  intersect  at 
(r,  0),  the  angle  between  their  tangents  at  the  point  of  intersec- 

tion  is  t»n-'^(^)A^)  -  nO)AO) 
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45.  Show  that  the  inverse  of  the  parabola  y^  =  4aaj  with 
regard  to  a  circle  whose  centre  is  at  the  origin  and  radius  the 
semilatus  rectum  is  the  pedal  of  the  parabola  iy^  +  4aa3  =  0  with 
regard  to  the  vertex. 

46.  Show  that  the  inverse  of  the  conic  1^2  +  ^1  +  ^0  =  ^  ^\h 
regard  to  the  origin  is  the  bicircular  quartic  curve 

k^u^  +  ¥u^{a?  +  y")  +  u^{oi?  +  ff  =  0. 

47.  Show  that  the  inverse  of  the  general  curve  of  the  vP" 
degree,  viz.,  w„  +  u^_^  +  u^_^  +  ...  +  i^  +  Wq  =  0, 

with  regard  to  the  origin  is 

where  r*  =  ar'  +  y*. 

48.  Show  that  the  inverse  of  a  conic  with  regard  to  the  focus 
is  a  Lima9on  (Equation  r  =  a  +  h  cos  0\  which  becomes  a  cardi- 
oide  if  the  conic  be  a  parabola. 

49.  Show  that  the  inverse  of  a  conic  with  regard  to  the 
centre  is  an  oval  of  Cassini  (Equation  r*  =  a  +  5cos2^),  which 
becomes  a  Lemniscate  of  Bernoulli  if  the  conic  be  a  rectangular 
hyperbola. 

50.  If  Pj,  P2  be  two  points  whose  inverses  are  ^1,  ^2  ^^ 
regard  to  any  origin  0,  prove  that 

51.  The  locus  of  a  point  X  is  defined  by  the  equation 

^{Plf  P2i  PSf    •••  Pn)=^^ 

where  Pi,  P2»  •  •  •  ^^^  *^®  distances  of  X  from  n  fixed  points  Pj, 
Pg,  . . .  P„.  Show  that  the  equation  of  its  inverse  with  regard 
to  any  origin  0  is 


where  p^,  p.^,  ...  are  the  distances  of  X\  the  inverse  of  X  from 
the  n  fixed  points  ^1,  Q^^  ...  which  are  the  respective  inverses 
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of  Pii  P^i  . . . ;  ^1,  ^2>  ^3»  •  •    8,re  the  lengths  of  OP^y  OP^  ... ;  and 

62.  Show  that  the  inverse  with  regard  to  any  pole  0  of  the 
Cartesian  oval  whose  equation  is  Ir  +  mr'  =  n,  where  r,  r'  are 
the  distances  of  any  point  on  the  curve  from  two  fixed  points 
Fj,  F^f  is  I .  OF^ ,  pi  +  m,  OF^ .  p^  =  np^y 

where  pi,  p^  are  the  distances  of  any  point  on  the  inverse  curve 
from  the  points  which  are  the  inverses  of  F-^,  F^,  and  p^  is  the 
distance  of  the  same  point  from  the  pole  of  inversion. 

53.  Show  that  the  inverse  of  a  Cassini's  oval  defined  by  the 
equation  rr  =  constant 

is  of  the  form  p^^  =  A  p^, 

the  letters  p^,  p^,  p^  denoting  the  distances  of  any  point  on  the 

inverse  curve  from  certain  fixed  points. 

54.  Show  that  the  inverses  of  two  curves  intersect  at  the 
same  angle  as  the  original  curves;  and  as  particular  cases  that 
if  two  curves  touch  their  inverses  also  touch,  and  if  two  curves 
cut  orthogonally  their  inverses  cut  orthogonally. 

55.  It  is  an  obvious  property  of  two  confocal  and  co-axial 
parabolas  whose  concavities  are  turned  in  opposite  directions 
that  they  cut  at  right  angles.  By  inverting  this  proposition, 
the  focus  being  the  pole  of  inversion,  show  that  the  curves 
which  cut  orthogonally  each  member  of  the  family  of  cardioides 
r  =  a(l  +  cos  6)  found  by  giving  different  values  to  a,  are  also 
cardioides. 

56.  Show  by  inverting  a  conic  with  regard  to  its  focus  that 
the  circle  or*  +  2/^  =  ^(e  +  cos  a)x  + 1  sin  a .  y 

touches  the  Lima9on         r  =  l+le  cos  6 
at  the  point  given  by        6  =  a. 

57.  Show  that  the  polar  reciprocal  of  the  curve  r"*  =  a'^cos  mO 
with  regard  to  a  circle  whose  centre  is  at  the  pole  is  of  the  form 

r'»+icos 6'  =  6"»+i. 

m+  1 
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68.  Show  that  the  polar  reciprocal  of  the  curve  x'^y^  —  a"*^** 
with  regard  to  a  circle  whose  centre  is  at  the  origin  is  another 
curve  of  the  same  kind. 

59.  Show  that  the  first  positive  pedal  of  the  curve  p  = is 


oT 


*^n»+i^m  __  ^2m+l 


and  that  its  polar  reciprocal  with  regard  to  a  circle  of  radius  a 
whose  centre  is  at  the  origin  is  jt?*""^^  =  a'^r. 

60.  Show  that  the  inverse  of  the  curve  p  =/{r)  with  regard 
to  a  circle  whose  radius  is  k  and  centre  at  the  pole  is 


and  that  the  polar  reciprocal  is 


r 

61.  Show  that  the  pedal  of  the   inverse   of  p=/(r)    with 
regard  to  a  circle  whose  radius  is  k  and  centre  at  the  origin  is 


62.  Show   that  the  pedal  of  the  inverse  of  p  =  '—i^   with 


^w+i 


a 
regard  to  a  circle  whose  radius  is  k  and  centre  at  the  origin  is 

m      2m— 1 
2^  =  1  Z^  \m-lrm-J, 


=© 


63.  Show  that  the  polar  reciprocal  of  the  curve  r"*  =  a*"cos  mO 
with  regard  to  the  hyperbola  r^cos  26  =  a^  is 

r"*+icos r  0  =  a»»+i. 

m+  1 

64.  In  the  semicubical  parabola  ay^  =  oc^  the  tangent  at  any 
point  F  cuts  the  axis  of  y  in  if  and  the  curve  in  Q.  0  is  the 
origin  and  N  the  foot  of  the  ordinate  of  P.  Prove  that  MN 
and  OQ  are  equally  inclined  to  the  axis  of  x, 

66.  At  any  point  of  a  curve  where  the  ordinate  varies  as  the 
cube  of  the  abscissa,  a  tangent  is  drawn;  where  it  cuts  the 
curve  another  tangent  is  drawn ;  where  this  cuts  the  curve  a 
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third  is  drawn,  and  so  on.    Prove  that  the  abscissae  of  the  points 
of  contact  form  a  geometrical  progression,  and  also  the  ordinates. 

66.  A  straight  1  ine  A  OP  of  given  length  always  passes  through 
a  fixed  point  0,  while  A  describes  a  given  straight  line  AT',  show- 
that  if  PT  be  the  tangent  at  P  to  the  locus  of  P,  the  projection 
oiPTonAOP^AO. 

67.  The  point  P  moves  so  that  OP.  0'P= constant,  0,  O' 
being  fixed  points.  If  OY,  O'Y'  be  the  perpendiculars  from  O 
and  0'  on  the  tangent  at  P  to  the  locus  of  P,  prove  that 

PY'.PY'v.OP'',(yp^. 

68.  0  and  0'  are  two  fixed  points,  P  any  point  in  a  curve 

defined  by  the  equation  —  /  =  -> 

r     r      c 

where  r  —  OP,  r  =  O'P,  and  c  is  constant     Prove  that  the  dis- 
tance   between    P    and    the    consecutive   curve   obtained    by 


cnanging  c  to  c  +  c 

c  IS  ultimately 
8c 

Smith's  Prize.] 

where  a  =  00'. 

/       3c^     aV' 
V        rr'     7^r'« 

69.  In  a  system  of  curves  defined  by  an  equation  containing 
a  variable  parameter  investigate  at  any  point  the  normal  dis- 
tance between  two  consecutive  curves,  and  determine  the  form 
of  the  equation  for  a  system  of  parallel  curves. 

[Professor  Cayley,  Messenger  of  Mathematics,  Vol.  V.] 


CHAPTER  VIII. 

ASYMPTOTES. 

208.  Def.  If  a  straight  line  cut  a  curve  in  two  points 
at  an  infinite  distance  from  the  origin  and  yet  is  not 
itself  wholly  at  infinity,  it  is  called  an  asymptote  to  the 
curve. 

209.  Equations  of  the  Asymptotes. 

Let  the  equation  of  any  curve  of  the  n^^  degree  be 
arranged  in  homogeneous  sets  of  terms  and  expressed  as 

«"^(|)+«'"-V«-i(|)+a:"-V»-2(|)+-=0 (A) 

To  find  where  this  curve  is  cut  by  any  straight  line 
whose  equation  is 

y  =  IJiX+l3 (b) 

substitute  /i  +  —  for  -  in  equation  (a),  and  the  resulting 

equation 

gives  the  abscissae  of  the  points  of  intersection. 

Applying  Taylor's  Theorem  to  expand  each  of  these 
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functional  forms,  equation  (c)  may  be  written 


^~0nCAl}  +  ^" 


-1 


2[^"»»(/^)  +  •  •  • 


=  0.    (B) 


+  0n-l(/i) 

+  ^^n-l(/i) 
+  0»-2(/x) 

This  is  an  equation  of  the  ti*^  degree,  'proving  that  a 
straight  line  will  in  general  intersect  a  curve  of  the  n^^ 
degree  in  n  points  real  or  imaginary. 

The  straight  line  y  =  ijijx+^  \&  at  our  choice,  and  there- 
fore the  two  constants  /x  and  ^  may  be  chosen,  so  as  to 
satisfy  any  pair  of  consistent  equations.  Suppose  we 
choose  /i  and  /3,  so  that 

^nGtx)  =  0 (E) 

and  /3fn(/A)  +  0n-i(M)  =  O (f) 

The  two  highest  powers  of  x  now  disappear  from  equa- 
tion (d),  and  that  equation  has  therefore  two  infinite 
roots. 

If,  then,  /jL^,  jUL^,  ...,  Mn  be  the  n  values  of  jm  deduced 
from  equation  (e)  (which  is  of  the  n^^  degree  in  /x),  the 
corresponding  values  of  /3  will  in  general  be  given  by 

<f>n-l(^l)      r>  _  ^5^1-1(^2) 


and  the  n  straight  lines 

2/  =  /^Q^+A 


0n(/X2) 


y  =  JilnX  +  l3n 


are  the  asymptotes 
of  the  curve. 


210.  Rule. 

Hence,  in  order  to  find  the  asymptotes  of  any  given 
curve,  we  may  either  substitute  fnx+P  fen*  y  in  the  equa- 
tion of  the  curve,  and  then  by  equating  the  coefficients  of 
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the  two  highest  powers  of  x  to  zero  find  jm  and  ^8.  Or  we 
may  assume  the  result  of  the  preceding  article,  which 
may  be  enunciated  in  the  following  practical  way : — In 
the  highest  degree  terms  put  x  =  l  and  y=iuL  [the  result  of 
this  is  to  form  0n(M)]  ^^^  equate  to  zero.  Hence  find  jn. 
Form  <f>n-i{fJi)  i'yi  cb  similar  way  from  the  terms  of  degree 
n—1,  and  differentiate  (l>n{ij),  then  the  values  of  ^  are 
found  by  substituting  the  several  values  of  /n  in  the 

formula  3=-,il^zjM, 

Ex.  Find  the  asymptotes  of  the  cubic 

Here  03(;A)=/iA3_2;tt2_^+2=o ; 

therefore  (a*-  l)(/*+l)(/*-2)=0 ; 

giving  At  =  1,  - 1,  or  2. 

-    Again,  02W  =  2+/u-^^ 

and  0's(/*)  =  3M2-4Ai-l; 

therefore  /3 = J^'~^~    -. 

Hence  if  /*=1,      i3=l, 

if  ;*=-l,  /3=0, 

and  if  Ai=2,      i3=0. 

Hence  the  asymptotes  of  the  curve  are 

y  =  2x. 

EXAMPLBS. 

1.  The  asymptotes  of 

y^-6xy^+llx^-6a^+a;+y^0 
are  y=:r,  y=2:r,  y=3a?. 

2.  The  asymptotes  of 

;/  —  0%  +  2y^+4y+x=0 
are  y=0,  y-:r+l=0,  ^+07+1=0. 


206  ASYMPTOTES. 

211.  Number  of  Asymptotes  to  a  Curve  of  the  n^  De^ee. 
It  is  clear  that  since  0n(M)  =  ^  is  in  general  of  the  n^ 

degree  in  /x,  and  fiij/nijj)  +  <pn-i{iut)  =  0  is  of  the  first  degree 
in  )8,  that  n  values  of  /a,  and  no  more,  can  be  found  from 
the  first  equation,  while  the  n  corresponding  values  of 
j8  can  be  found  from  the  second.  Hence  n  asymptotes, 
real  or  imaginary,  can  be  found  for  a  curve  of  thf,  n^^ 
degree. 

212.  If  the  degree  of  an  equation  be  odd  it  is  proved 
in  Theory  of  Equations  that  there  must  be  one  real  root 
at  least.  Hence  any  curve  of  an  odd  degree  must  have 
at  least  one  real  asymptote,  and  therefore  must  extend  to 
infinity.  No  curve  therefore  of  an  odd  degree  can  be 
closed.  Neither  can  a  curve  of  odd  degree  have  an  even 
number  of  real  asymptotes,  or  a  curve  of  even  degree  an 
odd  number. 

213.  If,  however,  the  term  y^  be  missing  from  the 
terms  of  the  n^^  degree  in  the  equation  of  the  curve,  the 
term  juV'  will  also  be  missing  from  the  equation  <pn{i^)  =  ^, 
and  there  will  therefore  be  an  apparent  loss  of  degree  in 
this  equation.  It  is  clear,  however,  that  in  this  case, 
since  the  coefficient  of  /x'*  is  zero,  one  root  of  the  equation 
^„(^)=z=0  is  infinite,  and  therefore  the  corresponding 
asymptote  is  at  right  angles  to  the  axis  of  x;  i.e., 
parallel  to  that  of  y.  This  leads  us  to  the  special  con- 
sideration of  such  asymptotes  as  may  be  parallel  to 
either  of  the  axes  of  co-ordinates. 

214.  Asymptotes  Parallel  to  the  Axes. 

Let  the  curve  arranged  as  in  equation  (a),  Art.  209,  be 
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+  6,aj~-i   +6,a;«-2y  + +6n-i?/"-' 

+  ...  =  0 (a') 

If  arranged  in  descending  powers  of  x  this  is 

a,x''+{a^y+\)x''-^+.,,  =  0 (b') 

Hence,  if  a^  vanish,  and  y  be  so  chosen  that 

the  coefficients  of  the  two  highest  powers  of  x  in  equation 
(b')  vanish,  and  therefore  two  of  its  roots  are  infinite. 
Hence  the  straight  line  ajy  +  b^  =  0  is  an  asymptote. 

In  the  same  way,  if  an=0,  an-ix+bn-i  =  0  is  an 
asymptote. 

Again,  if  a„  =  0,  a^  =  0,  \  =  0,  and  if  y  be  so  chosen  that 

three  roots  of  equation  (b')  become  infinite,  and  the  lines 
represented  by 

represent  a  pair  of  asymptotes,  real  or  imaginary,  parallel 
to  the  axis  of  y. 

Hence  the  rule  to  find  those  asymptotes  which  are 
parallel  to  the  axes  is,  "  eqvbate  to  zero  the  coefficients  of 
the  highest  powers  of  x  and  yT 

Ex.  Firid  the  asymptotes  of  the  curve 

Here  the  coefficient  of  a^  is  y^—y  and  the  coefficient  of  y^  \&a^  —  x. 
Hence  ;r=0,  x—\y  y=0,  and  y=l  are  asymptotes.  Also,  since  the 
curve  is  one  of  the  fourth  degree,  we  have  thus  obtained  all  the 
asymptotes. 
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Examples. 

1.  The  asymptotes  of  y\a;^ -c^—x  are 

y=0      ) 
x=±,a  \ 

2.  The  co-ordinate  axes  are  the  asymptotes  of 

3.  The  asymptotes  of  the  curve  a^y^=(^{a^+y^  are  the  sides  of  a 
square. 

215.  Partial  Fractions  Method. 
The  values  of  ^,  viz., 

are  exactly  the  constants  required  in  putting 

<l>n-l(t) 
<l>n{t) 

into  partial  fractions* 

This  gives  a  very  easy  way  of  obtaining  the  asymptotes. 
For  if 

the  asymptotes  will  be 

y  =  jii^x+0^, 
etc. 

*  Suppose  the  single  factor  t-  fi^to  occur  in  0n(O*     Le^ 
Hence,  differentiating 

and  putting  t  =  fi^,  0'n(A*i)  =  x(Mi). 

But  if be  the  partial  fraction  corresponding  to  the  factor  t-fi.y. 

4 --= ->!zlW  ( Art.  101). 
x(/*i) 

0'n(Ati)  • 
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Ex.  Find  the  asymptotes  qf  the  curve^ 

(d72-y«)(^+2y)+5(^+y2)+j7+y=o. 

25        5 

Here        -IHtzM  =  5  ^'+1  -~3         3         5 

^(0  (2^+l)(<-l)(<+l)    2i+l     t-\     t+\' 

Hence  the  asymptotes  are 

5 
^  3 

y+^=5. 

216.  Particular  Cases  of  the  General  Theorem. 
We  return  to  a  closer  consideration  of  the  equations 

0n(M)  =  O, (E) 

i80n(M)  +  ^-l(yu)  =  O, (F) 

of  Art.  209. 

It  is  proved  in  Theory  of  Equations  that  if  an 
equation  such  as  0„(;i)  =  O  have  a  pair  of  roots  equal,  say 
/ip  then  ^nX^i)  =  ^• 

I.  Let  the  roots  of  ^„(yu)  =  0  be  /x^,  yug*  •••>  /^n.  supposed 
cM  different,  so  that  <f>n(i^)  does  not  vanish  for  any  of 
these  roots.  Also,  suppose  <pn(i^)  «^^  ^-i(/i)  to  contain 
a  common  fdctoT  /a— /a^  say,  then  ^n-i(Mi)  =  ^>  ^^d  there- 
fore )8,  =  0. 

Hence  the  corresponding  asymptote  is  y^fx^x  and 
passes  through  the  origin. 

II.  Next,  suppose  two  of  the  roots  of  the  equation 

(j>n{ix)  =  0  tobe  equal, e.g., /jl^ = l^v  ^^®°  4>nifh)  —  ^-  ^^  *^^s 
case,  if  ^n-iW  do  not  contain  /i  —  yu^  as  one  of  its  factors, 
the  value  j8  determined  from  equation  (f)  is  infinite.  The 
line  y  =  Mi^+A  then  does  indeed  cut  the  curve  in  two 
points  at  an  infinite  distance  from   the   origin,  but  it 

m^kes  an  infinite  intercept  on  the  axis  of  y  and  there- 

o 
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fore  this  line  lies  wholly  at  infinity.  Such  a  straight 
line  is  not  in  general  called  an  asymptote,  but  it  will 
hovjever  count  as  one  of  the  n  theoretical  asymptotes 
discussed  in  Art.  211. 

III.  But  if  <pn(i^)  =  0  have  a  pair  of  equal  roots  each 

=  /Aj,  we  have  0nX/^i)  =  O>  ^^^  if  f^i  ^^  ^^^^  ^  ^^^^  ^f 
</>n-i(fi)  =  0  the  value  of  ^  cannot  be  determined 
from  equation  (f).  We  may  however  choose  )8  so  that 
the  coefficient  of  x'^^^  in  equation  (d)  of  Art.  209  vanishes, 
that  is  so  that 

from  which  two  values  of  /3,  real  or  imaginary,  may  be 
deduced.  Let  the  roots  of  this  equation  be  fi^  and  /8/. 
We  thus  obtain  the  equations  of  two  parallel  straight 
lines  y=i^i^+fiv 

which  each  cut  the  curve  in  three  points  at  an  infinite 
distance  from  the  origin.  In  this  case  there  is  a  double 
point  on  the  curve  at  infinity  (see  Art.  249). 

It  is  clear  that  in  this  case  any  straight  line 
parallel  to  y  =  iuLiX  will  cut  the  curve  in  two  points 
at  infinity.  But  of  all  this  system  of  parallel  straight 
lines  the  two  whose  equations  we  have  just  found 
are  the  only  ones  which  cut  the  cui^e  in  three 
points  at  infinity,  and  therefore  the  name  asymp- 
tote  is  confined  to  them.  The  one  equation  which 
includes  both  straight  lines  is  obtained  at  once  by 
substituting  y  —  /j,^x  for  /3  in  the  equation  to  obtain 
/8  and  is 

(y  -  iUL^x)^(l)n(lil^)  +  2(2/  -  IJL^x)<l>n~  lijUL,)  +  20n-2(/ii)  =  0. 


ASYMPTOTES.  211 

Ex.  Find  the  asymptotes  of  the  cubic  cwrve 

a^-\-2a^-\-xy^  —  a^  —  xy+2=0. 
Equating  to  zero  the  coeflBcienJb  of  y^  we  obtain  ^=0,  the  only 
asymptote  parallel  to  either  axis. 

Putting  /U7+j8  fory,  a^+2x^(jLX+^)-¥x{ixx-^^f-a^-'x{fix+p)+^=^0^ 
or  rearranging    ^(I  +  2/a+/a2)+:f2(2^4.2;xj3-1-m)+^(^*-j3)  +  2=0. 

H-2/A+/i^=0  gives  two  roots  /a=-1.     2/3+2/aj8-1-/li=0  is  an 
identity  if  /ie=  —  1,  and  this  fails  to  find  ^. 

Proceeding  to  the  next  coefficient,  ^^-p=0  gives  /3=0  or  1. 

Hence  the  ihree  asymptotes  are  07=0,  and  the  pair  of  parallel 
lines  y+x=Oj 

217.  Form  of  the  Curve  at  Infinity.  Another  Method  for 
Oblique  Asymptotes. 

Let  Pr,  Fr  be  used  to  denote  rational  algebraical 
expressions  which  contain  terms  of  the  r^  and  lower,  but 
of  no  higher  degrees. 

Suppose  the  equation  of  a  curve  of  the  n^  degi^ee  to  be 
thrown  into  the  form 

(aaj+6y+c)Pn-i+i;-i  =  0 (1) 

Then  any  straight  line  parallel  to  aaj+6y=0  obviously 
cuts  the  curve  in  one  point  at  infinity ;  and  to  find  the 
particular  member  of  this  family  of  parallel  straight  lines 
which  cuts  the  curve  in  a  second  point  at  infinity,  let  us 
examine  what  is  the  ultimate  linear  form  to  which  the 
curve  gradually  approximates  as  we  travel  to  infinity  in 
the  above  direction,  thus  obtaining  the  ultimate  direction 
of  the  curve  and  forming  the  equation  of  the  tangent  at 
infinity.  To  do  this  we  make  the  x  and  y  of  the  curve 
become  large  in  the  ratio  given  by  x:y=  —bia,  and  we 
obtain  the  equation 

ax+by+c+Lt^_a^^(^^^  =  0. 
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If  this  limit  be  finite  we  have  arrived  at  the  equation 
of  a  straight  line  which  at  infinity  represents  the  limiting 
form  of  the  curvje,  and  which  satisfies  the  definition  of  an 
asymptote. 

To  obtain  the  value  of  the  limit  it  is  advantageous  to 

put  33=  —-  and  2/  =  ^,  and  then  after  simplification  make 

t  =  0. 
Ex.  Find  the  asi/mptote  of 

We  may  write  this  curve  as 

whence  the  equation  of  the  asymptote  is  given  by 

—  2         1 

and  putting  x = ^  y  =  _  we  have 

4     1_^2 
ar + 2^ = Z^t=o  ^-g-^  =  M-o  — g- =  g, 

i.e,,  d7  +  2y=-. 

3      . 

Example.  Show  that  x+y=^  is  the  only  real  asymptote  of  the 
curve  {x +y)(a?*  +y*) = a(^ + a*). 

218.  Next,  suppose  the  equation  of  a  curve  put  into 
the  form  (cw3+&2/+^)-^n-i  +  ^n-2  =  0, 

then  the  line  ax+hy+c  =  0  cuts  the  curve  in  two  points 
at  infinity,  for  no  terms  of  the  in^  or  {n—Vf^  degrees 
remain  in  the  equation  determining  the  points  of  inter- 
section.  Hence  in  general  the  line  ax+hy+c  =  0  is  an 
asymptote.    We  say  in  general,  because  if  -Fn-i  be  of  the 
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form  {ax + 63/ + c)Pn  .  2»  itself  containing  a  factor  a/X'\-hy+ c, 

there  will,  as  in  Art.  216,  ill.,  be  a  j)air  of  asymptotes 

parallel  to  ax+by  +  c==0,  each  cutting  the  curve  in  three 

points  at  infinity.      The   equation  of  the  curve  then 

becomes 

{ax+by  +  cyPn^2+Fn,2  =  0, 

and  the  equations  of  the  parallel  asymptotes  are 

ax+by+c=±JZu^^ 

where  x  and  y  in  the  limit  on  the  right-hand  side  become 
infinite  in  the  ratio  -=  —   . 

y       a 

And  other  particular  forms  which  the  equation  of  the 
curve  may  assume  may  be  treated  similarly. 

Ex.  To  find  the  pair  of  parallel  asymptotes  of  the  curve 
(2a7-3y  +  l)*(a?+2^)~ar+2y-9=0. 

Here  2^_3y+l=  ±  A,/xi^^^^±^, 

V  x+y 

where  x  and  y  become  infinite  in  the  direction  of  the  line  2^=3y. 

3  2 

Putting  ^=-,  y=-,  the  right  side  becomes   +2.    Hence  the 

V  V 

asymptotes  required  are  2^  -  3y  =  1  and  2aj  -  3y + 3 = 0. 

219.  Asymptotes  by  Inspection. 

It  is  now  clear  that  if  the  equation  in  =  0  break  up 
into  linear  factors  so  as  to  represent  a  system  of  n 
straight  lines  no  two  of  which  are  parallel,  they  will 
be  the  asymptotes  of  any  curve  of  the  form 

Ex.  1.  {x-y){x+y){x+2y-\)  =  Zx-{-Ay  +  b 

is  a  cubic  curve  whose  asymptotes  are  obviously 

x-y=i)y 

07+2^^-1=0. 
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Ex.  2.  {x-y)\x+^y-\)^Zx+^+b, 

Here  ^+2y-l=0  is  one  asymptote.    The  other  two  asymptotes 
are  parallel  to  y=^.    Their  equations  are 


'-»-*^/^^^=*^l• 


220.  Case  in  which  all  the  Asymptotes  pass  through  the 
Origin. 

If  then,  when  the  equation  of  a  curve  is  arranged  in 
homogeneous  set  of  terms,  as 

it  be  found  that  there  are  no  terms  of  degree  ti— 1,  and 
if  also  Un  contain  no  repeated  factor,  the  n  straight  lines 
passing  through  the  origin,  and  whose  equation  is  t^„=0, 
are  the  n  asymptotes. 

221.  Intersections  of  a  Curve  with  its  Asymptotes. 

If  a  curve  of  the  n^  degree  have  n  asymptotes,  no  two 
of  which  are  parallel,  we  have  seen  in  Art.  219  that  the 
equations  of  the  asymptotes  and  of  the  curve  may  be 
respectively  written  -?'n=0, 

and  ^„+i?'n.2  =  0. 

The  n  asymptotes  therefore  intersect  the  curve  again  at 
points  lying  upon  the  curve  ^n-2  =  0.  Now  each  asymp- 
tote cuts  its  curve  in  two  points  at  infinity,  and  there- 
fore in  71— 2  other  points.  Hence  these  n{n—2)  points 
lie  on  a  certain  curve  of  degree  n  — 2.    For  example, 

1.  The  asymptotes  of  a  cubic  will  cut  the  curve  again 

in  three  points  lying  in  a  straight  line; 

2.  The  asymptotes  of  a  quartic  curve  will  cut  the  curve 

again  in  eight  points  lying  on  a  conic  section ; 

and  so  on  with  curves  of  higher  degree. 
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222.  Common  Transversal  of  a  Curve  and  its  Asymptotes. 
The  equation  of  the  asymptotes  and  that  of  the  curve 

coincide  in  the  terms  of  the  rt*^  and  (-n  — 1)*^  degrees. 
Hence,  if  we  put  both  equations  into  polars,  the  sums  of 
the  roots  of  the  two  equations  for  r  are  equal ;  also,  the 
origin  is  arbitrary.  Hence,  if  through  any  point  0  a 
line  OP^PJP^, . .  be  drawn  to  cut  the  curve  in  the  points 
Pj,  Pg,  Pg,  ...  and  the  asymptotes  in  p^^  p^  p^  then 
SOP =20^,  whence,  if  20P=0,  it  follows  that  20p  =  0, 
so  that  both  systems  of  points  have  the  same  centre  of 
mean  position.  Hence  also  the  algebraical  sum  of  the 
intercepts  between  the  curve  and  the  asymptote  is  zero. 

[Newton.] 

A  well  known  case  of  this  is  that  of  the  hyperbola, 

where,  if  0  be  the  middle  point  of  P^P^,  OP^+OP^  =  {), 

and  therefore  Oj9j  + 0^)2  =  0,  and  therefore  0.  is  also  the 

middle  point  oip^p^y  whence  it  follows  that  in  that  case 

223.  Other  Deflnitions  of  ^'Asymptotes." 

Other  definitions  have  been  given  of  an  asymptote, 
6.gr.,  (a)  That  an  asymptote  is  the  limiting  podtion  of  the 
tangent  to  a  curve  when  the  point  of  contact  moves  away 
along  the  curve  to  an  infinite  distance  from  the  origin, 
while  the  tangent  itself  does  not  ultimately  lie  wholly  at 
infinity ;  again,  {fi)  That  an  asymptote  is  a  straight  line 
whose  distance  from  a  point  on  the  curve  diminishes 
vadefinitdy  as  the  point  moves  away  along  the  curve  to 
an  infinite  distance  from  the  origin. 

224.  To  prove  the  Consistency  of  the  Several  Definitions. 

We  propose  to  show  that  the  results  derived  from  these  defini- 
tions are  the  same  as  those  derived  from  our  definition  in  Art.  208. 
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Consider  definition  (a). 

Let  the  curve  be         6'=  u^  +  Wn-i  •♦■  w«-2  + . . .  +  i*o= ^» 
The  equation  of  the  tangent  is 

ox         oy 
We  shall  now  suppose  the  point  of  contact  ^,  y  to  move  to  oo  along 
some  branch  of  the  curve.      We  shall  therefore  only  retain  the 
highest  powers  of  x  and  y  which  occur,  viz.,  those  of  the  {n—  \y^ 

degree.    Thus  we  must  retain  only  2^  for  -^,    ^^  for  -^— ,  and 
Un-\  for  M„_i  +  2t4„_2  + ...  +  w%    Hence  in  the  limit  we  shall  have 

and  it  is  easy  to  see  that  this  agrees  with  the  equation  of  an  asymp- 
tote found  in  Art.  209. 

225.  We  next  consider  definition  (/3)  ;  we  have  already  shown 
that  aa7  +  6y+c=0  is,  according  to  our  definition,  in  general  an 
asymptote  of  the  curve        {ax +hy  +  c)  F„-i  +  Fn-2= 0. 

The  perpendicular  from  any  point  Xj  y  of  this  curve  upon  the  line 

aa7  +  6y4-c=0 
is  ax^hy^c^      _  1        ^n-a 

and  the  limit  of  this  expression  is  clearly  zero  when  x  and  y  become 
infinite  in  the  ratio  —  6  :  a,  provided  that  the  terms  of  degree  w  —  1 
in  Fn-\  do  not  contain  ax  +  by  as  a  factor,  for  the  degree  of  the 
denominator  is  higher  than  that  of  the  numerator.  Hence  the 
distance  between  the  curve  and  the  asymptote  is  ultimately  a  vanishing 
quantity,  and  the  line  cu?  +  6y  +  c=0  is  such  as  to  satisfy  definition  /3. 

226.  The  Curve  in  General  lies  on  Opposite  Sides  of  the 

Asymptote  at  Opposite  Extremities. 

Let  the  straight  line  aa;+6i/  +  c  =  0  be  an  asymptote  of 
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the  curve,  and  suppose  there  is  no  other  asymptote  of  the 
curve  parallel  to  this.  The  equation  of  the  curve  is  of 
the  form  (aa;+6y+c)i^n-i+-Fn-2=0;  and,  as  in  the  last 
article,  the  perpendicular  from  any  point  a?,  y  of  the 
curve  on  this  asymptote  is  given  by 


P=- 


1  i^n-2 


When  X  and  y  become  very  large  in  the  ratio  given  by 

X        h* 
this  may  ultimately  be  written  as 

where  Jk  is  a  constant,  and  it  is  therefore  obvious  that  P 
changes  sign  with  x. 

Hence  in  general  the  curve  at  the  opposite  extremities 
of  this  asymptote  lies  on  opposite  sides  of  it. 

227.  Exceptions. 

If,  however,  ax+hy  be  a  factor  of  the  terms  of  highest 
degree  in  P»-2,  we  may  write  the  equation  of  the  curve 

so  that   the  perpendicular    on   the   asymptote   is   now 
given  by 

p^cuc+hy+c 1         P^-3. 

and  when  x  and  y  become  very  large  in  the  ratio  given  by 

X  V 

this  can  be  ultimately  written 


x^ 


/0> 
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This,  however,  though  ultimately  vanishing,  does  not 
change  sign  with  x,  so  that  in  this  case  the  curve  at 
opposite  extremities  of  the  asymptote  lies  on  the  same  side 
of  it. 

228.  Again,  if  the  equation  of  the  curve  be  expressible 
in  the  form      (ax+by+c)^Pn-.2+Fn-2  =  0, 

the  expression  for  the  length  of  the  perpendicular  is  in 

the  limit  of  the  form  /(-)•     This  does  not  in  general 

ultimately  vanish,  and  therefore  in  general  ax+by+c  =  0 
is  not  an  asymptote,  but  is  parallel  to  a  pair  of  asymp- 
totes.   This  case  has  been  discussed  in  Art.  218. 

229.  If,  however,  the  curve  assumes  the  form 

(ax+by+cYFn-2+Fn-z  =  0, 
the  length  of  the  perpendicular  is  given  by 

(Perpeiidicular)«=  --^  ^. 

Hence,  if  the  ratio  of  -  be  that  of  —  r  when  x  and  y 

X  o 

become  infinite,  this  may  ultimately  be  written 


and  therefore 


x^  \xf 
Perpendicular  =  ±  'V  -  .  /(-)> 


which  ultimately  vanishes,  but  x  cannot  change  sign  or 
the  perpendicular  will  become  imaginary  at  one  extremity 
of  the  asymptote.  Hence  the  line  is  only  asymptotic  at 
one  end  and  the  curve  approaches  the  asymptote  on 
opposite  sides. 
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And  in  the  same  way  other  particular  forms  may  be 
discussed. 

230.  Curvilinear  Asymptotes. 

If  there  be  two  curves  which  continually  approach 
each  other  so  that  for  a  common  abscissa  the  limit  of  the 
difference  of  the  ordinates  is  zero,  or  for  a  common 
ordinate  the  limit  of  the  difference  of  the  abscissae  is 
zero  when  that  common  abscissa  or  common  ordinate  is 
infinite,  these  curves  are  said  to  be  asymptotic  to  each 
other.     For  example,  the  curves 

y  =  Aa^+Bx+G 
are  asymptotic ;  for  the  difference  of  their  ordinates  for 

any  common  abscissa  a:;  is  — ,  a  quantity  whose  limit  is 

zero  when  x  is  infinite. 

231.  Linear  Asymptote  obtained  by  Expansion. 

If  it  be  possible  to  express  the  equation  of  a  given 
curve  in  the  form 

G    D 

y  =  Ax+B+-+^+..., 

then  the  line  y=Ax+B  is  clearly  asymptotic  to  the 
curve.  This  method  of  obtaining  rectilinear  asymptotes 
is  frequently  useful 

232.  To  find  on  which  side  of  the  Asymptote  the  Carve 
lies. 

The  sign  of  G  (Art.  231)  is  useful  in  determining  on 
which  side  of  the  asymptote  the  curve  lies. 
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Let  y  be  the  ordinate  of  the  curve,  y'  that  of  the 
asymptote,  then 

^      ^       X      Q? 

If  a;  be  taken  sufficiently  large,  the  sign  of  —  governs  the 

sign  of  the  whole  of  the  right-hand  side. 

Suppose  X  and  t/  to  be  positive,  i,e.,  in  the  first  quadrant, 
then  y  —  y'  will  have  in  the  limit  the  same  sign  as  C.  If 
C  be  positive,  y^y'  will  be  positive,  and  the  ordinate  of 
the  curve  will  be  greater  than  that  of  the  asymptote,  and 
the  curve  will  therefore  approach  the  asymptote  from 
above.  Similarly,  if  C  be  negative,  y  —  y'  will  be  nega- 
tive, and  the  curve  will  approach  the  asymptote  from  below. 
And  in  the  same  way  for  portions  in  the  other  quadrants. 

Ex.  Find  the  asymptotes  of  the  curve 

y\a^  -  a?)  ^x\a^  -  Aa^). 
Here  a^-a^—O  gives  a?=a  and  x=  -a,  two  asymptotes  paiullel  to 
the  axis  of  y. 

Again,  y=±A 


-±-(.-^7(,.|)-' 


Hence  the  asymptotes  are  y=  ±.x\ 

and  x=±aj 

Again,  considering  y=^x  —  -^-\'... 

and  y=^, 
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it  appears  that  if  a?  be  positive  the  ordiuate  of  the  curve  is  less 
than  the  ordinate  of  the  asymptote,  and  therefore  the  curve 
approaches  the  line  y=a!  m  the  positive  quadrant  from  below. 
Similarly  the  curve  approaches  the  asymptote y=  —xin  the  fourth 
quadrant  from  above. 

233.  General  Investigation. 

In  order  to  express  the  general  equation 

«"^(f)+^"-'^-i©+«»-V»-2©+-=o   (1) 

in  the  form 

2/=AUC+/3+^+J,+...,     (2) 

substitute  for  y  from  (2)  in  (1) ;  then,  since  the  result 
must  be  an  identity,  the  coefficient  of  each  power  of  x 
will  be  zero.  This  will  give  sufficient  equations  to 
determine /i,)8,y,.... 

The  result  of  this  substitution  is 


«"^(m)+^ 


.n-l 


fii>'n(fl)  +  X^-^       70  n(M)+  ...  =0 


+  0n-2(M) 

which  gives  us  the  series  of  equations 

^n(fj)  =  0, 


Hence  /x,  ^,  y  ...  are  determined. 

234.  Polar  Co-ordinates. 

Let  the  equation  of  the  curve  be 

^/n(0)+r--yH-i(0)+...+/o(e)  =  O, (1) 
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or    ^  «»/oW+«''-yi(0)  +  ...+/«(d)  =  O (2) 

To  find  the  directions  in  which  r=oo  or  w=0  we  have 

/»W  =  0 (3) 

Let  the  roots  of  this  equation  be 

6  =  a,  p,  y,  .... 
p 


Let  XOP  =  a.  Then  the  radius  OP,  the  curve,  and  the 
asymptote  meet  at  infinity  towards  P.  Let  OY(=^p)  be 
the  perpendicular  upon  the  asymptote.  Since  OF  is 
at  right  angles  to  OP  it  is  the  polar  subtangent,  and 

p=  —  ;t-.     Let  XuY=a\  and  let  Q  be  any  point  whose 

<50-ordinates  are  r,  6  upon  the  asymptote.      Then  the 
equation  of  the  asymptote  is 

p=rcos(0  — tt'). (4) 


TT 


It  is  clear  from  the  figure  that  a=a—^' 

do 
To  find  the  value  of  —  j-  when  u=0  dififerentiate 

du 


equation  (2),  and  put  t6  =  0  and  0  =  a,  and  we  obtain 


(; 
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Substituting  the  value  of  (  —  j— )  hence  deduced  for 
p  in  equation  (4)  we  have 

=  rsin(a  — 0). 
Hence  the  equations  of  the  asymptotes  are 

etg, 

Cor.  The  case  most  often  met  with  is  that  in  which  n = 1 , 
when  the  equation  of  the  curve  is  rf^{6)  +fo{d)  =  0.  Then 
f^(Q)  =  0  gives  a,  j8,  y,  etc.,  and  the  asymptotes  are 

rsin(a-0)  =  ^,  etc. 

235.  To  deduce  the  Polar  Asymptote  from  the  Polar  Tangent. 

The  same  results  may  be  deduced  from  the  equation  of 
a  tangent  (Art.  182). 

The  result  u=  Z7cos(0— a)+I7''sin(d— a)  at  once  re- 
duces to  y^  =  r  sin  (0  —  a),  when  U=  0.     Putting 

1  _/n-i(a) 
U'-  fn(a)  ' 
as  found  in  the  last  article,  we  again  obtain  the  equation 

rsin(a-e)=%^-^. 

Ex.  Find  the  asymptotes  of  the  curve 

r=a  tan  ^  or  rcos^  — a8m^=0. 
Here  f^^B) = cos  0  and  fJ^B)  =  -  a  sin  B, 

cos^=0  gives  «=o'  ^~"o"'  ®*^» 
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and  m.^Z^^^^a. 

f\(e)      -sin^ 

Hence  rainy- —$f=a  or  rcoB^=a 

rsin(-^-^j=a  or  rcos^=-a 
are  the  asymptotes. 

236.  Circular  Asymptotes. 

In  many  polar  equations  when  6  is  increased  indefin- 
itely it  happens  that  the  equation  takes  the  form  of  an 
equation  in  r,  which  represents  one  or  more  concentric 
circles.    For  example,  in  the  curve 

e 

which  may  be  written 

1 

r  =  a :r, 

it  is  clear  that  if  6  becomes  very  large  t^ie  curve 
approaches  indefinitely  near  the  limiting  circle  r=a. 
Such  a  circle  is  called  an  asymptotic  circle  of  the  curve. 

EXAMPLES. 

Find  the  asymptotes  of  the  following  curves : — 

1.  2/*  =  a?(2a  -  a;). 

2.  2^  =  a;(a2-aj2). 

3.  a^  +  y^  =  a\ 

4.  't/(a^  +  x^)  =  a^x. 

5.  axi/  =  ix^-a^. 

6.  y\2a  -  x)  =  oc^, 

7.  05^  +  y^  =  Saajy. 

8.  a^y  +  y^x  =  a^. 
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9.  ^f^{a  +  y)W-'f\ 

10.  ar'^^^ay-JV. 

11.  xy(x  -y)-  a(x^  -  y^)  =  b^. 

12.  (a'-x'y  =  a^(a^  +  x^). 

13.  icy^  =  4a^(2a  -  a?). 

14.  y\a  -  x)  =  x(b  -  xy, 

15.  x^y  =  a^  +  x  +  y.  ' 

16.  a^  +  a^y  =  a^  + maj*  +  na;+jt?. 

17.  ic84-2ar^2/-^- V  +  V  +  2iC2/  +  ?/-l=0. 

18.  ic3-2a^3/  +  iry2^i»2-a!y  +  2  =  0. 

19.  y{x-yy  =  y{x-y)  +  2. 

20.  a:3  +  2ary-4a;2/'-8y3-4a;  +  82/=l. 

21.  (a;  +  y)>  +  2i/  +  2)  =  a;  +  92/-2. 

22.  3x^  +  17a^y  +  2la^^-9y'-2aoc'-l2axy-lSay- 

-  Za^x  +  ary  =  0. 

23.  r6^*  =  a. 

24.  re  =  a. 

25.  rsinn^  =  a. 

26.  r  =  acosec^  +  6. 

27.  r  =  2a8in^tan^. 

28.  r  sin  2^  =  a  cos  3^. 

29.  r  =  a  +  b  cot  nO, 

30.  r^8mw^  =  a". 

31.  Show  that  all  the  asymptotes  of  the  curve  rtannd  =  a 

touch  the  circle  r  =  -. 

n 

32.  Show  that  there  is  an  infinite  number  of  asymptotes  of 

irx 

the  curve  y  =  (a-x)  tan  --,  viz., 

X—  -a,         05  =  ±  3a,         x—  ±  5a,         etc. 

33.  Show   that    the    curve    G^{a/r  -  7^)  =  b^    has    a   circular 

asymptote. 

34.  Show  that  there  is  an  infinite  series  of  parallel  asymp- 

a 
totes  to  the  curve  r  =  -^~, — ^  +  6, 

u  sin  u 

P 
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and  show  that  their  distances  from  the  pole  are  in  Harmonical 
Progression.     Find  the  circular  asymptote. 

35.  Find  the  asyiaptotes  of  the  curve  y  —  ^-^ 2*     ^^^  ^^ 

which  side  of  the  oblique  asymptote  the  curve  lies  in  the  posi- 
tive quadrant.  Show  also  that  the  hyperbola  a3(y-a;)  =  2a*  is 
asymptotic  to  this  cubic  curve. 

36.  Find  the  asymptotes  of  the  curve  y^  —  or- ,  and  find 

X  —  a 

on  which  side  the  curve  approaches  these  asymptotes. 

37.  Show  that  the  curve  x  =  ^ has  a  rectilinear  asymp- 

tote  y  =  0,  and  a  parabolic  asymptote  y^  =  ax, 

38.  Show  that  the  curve  aPy  =  x'^  +  ar^  +  a^  +  x+l  has  a 
parabolic  asymptote  whose  vertex  is  at  the  point  (  -  J,  J),  and 
whose  latus  rectum  =  1. 

39.  Show  that  the  curve  x^y  =  ix^  +  ar  +  x-\-l  has  a  hyperbolic 

2 
asymptote  whose  eccentricity  =  —  — "^ 

V  2  +  ^2 

40.  Find  the  equation  of  a  cubic  which  has  the  same  asymp- 
totes as  the  curve  a^  -  Qx^y  +  1  \xy^  -  6y*  +  £c  +  2/+l=0,  and 
which  touches  the  axis  of  y  at  the  origin,  and  goes  through  the 
point  (3,  2). 

41.  Show  that  the  asymptotes  of  the  cubic 

ar^y  -  xy^  -{-xy-\-y^-{-x-y=^0 
cut  the  curve  again  in  three  points  which  lie  on  the  line  a;  +  y  =  0. 

42.  Find  the  equation  of  the  conic  on  which  lie  the  eight 
points  of  intersection  of  the  quartic  curve 

xy{a?  -  y2)  +  ay  +  6W  =  a'b^ 
with  its  asymptotes. 

43.  Show  that  the  four  asymptotes  of  the  curve 
(x^-y^){y^-'^x^)-Qa^+5x^  +  3xy^-2y^-x^  +  3xy-l=^0 

cut  the  curve  again  in  eight  points  which  lie  on  a  circle. 
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44.  Form  the  equation  of  the  cubic  curve  which  has  a;  =  0 

^  =  0,    _  +  ^  =  1  for  asymptotes,  and  cuts  its  asymptotes  in  the 
a     0 

three  points  where  they  intersect  the  line  -+^^  =  1,  and  also 

a     0 

passes  through  the  point  a,  h, 

45.  Form  the  equation  of  a  quartic  curve  which  has  flj  =  0, 
y  =  0,  y  =  ic,  y=  -X  for  asymptotes,  which  passes  through  the 
point  a,  h,  and  cuts  its  asymptotes  again  in  eight  points  lying 
upon  the  circle  x^  +  2/^  =  a^. 

46.  Form  the  equation  of  a  quartic  curve  which  has  asymp- 
totes x-y  =  0  and  x  +  y=^0,  the  curve  being  supposed  to 
approach  each  asymptote  at  one  extremity  only,  but  from  both 
sides  of  that  asymptote,  and  also  to  touch  the  axis  of  y  at  the 


origin. 


47.  Form  the  equation  of  a  quartic  curve  with  asymptotes 
2/  =^  0,  a;  +  y  =  0,  a;  -  y  =  0,  the  curve  being  supposed  to  approach 
y  =  0  from  opposite  sides  at  the  same  extremity,  but  the  other 
two  asymptotes  from  the  same  side  and  at  opposite  extremities 
in  each  case.  The  curve  is  also  to  touch  the  axis  of  y  at  the 
origin  and  to  pass  through  the  point  (2a,  a). 

48.  If  the  equation  of  a  curve  be  written 

a.<^,(|)  +  .-<^,..(|)  +  .-^|)  +  ...=0 

and  if  <i>J^)  =  0,  <^;(/Ai)  =  0,  <i>n-i{lh)  =  0,  and  <^'«>i(/^)  =  0,  show 
that  there  are  two  parallel  asymptotes  equidistant  from  the 
origin,  whose  equations  are 


49.  Show  that  the  first  approximation  to  the  difference  of  the 
ordinates  of  the  curve 
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and  its  rectilinear  asymptote  y  =  fjLX  +  P  for  a  point  whose 
abscissa  is  x  is 

assuming  that  no  other  asymptote  is  parallel  to  this  one.  Show 
from  this  result  that  the  curve  at  opposite  extremities  is  in 
general  also  on  opposite  sides  of  the  asymptote. 

50.  Show  that  the  curve 

(y  -  2xf(y  +  x)  +  (y  +  Sx){y  -x)  +  x  =  0. 
has  the  parabolic  asymptote  3y^  -  1 2xy  +  1 2x^  +  5a;  =  0. 

51.  Show,  by  transforming  to  the  point  h,  ky  that  the  asymp- 
totes of  the  general  curve  of  the  n^  degree 

(ao,  Oi,  ...,  a„^x,  yY-\rn{h^  h^,  ...,  K^^lx,  y)"-^+  ...  =0 
will  all  pass  through  one  point  if 


a, 
a 


Q,   flj,   02,    ...,   o„_i 


1,     «2>    ^3> 


...,  a„ 


=  0, 


^0>     ^1»     ^2»     •••>     ^n-1 

and  that  the  co-ordinates  of  that  point  are 

[Professor  Cayley  uses  the  notation  (a^y  Oj, 
the  general  binary  qnantic  of  the  n^  degree  : 


,  «n5«,  yf  ^^^ 


^ ! 


CHAPTER   IX. 

SINGULAR    POINTS. 

237.  Concavity.    Convexity. 

In  the  treatment  of  plane  curves  the  terms  concavity 
and  convexity  with  regard  to  a  point  are  applied  with 
their  ordinary  signification.  Thus,  for  example,  any  arc 
of  a  circle  is  said  to  be  concave  to  all  points  within  the 
circle ;  whilst  to  a  point  without  the  circle  the  portion 
lying  between  that  point  and  the  chord  of  contact  of 
tangents  drawn  from  the  point  is  said  to  be  convex  and 
the  remainder  of  the  circumference  concave. 

238.  In  general  the  portion  of  a  curve  in  the  immediate 
neighbourhood  of  any  specified  point  lies  entirely  on  one 
side  of  the  tangent  at  th«,t  point.  This  is  clear  from  the 
definition  of  a  tangent,  which  is  considered  as  the  limit- 

p Q 


'A 

Fig.  31. 

ing  position  of  a  chord.  There  is  an  ultimately  coincident 
cross  and  recross  at  the  point  of  contact,  as  shown  at 
the   ultimately  coincident  points  P,  Q  in  Fig.  31 ;   so 
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that   the   immediately  neighbouring  portions  AP,   QB 
must  in  general  lie  on  the  same  side  of  the  tangent  PT. 

239.  Point  of  Inflexion. 

The  kind  of  point  discussed  in  Art.  238  is  an  ordinary 
point  on  a  curve.  It  may  however  happen  that  for  some 
point  on  the  curve  the  tangent,  after  its  cross  and  recross, 
crosses  the  curve  again  at  a  third  ultimately  coincident 
point.     Such  a  point  can  be  seen  magnified  in  Fig.  32. 


Fig.  32. 

In  this  case  it  is  clear  that  two  successive  tangents 
coincide  in  position :  viz.,  the  limiting  positions  of  the 
chords  PQ,  QR.  The  tangent  at  such  a  point  is  therefore 
said  to  be  " stationary"  and  the  point  is  called  a  " point 
of  contrary  flexure''  or  a  ''point  oj  inflexion''  on  the 
curve.  The  tangent  on  the  whole  crosses  its  curve  at 
such  a  point,  and  the  curve  changes  from  being  concave 
to  points  on  one  side  of  the  tangent  to  being  convex  to 
the  same  set  of  points. 

240.  Point  of  Undulation. 

Again,  there  may  be  a  point  on  the  curve  for  which  the 


Fig.  33. 

tangent  crosses  its  curve  in  four  ultimately  coincident 
points,  P,  Q,  JB,  8,  as  seen  magnified  in  Fig.  33,  and  the 
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point  is  then  called  a  "point  of  undulation"  on  the 
curve.  There  are  now  three  contiguous  tangents  coincid- 
ent, and  the  tangent  on  the  whole  does  not  cross  its 
curve.  And  it  is  clear  that  singularities  of  a  higher  order 
but  of  similar  character  may  arise. 

241.  Analytical  Tests.    Concavity  and  Convexity. 

It  is  easy  to  apply  analysis  to  the  investigation  of  the 
form  of  a  curve  at  any  particular  point. 

Let  us  examine  the  point  Xy  2/  on  the  curve  y  =  (p(x). 

Let  P  be  the  point  to  be  couwsidered,  P^  an  adjacent 
point  on  the  curve.     Let  PN,  Pi^i  be  the  ordinates  of  P 


N 
Fig.  34. 


N, 


and  Pj,  and  suppose  PiN^  to  cut  the  tangent  at  P  in  Qy 
Then  ON=x,  N'P  =  y  =  <f>{x), 
Let  ON^  =  x+h, 

then  N.P.  =  d>{x+h) 

=  <t>{x)  +  h<t>ix)+-^(/>'Xx)+ (1) 

by  Taylor's  Theorem.    Again,  the  equation  of  the  tangent 
at  P  is  F-  y  =  </>Xx)(X  -  x). 

Putting  X  =  x+h 

we  obtain  V=y+h<f>'{x)  =  <l>(x)+hif>'(x), (2) 

which  gives  the  value  of  iV^Qj. 
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Hence  the  ordinate  of  the  curve  exceeds  the  ordinate  of 
the  tangent  by 

Now,  if  h  be  taken  sufficiently  small,  the  sign  of  the 
right-hand  side  will  be  governed  by  that  of  its  first 
term ;  and  this  term  does  not  change  sign  with  h  because 
it  contains  an  even  power  of  h,  viz.,  the  square.  Hence 
in  general,  on  whichever  side  of  P  the  point  P^  be  taken, 
jS\P^  —  ^iQi  will  have  the  same  sign — positive  if  <l>Xx)  be 
positive,  and  negative  if  <p'\x)  be  negative;  and  therefore 
the  element  of  the  curve  at  P  is  convex  or  concave  to  the 
foot  of  the  ordinate  of  P  according  as  0'^(a?)  is  positive  or 
negative. 

We  have  drawn  our  figure  with  the  portion  of  the 
curve  considered  above  the  axis  of  x.  If,  however,  it 
had  been  below,  the  signs  of  N^P^  and  N^Q^  would  both 
have  been  negative  and  we  should  have  had  the  contrary 
result.  But  observing  that  0(a;)  is  positive  for  points 
above  the  axis  of  x,  and  negative  for  points  below,  "we 
may  obviously  state  the  unrestricted  rule  that  the 
elementary  portion  of  the  curve  y=^(ji{x)  in  the  neigh- 
bourhood of  the  point  {x,  y)  is  convex  or  concave  to  the 

foot  of  the  ordinate  according  as  <t>{x)<f>"(x)  or  y-r^  is 
positive  or  negative. 

242.  Points  of  Inflexion. 

If  <p"(x)  =  0  at  the  point  under  consideration,  we  have 

and,  as  before,  the  sign  of  the  right-hand  side,  when  h  is 
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taken  suflSciently  small,  is  governed  by  the  sign  of  its 
first  term.  But  this  now  depends  on  h?^  and  therefore 
changes  sign  with  h ;  that  is,  the  ordinate  of  the  curve 


Fig.  35. 

is  greater  than  the  ordinate  of  the  tangent  on  one  side  of 
P,  but  less  on  the  other.  The  tangent  now  crosses  the 
curve  at  its  point  of  contact,  and  the  point  is  of  the  kind 
described  in  Art.  239,  and  called  a  point  of  inflexion,  A 
necessary  condition  then  for  a  point  of  inflexion  is  that 
<l>\x)  if  not  infinite  should  vanish,  and  the  sign  of  <f>'"{oc) 
determines  the  character  of  the  inflexion;  for  (assuming 
the  element  above  the  axis  of  x)  if  ^'"(^)  be  positive, 
N^P-^^  —  N^Qi  changes  from  negative  to  positive  in  passing 
from  negative  to  positive  values  of  h:  i.e.,  in  passing 
through  P  the  change  is  from  concavity  to  convexity  with 
regard  to  the  foot  of  the  ordinate.  But  if  <f>''\x)  be 
negative,  the  change  is  from  convexity  to  concavity,  and 
this  latter  is  the  case  represented  in  the  figure. 

243.  Point  of  Undulation. 

Again,  if  ^'"(aj)  =  0  at  the  same  point,  and  <l>"\x)  do 
not  vanish,  the  first  term  in  the  expansion  of  JN'^P^  —  N'^Q^ 
depends  on  h\  and  therefore  this  expression  does  not 
change  sign  in  passing  through  P.     The  tangent  there- 
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fore  on  the  whole  does  not  cross  its  curve  at  P.  The 
point  is  of  the  kind  described  in  Art.  240  and  called  a 
point  of  undulation, 

244.  Higher  Degrees  of  Singularity. 
It  will  now  appear  that,  if  by  two  successive  differenti- 
ations a  result  of  the  form 

be  deduced  from  the  equation  to  the  curve,  although  -j-^ 

vanishes  both  at  the  points  given  by  fl?  =  a  and  by  x  =  b, 
yet  it  only  undergoes  a  change  of  sign  when  it  passes 
through  x  =  b,  the  index  of  the  factor  x—b  being  odd. 
Hence  at  the  points  given  by  cc  =  a  there  is  no  ultimate 
change  in  the  direction  of  flexure,  while  at  those  given 
hy  x  =  b  there  is  a  change.  The  points  given  hy  x  =  a 
look  to  the  eye  like  ordinary  points  on  a  curve,  while 
those  given  by  a;  =  6  resemble  points  of  inflexion,  and 
indeed  have  been  for  distinction  called  by  Cramer  points 
of  visible  inflexion,*  although  the  singularity  is  of  a 
higher  order  than  that  described  in  Art.  239,  which  is 
the  case  of  rti  =  0.  If  ti  =  1,  the  points  given  by  a;  =  a  are 
points  of  undulation,  such  as  described  in  Art.  240.     So 

that  for  an   Inflexional  Point   the  condition   -^^  =  0, 

though  necessary,  is  nx)t  suflicient.      The  complete  cri- 

terion  is  that  j—  should  change  sign.    If  ^^  '^^'^'^^^i  ^'^^ 

do  not  change  sign,  the  curve  at  the  point  under  con- 
sideration is  undulatory. 

*  Dr.  Salmon,  "Higher  Plane  Curves,"  p.  35.      Cramer,   "Analyse 
des  Lignes  Courbes,"  Geneva. 
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■  a         m 

ent  variable,  and  then  the  sign  of  ^ -g  will  test  the  con- 


245.  Case  when  the  Tangent  is  parallel  to  the  j^-axis. 
The  test  of  concavity  or  convexity  has  been  shown  to 

depend  upon  the  sign  of  ■,\.    In  the  case,  however,  of  an 

arc,  the  tangent  to  which  is  parallel  to  the  axis  of  2/,  the 

value  of  -^-  and  of  all  subsequent  differential  coeflScients 

is  infinite.     But  in  this  case  it  is  obvious  that  it  would 
be  convenient  to  consider  y  instead  of  x  for  the  independ- 

cavity  or  convexity  to  the  foot  of  the  ordinate  drawn 
from  the  point  under  consideration  to  the  axis  of  y. 
Similarly,  at  a  point  of  inflexion  at  which  the  tangent 

is  parallel  to  the  axis  of  y,  -^-^  must  change  sign. 

ay 

And  in  other  cases  whenever  it  is  more  convenient  to 

use  y  instead  of  x  for  our  independent  variable,  we  are 

of  course  at  liberty  to  do  so  with  an  interchange  of  the 

letters  x  and  yva  the  formula  quoted. 

Y 


246.  The  test  for  concavity  or  convexity  may  also  be 
investigated  as  follows : — 
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Let  P  be  any  point  of  the  curve,  co-ordinates  x  and  y. 
Let  the  adjacent  points  on  the  curve  P^  and  P^  have  co- 
ordinates,(aj  — A,  y^  and  {x+h,  y^  respectively.  Let  the 
ordinate  of  P  cut  the  chord  P^P^  in  Q.  Then  if  h  be 
made  infinitesimally  small,  the  portion  of  the  curve  in  the 
immediate  neighbourhood  of  P  will  be  convex  or  concave 

to  N,  according  as  NP  is  <  or  >  NQ,  i.e.,  as 

y.  +  Vc 
y  m  <  or  >  ^^  1^-- 

Now  ^-y^n^J'^'^^y^ 

^'  y  ^dx^2i  dx^  "" 

so  that  the  criterion  depends  upon  whether 

and  proceeding  to  the  limit  the  curve  is  convex  or  con- 
cave to  N  according  as  -^-^  is  positive  or  negative. 

Ex.  1.  Consider  the  curve  y  =  2  sldx.  h  it  convex  or  concave  to  the 
foot  of  the  ordinate  ? 

Here  fy=_^^, 

dx^  ^4 

and  y^=-^, 

dx^        X 

Hence  y  —^  is  negative  for  all  positive  values  of  x  (and  negative 
ax 

values  are  not  admissible),  so  that  the  curve  in  the  neighbourhood 

of  any  specified  point  is  concave  to  the  foot  of  the  ordinate  of  that 

point. 

Ex.  2.  Consider  the  curve  x—y^-\-Zy^.     Has  it  a  point  of  inflexion  ? 

Here  Jl=%+i), 

TO 

SO  that  %^  changes  sign  as  y  passes  through  the  value  y=  -1. 
dy^ 

Therefore  the  point  (2,  - 1)  is  a  point  of  inflexion  on  the  curve. 
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247.  Convexity  and  Concavity  of  a  Polar  Curva 
Suppose  the  equation  of  a  curve  to  be  given  in  polar 
co-ordinates,  and  that  it  is  required  to  find  a  test  of  con- 
vexity or  concavity  towards  the  pole. 


Fig.  37. 

Let  0  be  the  pole,  P  the  point  of  the  curve  to  be 
examined.  Let  the  co-ordinates  of  P  be  denoted  by  r,  0, 
and  let  A,  B  be  two  points  on  the  curve  adjacent  to  P, 
and  one  on  each  side  of  it  whose  co-ordinates  are  respec- 
tively (r^,  e-SO)  and  (r^,  B+Sd).  Then  the  curve  in  the 
immediate  neighbourhood  of  P  will  be  concave  or  convex 
to  0,  according  as 

AAOP+A^OPis  >  or  <  is.AOB 
when  we  proceed  to  the  limit.     That  is,  according  as 

r^rB\TLSd+rr^fAn.SQ  >  or  <  r^r^ sin 2^0, 
or  r^r+rr^  >  or  <  2r^r^coQSQ\ 

i.e.,  as  u^+u^  >  or  <  2u  cos  SO, 

where  we  have  written  r,  =  — ,  etc. 

Now,  by  Maclaurin's  Theorem, 
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and  therefore 

u,  +  u^  =  2\u  +  -^  -21+'")* 
whence  we  have  concavity  or  convexity  to  the  pole  accord- 
mgas  2u  +  2-r^  '2T+-"  is  >  or  <  2ull-^  +  ...l, 
and  proceeding  to  the  limit  according  as 

u  +  -^  IS  >  or  <  0. 

248.  Polar  Condition  for  a  Point  of  Inflexion. 

At  a  point  of  inflexion  the  curve  changes  from  con- 
cavity to  convexity,  and  therefore  the  necessary  condition 

is  that  'W/-|--^2  should  change  sign. 

Ex.  Find  the  point  of  inflexion  on  the  curve  r=a0~^. 
Here  au  =  6^, 

d  u  1       3 

therefore  a^r-^=—-6~^. 

de^        4 

d^u 
Hence,  putting  u-\-     ^=o 

to  find  for  what  value  of  ^  a  change  of  sign  can  occur,  we  have 

^*_i^-t=o. 

And  the  positive  value  only  is  admissible,  giving 
as  the  polar  co-ordinates  of  the  point  of  inflexion. 

Multiple  Points. 

249.  Nature  of  a  Multiple  Point. 

A  singularity  of  different  nature  from  those  above  de- 
scribed occurs  on  a  curve  at  a  point  where  two  branches 
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intersect,  as  at  the  point  A  in  the  accompanying  figure. 
It  will  appear  from  an  inspection  of  the  figure  that  at  such 
a  point  as  the  one  drawn  there  are  two  tangents  to  the 


Fig.  38. 

curve,  one  for  each  branch.  Each  tangent  cuts  the 
curve  in  two  ultimately  coincident  points,  such  as  P, 
Q  on  one  branch,  and  it  incidentally  intersects  the 
other  branch  through  -4  in  a  third  point  R,  ultimately 
also  coinciding  with  A.  Each  tangent  therefoi-e  at  such 
a  point  intersects  the  curve  in  three  ultimately  coincident 
points  at  the  point  of  contact;  and  if  the  curve  be  of  the 
n^  degree,  each  tangent  will  cut  the  curve  again  in  n  —  3 
points  real  or  imaginary.  In  this  respect  the  tangent 
at  such  a  point  resembles  the  tangent  at  a  point  of  in- 
flexion, for  (Art.  239)  the  point  of  contact  of  a  tangent  at  a 
point  of  inflexion  counts  for  three  of  the  n  intersections 
of  the  line  with  the  curve. 

250.  Points  through  which  more  than  one  branch  of  a 
curve  passes  are  called  ''multiple  points''  on  the  curve. 
If  two  branches  pass  through  the  point  A,  as  in  the  above 
figure,  A  is  called  a  "double  point''  If  three  branches  pass 
through  any  point,  that  point  is  called  a  "  triple  point "  on 
the  curve ;  and  generally,  if  through  any  point  r  branches 
of  the  curve  pass,  that  point  is  referred  to  as  a  "  multiple 
point  of  the  r*^  ord^r  "  on  the  curve.  From  what  has  been 
said  with  regard  to  the  tangents  at  a  double  point  it  will 
be  obvious  that  there  are  r  tangents  (real  or  imaginary) 
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at  a  multiple  point  of  the  r*^  order,  one  for  each  branch. 
At  such  a  point  each  of  these  r  tangents  cuts  its  own  branch 
in  general  in  two  points,  and  each  of  the  other  branches  in 
one  point :  i.e.,  in  r  + 1  points  altogether,  all  ultimately  co- 
incident with  the  multiple  point.  Such  a  tangent  there- 
fore cuts  the  curve  in  n—r  —  1  other  points  real  or 
imaginary.  But  if  at  the  multiple  point  there  happen 
to  be  a  point  of  inflexion  on  the  branch  considered,  the 
tangent  will  cut  that  branch  in  three  points  instead  of 
two  at  the  point  of  contact,  making  r+2  points  of  inter- 
section with  the  curve  at  the  multiple  point,  and  there- 
fore reducing  the  remaining  number  of  points  of  intersec- 
tion to  71  —  r  —  2. 

251.  Species  of  Double  Points. 

Consider  the  case  of  a  double  point.  The  tangents 
there  may  be  real,  coincident,  or  imaginary. 

Case  1.  If  the  tangents  be  real  and  not  coincident, 
there  are  two  real  branches  of  the  curve  passing  through 
the  point,  and  the  point  is  called  a  node  or  cruTiode. 


Fig.  39. 

Case  2.  If  the  tangents  be  imaginary,  there  are  no  real 
points  on  the  curve  in  the  immediate  neighbourhood  of 
the  point  considered,  and  we  are  unable  to  travel  along 
the  curve  from  such  a  point  in  any  real  direction.  Such 
a  point  is  therefore  simply  an  isolated  point,  whose  co- 
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ordinates  satisfy  the  equation  to  the  curve,  and  is  called  a 
" conjugate  point "  or  " acnode" 

Case  3.  If  the  tangents  at  the  double  point  be  coinci- 
dent, the  two  branches  of  the  curve  will  touch  at  the 
point  considered.  The  point  is  then  in  general  of  the 
character  called  a  cusp  or  spinode. 

252.  Two  Species  of  Gusp& 

There  are  two  kinds  of  cusps,  as  shown  in  the  accom- 
panying figures. 


Fig.  40.  Fig.  4]. 

(a)  In  Fig.  40  the  branches  FA,  QA  lie  on  opposite 
sides  of  the  tangent  at  A.  This  is  referred  to  as  a  cusp 
of  the  first  species  or  a  keratoid  cusp  (i.e.,  cusp  like 
horns). 

(fi)  In  Fig.  41  the  branches  PA,  QA  lie  on  the  same 
side  of  the  tangent  at  A.  This  is  called  a  cusp  of  the 
second  species  or  a  ramphoid  cusp  (i.e.,  cusp  like  a  beak). 

253.  A  Multiple  Point  can  be  considered  as  a  Combina- 
tion of  Double  Points. 

A  triple  point  may  obviously  be  considered  as  a  com- 
bination of  three  double  points,  for  of  the  three  branches 
intersecting  at  the  point  each  pair  form  a  double  point  at 

Q 
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their  point  of  intersection.     And  in  general  a  TavltipU 
point  of  the  r*^  order  may  be  considered  as  the  result  of 

the  combination  of  -^-jz — -  double  points,  since  this  is  the 

number  of  ways  of  combining  the  r  branches  two  at  a  time. 

254.  To  examine  the  Nature  of  the  Origin. 

If  the  equation  of  a  curve  be  rational  and  algebraic,  it 
may  be  written  in  the  form 

a 

+  ... 

+k^x''+h^''-'^y+...+kn^^y'^  =  ^ (a) 

If  this  be  put  into  polar  co-ordinates  it  becomes 

a 
+^(6iCos  S+fegsin  G) 
-[-^(CiCos^^+CgCos  Q  sin  ^-hCgSin^^) 
+  ... 
+  r»(*icos~0 + igcos"  - 10  sin  0  + ...  +  Avj+isin'^d)  =  0.  . . .  (b) 
Let  0  be  the  pole  and  OA  the  initial  line.     Then  equa- 
tion (b)  gives  the  points  P^,  Pg,  P^  ...,  in  which  a  radius 


6 


Fig.  42. 

vector  OP-^P^...y  making  a  given  angle  Q  with  OA,  cuts 
the  curve.  The  roots  of  this  equation  are  OP^,  OP^ 
OP^ 
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It  is  clearly  of  the  n^  degree,  and  therefore  has  in 
general  n  roots.  These  may,  however,  become  imaginary 
in  pairs. 

I.  If  a  =  0,  it  will  be  obvious  from  either  the  Cartesian 
equation  (A)  or  the  Polar  equation  (b)  that  the  curve 
passes  through  the  origin  0,  In  this  case  one  root  of  the 
equation  (b)  is  zero,  and  in  the  figure  OP-^  =  0. 

II.  In  this  case,  if  Q  be  so  chosen  as  to  make 
ft^cos^+fegsin  0  =  0,  a  second  root  of  the  equation  (b) 
vanishes,  and  therefore  we  infer   that  a  straight  line 

making  an  angle  tan"^(  —  i-^J  with  the  initial  line  cuts 

the  curve  in  two  contiguous  points  at  the  origin,  and 
therefore  is  the  tangent  there.  The  Cartesian  equation 
of  this  line  is  obvious  upon  multiplying  by  r,  viz.. 

Hence  if  a  curve  pass  through  the  origin,  the  terms  of 
first  degree  (if  any  such  exist)  on  being  equated  to  zero 
form  the  equation  of  the  tangent  at  the  origin.  (See 
Art.  173.) 

III.  If  a  =  0,  6i  =  0,  and  ftg^^*^^®^  ^^  general  it  is 
possible  to  choose  Q  so  that 

c^cos^^ + CgCos  0  sin  0 + CgSin^Q  =  0, 
and  then  three  roots  of  equation  (b)  will  vanish;  that  is  to 
say,  of  the  pair  of  lines  whose  equation  is  c-^x^+o^yHi^'^  =  0 
each  cuts  the  curve  at  the  origin  in  three  contiguous 
points.  There  are  therefore  two  branches  of  the  curve 
intersecting  at  the  origin,  to  each  of  which  a  tangent  can 
be  drawn,  and  of  the  three  contiguous  points  in  which  it 
has  been  seen  that  each  of  these  tangents  cuts  the  curve 
two  lie  on  one  branch  and  the  other  on  the  remaining 
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branch.  The  origin  is  in  this  case  a  double  point  on  the 
curve,  and  the  terms  of  lowest  degree  in  the  equation  of 
the  curve,  viz.,  c^a^+c^y  +  c^y^, 

when  equated  to  zero  form  the  equation  of  the  tangents 
at  the  origin.  The  tangent  of  the  angle  between  these 
straight  lines  is  given  by 

^  C1+C3 

I{  c^>4iC^c^,  the  tangents  are  real  and  not  coincident, 
and  there  is  a  node  at  the  origin. 

l{  c^  =  4:C^Cqj  the  tangents  are  coincident,  and  the  two 
branches  of  the  curve  touch,  and  there  is  in  general 
a  cusp  at  the  origin. 

If  Cg^  <4iCiC^y  there  are  no  real  tangents  at  the  origin,  al- 
though the  co-ordinates  of  the  origin  satisfy  the 
equation  of  the  curve;  there  is  then  a  conjugate  paint 
at  the  origin. 

I{  c^+c^  =  Oy  the  tangents  at  the  origin  intersect  at  right 
angles, 

IV.  If  a  =  0,  61  =  0,  62  =  ^*  ^1  =  ^^  C2  =  ^>^3  =  ^»  ^^®  origin 
is  a  triple  point  on  the  curve,  and  (as  shown  in  IIL  for 
the  tangents  at  a  double  point)  the  tangents  at  the  origin 
are  d^a? + d^^y  +  d^y^ + d^y^  =  0. 

V.  And  generally,  if  the  lowest  terms  of  an  equation 
are  of  the  r*^  degree,  the  origin  is  a  "  multiple  point  of 
the  r^  order "  on  the  curve,  and  the  terms  of  the  r*^ 
degree  equated  to  zero  give  the  r  tangents  there. 

255.  To  examine  the  Character  of  any  Specified  Point  on  a 
Curve. 

Results  similar  to  those  of  the  preceding  article  may  be 
deduced  for  any  point  on  the  curve. 


SINGULAR  POINTS.  245 

Let  the  straight  line  — ^ — =~ =p  be  drawn  through 

a  given  point  (fe,  k)  to  cut  the  curve  f(x,  y)  =  0.     Then 

x  =  h+lpy 

y  =  k+mp. 

The  use  of  these  equations  is  obviously  equivalent  to  a 

double  transformation  of  co-ordinates,  the  first  to  parallel 

axes  through  h,  k,  the  second  to  polars. 

Substituting  for  x  and  y  in  the  equation  of  the  curve 
we  obtain  f{h +lp,k+ mp)  =  0 

to  find  the  points  P^,  Pg,  ...  in  which  a  radius  vector 
through  the  point  A,  k  cuts  the  curve. 

If  this  be  expanded  by  the  extended  form  of  Taylor  s 
Theorem,  the  equation  becomes 

fih,  *)+p(^,+"^|,)/+|-;03^+m|)/+... 


+£(^lfe+'4)'>+-  =  ^' 


which  is  exactly  analogous  to  equation  (b)  of  Art.  254, 
and  corresponding  results  follow. 

I.  lifQi,  k)  =  0,  one  root  of  the  equation  for  p  vanishes 
and  the  point  h,  k  lies  on  the  curve  (which  is  otherwise 
obvious). 

II.  In  this  case,  if  the  ratio  I :  m  be  now  so  chosen  that 

then  another  root  vanishes,  and  this  relation  gives  the 
direction  of  the  tangent,  whose  equation  is  therefore 

as  found  in  Art.  169. 
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III.  But  if  ^ = 0  and  |{  =  0,  as  well  as  fQi,  k)  =  0,  then 

all  lines  through  h,  k  cut  the  curve  in  two  contiguous 
points.     But  if  the  ratio  Z :  m  be  so  chosen  that 

^  W^'^^''''dhdk^^  dJ(?^^' 
we  have  in  general,  as  in  Art.  254,  III.,  two  directions  in 
which  a  radius  vector  drawn  through  (h,  k)  cuts  the  curve 
in  three  contiguous  points.  The  point  (A.,  1c)  is  a  double 
point  on  the  curve,  since  two  branches  of  the  curve  pass 
through  this  point ;  and  of  the  three  contiguous  points  in 
which  each  of  the  above-mentioned  radii  vdctores  meets 
the  curve,  two  lie  on  one  branch  and  one  on  the  other. 
The  equation  of  the  two  tangents  is 

IV.  Further,  if  g=0,  |4=0,  and  g  =  0.  in  addi- 

tion  to  ^-  =  0,  ^T  =  0>  and  f(h,k)  =  0,  identically  for  the 

same  values  of  h,  k,  and  if  on  going  to  terms  of  the  third 
order  we  find  that  all  these  do  not  identically  vanish,  the 
point  (h,  k)  is  a  triple  point  on  the  ctirve. 

V.  And  generally  the  conditions  for  the  existence  of 
a  multiple  point  of  the  r*^  order  at  a  given  point  h,  k  of 
the  curve  are  that  f(x,  y)  and  all  its  differential  coeflBci- 
ents  up  to  those  of  the  (r— 1)**^  order  inclusive  should 
vanish  when  a;  =  A  and  y  =  k)  and  then  the  equation  of  the 
r  tangents  at  that  point  will  be 
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256.  Special  Case  of  Double  Point. 
Kecurring  to  the  case  of  a  double  point  at  a  point  (A,  h\ 
since  the  equation  of  the  tangents  is 

the  angle  between  these  tangents  is  given  by 

^^<P ay   ^ ' 

and  the  point  ^,  ^  is  a  node  or  conjugate  point  according 
and  is  in  general  a  cusp  if 


^  \-dhdk)  ^^  <dh^-ZI^' 


\dhdk)  ~^h?'Z¥' 
with  the  preliminary  conditions  in  each  case  that 

f{h,k)  =  0,      1=0,  and  1=0. 

We  say  in  general  a  cusp;  for  it  will  be  seen  that 
in  some  cases  when  the  above  conditions  hold  the 
curve  becomes  imaginary  in  the  neighbourhood  of 
the  point  considered,  which  must  therefore  be  classed 
as  a  conjugate  point.  In  the  case  of  the  coincidence 
of  tangents,  further  investigation  is  therefore  neces- 
sary. The  mode  of  procedure  is  indicated  below  in  tke 
method  for  the  investigation  of  the  character  of  a  cusp. 

It  appears  that        (^y  =  g.^ 

represents  a  curve  which  cuts  /(cc,  y)  =  0  in  all  its  cusps ; 

and  that  S+|^2^0 
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is  a  curve  which  cuts  f{x,  y)  =  0  in  all  the  double  points 
at  which  the  tangents  are  at  right  angles. 

257.  To  search  for  Bouble  Points. 

The  rule  therefore  to  search  for  double  points  on  a  curve 

f(x^  2/)  =  0  is  as  follows.     Find  ^  and  ^  ;  equate  each  to 

zero  and  solve.  Test  whether  any  of  the  solutions  satisfy 
the  equation  of  the  curve.  If  so,  apply  the  tests  for  the 
character  of  each  of  the  points  denoted,  i.e.,  try  whether 

\dxdy)         <  'da?"dy^* 

258.  To  discriminate  the  Species  of  a  Cusp. 

Method  I.  Suppose  the  position  of  a  cusp  to  have  been 
found  by  the  foregoing  rules.  Transfer  the  origin  to  the 
cusp.     The  transformed  equation  will  be  of  the  form 

{ax+hyf+u^+u^+..,  =  ^,  (1) 

where  ax  +  hy  =  0  i&  the  tangent  at  the  origin,  and  u^  u^, 
...  are  homogeneous  rational  algebraical  functions  of  x 
and  y  of  the  degrees  indicated  by  their  respective 
suffixes. 

Let  P  be  the  length  of  the  perpendicular  drawn  from 
a  point  Xy  y  of  the  curve,  very  near  the  cusp,  upon  the 
tangent  ax+by  =  0. 

Then  i^  =  -tt% (2) 

If  y  be  eliminated  between  equations  (1)  and  (2),  an 
equation  is  obtained  giving  P  in  terms  of  x.  It  is  our 
object  to  consider  only  the  two  small  perpendiculars  from 
points  on  the  curve  near  the  origin,  and  having  a  given 
small  abscissa  x\  hence  in  comparison  with  P^  we  reject 
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cubes   and   all   higher   powers  of  P   and  also  all  such 
terms  as  P^x,  P^x^,  . . .  which  may  arise  on  substitution. 


Fig.  43.— Single  cusp,  first  species.     Fig.  44, — Single  cusp,  second  species. 


Fig.  45. — Double^cusp,  first  species.     Fig.  46.— Double  cusp,  second  species. 


Fig.  47. — Double  cusp,  change  of  species.    Osculinflexion. 

We  shall   then  have  a  quadratic  to   determine  P.     If, 
when  X  is  made   very  small,  the  roots  be  imaginary, 
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the  branches  of  the  curve  through  the  origin  are  unreal, 
and  therefore  there  is  a  conjugate  point  at  the  origin. 
If  the  roots  be  real,  but  of  opposite  signs,  the  two  small 
perpendiculars  lie  on  opposite  sides  of  the  tangent,  and 
there  is  a  cusp  of  the  first  species  at  the  origin.  If  the 
roots  be  real  and  of  like  sign  the  perpendiculars  lie  on 
the  same  side  and  the  cusp  is  of  the  second  species,  and 
the  sign  of  the  roots  determines  on  which  side  of  the 
tangent  the  cusp  lies. 

Complete  information  is  also  afforded  by  this  method 
as  to  whether  the  cusp  is  single  or  double,  i.e.,  as  to 
whether  the  branches  of  the  curve  extend  from  the  cusp 
towards  one  extremitj^  only  of  the  tangent,  or  towards 
both  extremities  as  shown  in  the  annexed  figures. 

The  reality  of  the  roots  of  the  quadratic  for  P  will  in 
some  cases  depend  upon,  and  in  others  be  independent 
of  the  sign  of  x.  In  the  former  cases  the  cusp  is  single  ; 
in  the  latter,  double.  Moreover,  if  double,  we  can  detect 
whether  the  cusp  is  of  the  same  or  of  different  species 
towards  opposite  extremities  of  the  tangent.  When  the 
cusp  is  of  different  species  towards  opposite  extremities 
the  point  is  called  by  Cramer  a  point  of  Osculinflexion. 

In  adopting  the  above  process  it  will  clearly  be  suffici- 
ent to  put  P  =  ax+by,  thus  dropping  the  \/a^-\-b^  for  the 
sake  of  brevity;  the  effect  of  this  being  to  consider  a  line 
whose  length  is  proportional  to  that  of  the  perpendicular 
instead  of  the  perpendicular  itself. 

Ex.  1.  Examine  the  character  of  the  origin  on  the  curve 

Here  the  tangent  at  the  origin  is  y=0.  According  to  the  rule  put 
,y  =  P.     The  quadratic  for  F  is 
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The  roots  of  this  equation  are  real  or  imaginary  according  as 

4^  is  >  or  <  a?*(4  -  2^*), 
i.«.,  according    as    x    is  positive  or  negative.     Hence  the  cusp 
is  ** single"  and  lies  to  the  right  of  the  axis  of  y.    Moreover  the 

product  of  the  roots  is and  is  positive  when  x  is  very  small, 

4—2^ 

and  the  roots  are  therefore  of  the  same  sign.  The  origin  is  there- 
fore a  single  ciisp  of  the  second  species.  Moreover  the  sum  of  the 
roots  is  positive,  so  that  the  two  branches  near  the  oiigin  lie  in  the 
first  quadrant, 

Ex.  2.  Examine  the  character  of  the  curve 

at  the  origin.  Here  y  =  0  is  a  tangent  at  the  origin.  Put  y'=P» 
The  quadratic  for  P  is 

The  roots  are  real  or  imaginary  according  as  9a7*  —  4(9  —  Sa?)^?*  is 
positive  or  negative,  i.e.^  as  -  27^+12:r'  is  positive  or  negative. 

Now,  when  x  is  very  small,  a^  is  negligible  in  comparison  vrith  ^, 
and  therefore  the  above  expression  is  negative  for  very  small  positive 
or  negative  values  of  x.  The  roots  of  the  equation  for  P  are  therefore 
imaginary,  and  the  origin  is  a  conjugate  point  on  the  curve. 

Ex.  3.  Examine  the  character  of  the  curve 

2m+l  ^   ^ 

y=F{x)±{x-h)-2nf{x)  (1) 

in  the  neighbourhood  of  the  point  x^h^  y=^(^)>  ^  «wc?  n  being  posi- 
tive integers. 

By  Taylor's  Theorem  we  may  write 

F{x+h)  =  F{h)+ax  +  ba^+... 
and  [f{x-\-h)Y=Or^-\rh^x-\r..., 

where  a^  being  [/(A)P  is  necessarily  positive. 

Hence  on  transforming  our  origin  to  the  point  {^,  F{h)]  we 

obtain  for  the  transformed  equation 

{y-ax'ba^-...f=x~ir{a^+h^x+...) (2) 

Examining  the  form  of  the  curve  at  the  origin,  there  are  obviously 

coincident  tangents  if    ^       be  >  2. 

n 

Put  y  —  ax^Py  then 

2m+l 

pa- 2/^(6072+... )  +  &^^-ai^"»~  -...=0. 


252  SINGULAR  POINTS, 

That  the  roots  of  this  quadratic  are  real,  if  x  be  positive  and  small, 
is  obvious  from  equation  (2) ;  also,  that  the  roots  are  imaginary  for 
small  negative  values  of  x.  There  is  therefore  a  dngU  cusp  extending 
to  the  right  of  the  new  axis  ofy. 

2m+l 

Again,  the  product  of  the  Toot&=h^x^  —  a^x  n    — .... 

If  _?!iZ__>  4,  this  product  has  the  same  sign  as  x^  when  x  is 
n 

taken  sufficiently  small,  and  therefore  is  positive,  giving  a  cusp  of 

the  second  species, 

27>l  +  1  2m-fl 

If  — — -—  <4,  the  term  —a^x  n     is  the  important  term  in  the 
n 

product  and  is  negative,  x  being  positive.    There  is  therefore  in 

this  case  a  cusp  of  ihQ  first  species. 

We  have  assumed  that  the  coefficient  h  or  —F"{h)  is  not  zero.     If 

however  this  coefficient  vanish,  it  is  easy  to  make  the  corresponding 
change  in  the  subsequent  investigation. 

Ex.  4.  Examine  the  nature  of  the  double  point  on  the  curve 

ix+yf-  sl'^iy-x+^f^O, 

Here  |^=3(a7+y)2+2  V%-^+2)=0, 

1^=3(^+^)2- 2  V2(^~^+2)=(). 

These  give  a7+y=0,    ) 

and  ^-^  +  2  =  0,  j 

or  x=\y       ) 

y=~l.  / 
Now  this  point  obviously  lies  upon  the  curve,  and  there  is  therefore 

a  multiple  point  of  some  description  there. 

Again,  ^=6(a;+y)-2v/2= -2^2  at  the  point  (1,  -1), 

P=6(:r+y)-2s/2=-2V2, 

|^_=6(.+y)  +  2^2=2V2. 

Hence  at  this  point  ^.^H?^)\ 

and  we  have  a  double  point  at  which  the  tangents  are  coincident. 


SINGULAR  POINTS,  253 

Next,  transforming  to  the  point  (1,  —  1)  for  origin,  the  equation 
becomes  {^+yf—  hj^{y-xf=0. 

According  to  the  rule  we  put  y—x=P,    Then  rejecting  terms  in  P* 
and  P^x  we  have       P'^  -  6^ V2  ^  -  4^  \/2 = 0. 
The  roots  are  real  if  1 8^  +  4  ^2x^  >  0, 

which  is  the  case  if  x  be  very  small  and  positive.    There  is  therefore 
a  single  cusp  at  the  point  (1,  —  1). 

Again,  the  product  of  the  roots  =  —  ^oi^  a/S,  and  is  negative 
when  X  is  small.  This  indicates  that  the  cusp  is  one  of  the  first 
species, 

[This  curve  is  obviously  only  a  transformation  of  the  semi-cubical 
parabola  y  ^ = ^.  ] 

259.  Method  II.  Another  method  of  discrimination  of 
the  species  of  a  cusp  depends  upon  the  test  for  concavity 

or  convexity.     Find  the  two  values  of  -r^  (or  3— g,  see 

Art.  245).  If  these  have  opposite  sigTis  very  near  to  the 
cusp,  the  two  branches  starting  from  the  cusp  are  one 
concave  and  the  other  convex  to  the  foot  of  the  ordinate, 
and  the  cusp  is  of  the  first  species.  But  if  the  signs  be 
the  same,  the  two  branches  are  either  both  concave  or  both 
convex  to  the  foot  of  the  ordinate,  and  the  cusp  is  of  the 
second  species. 

Ex.  Discuss  the  form  of  the  curve  y=x±x^  at  the  origin. 

Here  5^=  ±3  J 

dx^         4  six 

Hence  only  positive  values  of  x  are  admissible  and  the  two  values 
of  -  ^  have  opposite  signs.    The  origin  is  therefore  a  single  cusp  of 

the  first  species. 

This  result  is  obvious  also  from  the  form  of  the  equation  to  the 
curve. 
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260.  Singularities  of  Transcendental  Curves. 

In  addition  to  the  singularities  above  discussed  others 
occur  occasionally  in  transcendental  curves,  due  to  dis- 
continuities in  the  values  of  y,  -~,  etc.    For  instance,  if 

the  value  of  y  be  discontinuous  at  a  certain  point  the 

curve  suddenly  stops  there  and  the  point  is  called  a 

*' point  cVarr^tJ" 

1 

Consider  the  curve  y=«i  ;  (a  >  1). 

When  ;r=  — 00,  y=l,  and  as  a:  increases  from  —  cx>  to  zero  y  is 
always  positive  and  decreases  down  to  zero.  As  soon,  however,  as 
X  becomes  positive,  being  still  indefinitely  small,  y  suddenly  be- 
comes infinitely  great,  and  as  a:  increases  to  +oo  y  gradually 
diminishes  down  to  unity.  The  origin  is  a  point  cParrSt  on  this 
curve,  and  the  shape  is  that  shown  in  the  annexed  figure. 


Fig.  48. 

Next  suppose  that  the  value  of  y  is  continuous,  but 

that  at  a  certain  point  -p  becomes  discontinuous,  so  that 

two  branches  of  the  curve  meet  at  certain  angle  at  the 
same  point  and  stop  there.  Such  a  point  is  called  a 
"  point  aaillantr 
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261.  Branch  of  Conjugate  Points. 

It  sometimes  happens  that  a  curve  possesses  an  infinite 
•series  of  conjugate  points,  satisfying  the  equation  to  the 
curve  and  forming  a  branch  of  isolated  points.  M. 
Vincent,  in  a  memoir  published  in  vol.  xv.  of  Gergonne's 
^*Annales  des  Math.,"  has  discussed  several  such  cases, 
and  calls  such  discontinuous  branches  by  the  name 
branches  pointUl^es. 

Ex.  In  traciDg  the  curve  y^sf^^  it  is  clear  that,  when  ^=qo, 
^y=c}o  ;  and  when  x—\^  y=l.  Also  that  as  x  decreases  from  oo  to 
1,  y  also  decreases  from  cx>  to  1.  Between  x—\  and  ^=0  y  is  less 
than  1;  and  when  a?=0,  y—\  (see  Chap.  XIII.).  There  is  there- 
fore a  continuous  branch  of  the  curve,  viz.,  oo  PB^  above  the  axis 
of  r. 

Again,  whenever  x\&^  fraction  with  an  even  denominator  there 


Fig.  49. 
are  two  real  values  of  y,  differing  only  in  sign ;  e,g,y 

(i)»=  ±  Vi 

whilst,  whenever  the  denominator  of  x  is  odd,  there  is  but  one  real 
value  for  y.    There  is  therefore  a  branch  of  conjugate  points  below 
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the  axis  forming  a  discontinuous  branch,  of  the  same  shape  as  the 
continuous  branch  above  the  axis. 

Next  consider  what  happens  when  x  is  negative.  Let  the  co- 
ordinates of  any  point  P  on  the  branch  in  the  first  quadrant  be 
(^,  y),  then  ON=x,  Take  On——x  along  the  negative  portion  of 
the  axis  of  a?,  then,  if  p  be  the  corresponding  point  on  the  curve,  we 
have  pn—^  —  x)  ~*,       PN = ot*, 

and  therefore  pn .  PN—  ( - 1)*, 

which  may  be  =1,  —1,  or  imaginary,  according  to  the  particular 
value  of  X.  Hence,  when  the  ordinate  jin  is  real,  its  magnitude  is 
inverse  to  that  of  the  corresponding  ordinate  PN,  Hence  on  this 
curve  we  have  two  infinite  series  of  conjugate  points,  as  shown  in 
the  figure. 

For  an  account  of  M.  Viu cent's  memoir  and  criticisms  upon  it 
see  Dr.  Salmon's  "  Higher  Plane  Curves,"  p.  275,  or  a  paper  by  Mr. 
D.  F.  Gregory,  "Camb.  Math.  Journal,"  vol.  i.,  pp.  231,  264. 

262.  Maclaurin's  Theorem  with  regard  to  Cnbics. 

We  conclude  the  present  chapter  with  an  important 
theorem  with  regard  to  cubic  curves,  which  is  due  to 
Maclaurin. 

If  a  radius  vector  OPQ  be  drawn  through  a  'point  of 
inflexion  (0)  of  a  cubic,  cutting  the  curve  again  in  P  and  Q, 
to  show  that  the  locus  of  the  extremities  of  the  harmonic 
Tnean^y  between  OP  and  OQy  is  a  straight  line. 

If  the  origin  be  taken  at  the  point  of  inflexion  and  the 

tangent  at  the  point  of  inflexion  as  the  axis  of  y,  the 

equation  of  the  cubic  must  assume  the  form 

y^+xu  =  (^ (1) 

where  u  is  the  most  general  expression  of  the  second  and 

lower  degrees,  viz., 

ax^+lhxy  +  by^  +  ^gx+'^.fy+c, 
for  it  is  clear  that  the  axis  of  y  cuts  this  curve  in  three 

points  ultimately  coincident  with  the  origin. 

The  equation  (1)  when  put  into  polars  takes  the  form 

Lr^+Mr+N  =  0, 
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where 

L  =  Bin?e + (a  cos^e  +  ik  sin  0  cos  0 + 6  sin^g)  cos  0, 
if  =  (2^  cos  0+ 2/8iii  6)  cos  0, 
A''=ccos  ft 
If  Tj,  r^  be  the  roots  of  this  quadratic,  and  p  the 
hanuonic  mean  between  them,  we  have 

2__j.      1 M_     2gcose+2/sine 


P 


r,     r«         i^^ 


1 


which  shows  that  the  Cartesian  Equation  of  the  locus  of 
the  extremity  of  the  harmonic  mean  is  the  straight  line 

gx+fy'\-G  =  0. 

263.  It  is  obvious  from  Art.  187  that  the  equation  of  the 
polar  conic  of  the  cubic  (1)  with  regard  to  the  origin  is 

x{2gx+2fy)  +  2cx  =  0, 
or  x(gx+fy+c)  =  0. 

Hence  the  polar  conic  of  a  point  of  inflexion  on  a  cubic 
breaks  up  into  two  straight  lines,  one  of  which  is  the 
tangent  at  the  point  of  inflexion,  and  the  other  the  locus 
of  the  extremities  of  the  harmonic  means  of  the  radii 
vectores  through  the  point  of  inflexion.  It  appears  from 
this  that  only  three  tangents  can  be  drawn  from  a  point 
of  inflexion  on  a  cubic  to  the  curve,  viz.,  one  to  each  of 
the  points  in  which  the  line  gx+fy+c  =  0  meets  the 
curve,  and  consequently  also  that  their  three  points  of 
contact  lie  in  a  straight  line. 

264.  If  a  Cable  have  three  real  points  of  Inflexion  they 
are  CoUinear. 

It  follows  immediately  from  Maclaurin's  Theorem  above 
proved  jjjiat  if  A  and  B  be  two  points  of  inflexion  on  a 
cubic,  the  line  AB  produced  will  cut  the  curve  in  a  third 

R 
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point  C,  which  is  also  a  point  of  inflexion  on  the  cubic. 
For  if  B,  jBj,  B^  be  the  three  ultimately  coincident  points 
on  the  cubic,  which  lie  in  a  straight  line  {B  being  a  point 
of  inflexion),  let  ABy  AB^,  AB^  cut  the  curve  in  (7,  C^,  C^, 
and  let  AH,  AH^,  AH^  be  the  harmonic  means  between 
AB,AO\  AB^y  A C, ;  AB^,  A G^  respectively, then H,  H^,  H^ 
lie  in  a  straight  line  by  Maclaurin*s  Theorem,  and  -B,  5^,  B^ 
lie  in  a  straight  line ;  therefore  by  a  theorem  in  conic 
sections  0,  C^,  G^  also  lie  in  a  straight  line,  and  they  are 
ultimately  coincident  points.  G  is  therefore  a  point  of 
inflexion. 


EXAMPLES. 


ip)         y'¥c  =  c  cosh  -. 
(^)  2/  =  « tan 


1.  Write  down  the  equations  of  the  tangents  at  the  origin  for 
each  of  the  following  curves : — 

X 

c 

X 

F 

(y)  y''  =  x\og{l+x), 

(8)       a^  +  y^  =  Saocy, 

2.  Show  that  the  curve  y  =  e*  is  at  every  point  convex  to  the 
foot  of  the  ordinate  of  that  point. 

3.  Show  that  for  the  cubical  parabola 

a^y  =  (aj  -  5)8 

there  is  a  point  of  inflexion  whose  abscissa  is  b, 

4.  Show  that  for  the  semicubical  parabola 

the  origin  is  a  cusp  of  the  first  species. 

5.  Show  that  the  origin  is  a  cusp  of  the  first  specif  on  the 
curve  a{y  -  xY  =  ix^. 
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6.  Show  that  on  the  curve 

{ay  -  ix?Y  =  ha? 
there  is  a  cusp  of  the  first  species  at  the  origin,  and  a  point  of 

inflexion  whose  abscissa  is  —h, 

64 

7.  Show  that  there  are  points  of  inflexion  at  the  origin  on 
each  of  the  curves 

(a)  y  =  XQO^-, 
a 

(P)  y  =  atan-. 

0 

(y)  y=ix^log{l-x). 

8.  Show  that  the  curves 

y^  —  ar  sm  -,       2/  =  ^  ^^  - 
a  a 

have  cusps  of  the  first  kind  at  the  origin. 

9.  Show  that  at  the  origin  on  the  curve 

y^  =  bx  sin  - 
a 

there  is  a  node  or  a  conjugate  point  according  as  a  and  b  have 

like  or  unlike  signs. 

10.  Show  that  there  is  a  point  of  inflexion  on  the  curve 

y  =  e* 
at  the  point  (8,  e*). 

11.  Show  that  the  Trident  curve 

axy  +  a^  =  a^ 
has  a  point  of  inflexion  at  the  point  in  which  it  cuts  the  axis  of 
X,  and  show  that  the  tangent  at  the  point  of  inflexion  makes 
with  the  axis  of  x  an  angle  tan^^S. 

12.  Show  that  the  curve 

h{ay-a^f==^a^ 
has  a  cusp  of  the  second  species  at  the  origin. 
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13.  Show  that,  if  n  be  greater  than  2,  the  curve 

has  a  cusp  at  the  origin  of  the  first  or  second  species  according 
as  71  is  less  or  greater  than  4. 

14.  Find  the  t>Fo  points  of  inflexion  of  the  curve 

y     ^ 


c     9a2"*' 


and  draw  figures  showing  the  characters  of  the  inflexions. 
15.  Show  that  every  point  in  which  the  curve  of  sines 


^  =  sm- 


a  h 

cuts  the  axis  of  a:;  is  a  point  of  inflexion  on  the  curve. 

16.  Show  that  the  points  of  inflexion  on  the  cubic 


a^x 


^     x'  +  a' 
are  given  hy  x  =  0  and  x=  ±a  J3, 

Show  that  these  three  points  of  inflexion  lie  on  the  straight 
line  flj  =  4y. 

17.  Find  by  polars  the  points  of  inflexion  on  the  curve 

2x{a?  +  2/2)  =  a{2a^  +  y^). 

18.  Show  that  the  curve  au  =  6^  has  a  point  of  inflexion 

where  ** 

au=  {n{l  —  n)}^, 

19.  Show  that  if  the  origin  be  a  point  of  inflexion  on  the 
curve  t^  +  Wa  +  W3  +  . . .  =  0 

U2  will  contain  i^  for  a  factor. 

20.  Show  that  there  is  a  point  of  inflexion  at  the  origin  on 
the  cubic  y  =  aocy  +  by^  +  ca^, 

21.  Show  that  there  is  a  point  of  undulation  at  the  origin  on 
the  curve  y  =  ax^  +  ba^y^  +  cy\ 

22.  Show  that  the  origin  is  a  triple  point  on  the  curve 

x*  +  ]/'  =  aoDy^, 
and  that  there  is  a  cusp  of  the  first  species  there. 
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23.  Show  that  there  are  two  points  of  inflexion  at  the  origin 
on  each  of  the  curves 

24t.  Show  that  the  abscissae  of  the  points  of  inflexion  on  the 
curve  y**  =f{x) 

are  roots  of  the  equation 

^{/'(«)r=yi:«r(«)- 

25.  Show  that  the  abscissae  of  the  points  of  inflexion  on  the 
curve  y  ==  e-X«  tan  fuu 

are  given  by 

2/A  sec^  ftaj(/A  tan  ftoj  -  A)  +  A.^  tan  /juk  =  0. 

26.  Show  that  the  curve 

has  but  one  point  of  inflexion,  and  that  its  abscissa  is 

-^3  +  1 


—  a 


n-\ 


V 

27.  Find  the  positions  of  the  points  of  inflexion  on  the  curve 

12i/  =  a;*-165c3  +  42a^+12a;+l. 

28.  Prove  that  the  curve 

y  =  be  ^^' 
has  a  point  of  inflexion  given  by 

x  =  a  ^FH, 

29.  Prove  that  the  point  (  -  2,  -^ )  is  a  point  of  inflexion 

on  the  curve  y  =  a:e*. 

30.  Show  that  there  are  two  points  of  inflexion  on  the  cubic 

at  the  points  (a,  0),  (0,  a)  respectively. 
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31.  In  the  curve  a^  +  'i^^aoi? 

show  that  there  is  a  cusp  of  the  first  kind  at  the  origin,  and  a 
point  of  inflexion  where  a;  =  a. 

32.  In  the  curve     y^  =  (a;  -  a){x  -  6)  (a;  -  c) 

show  that  if  a  =  5  there  is  a  node,  cusp,  or  conjugate  point  at  a;  =  a 
according  as  a  is  >  ,  = ,  or  <  c.     Also  show  that  the  points 

of  inflexion  have  for  their  abscissae  x  =  — I—.      Hence  show 

that  the  points  of  inflexion  on  this  curve  are  real  or  imaginary 
according  as  the  curve  has  a  conjugate  point  or  a  node. 

33.  Show  that  for  the  curve 

r  =  a{\  -  cos  6) 
there  is  a  cusp  of  the  first  kind  at  the  origin. 

34.  Show  that  the  curve 

has  a  double  point  at  the  origin. 

35.  Show  that  the  curve 

r^a  sin  nO 
has  a  multiple  point  at  the  origin  of  order  n  or  2n  according  as 
n  is  odd  or  even. 

36.  Show  that  the  curve 

has  a  cusp  of  the  first  kind  at  the  pole. 

37.  Show  that  if  the  cubic 

ic^  +  ey  —  aa?  -{-ha?  -{-cx  +  d 
have  a  centre,  then  will  ft  =»  0  and  d  —  0  and  the  centre  is  at  the 
origin. 

In  this  case  show  also  that  the  origin  is  a  point  of  inflexion 
on  the  curve. 

38.  Show  that  there  is  a  conjugate  point  on  the  locus 

a^  +  y*  +  Zcxy  =  c' 
at  the  point  ( -  c,  -  c).     Trace  the  curve. 
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39.  Show  that  the  curve 

has  two  cusps  of  the  first  species  at  the  origin,  and  that  x-^y  —  a 
is  an  asymptote. 

40.  Show  that  a  cubic  curve  cannot  have  more  than  one 
double  point,  and  cannot  have  a  triple  point. 

Examine  the  case  of  the  curve 

2(ar»  +  y«)  _  3(3a;'*  +  y^)  +  12aj  =  4 
and  show  that  there  are  apparently  two  nodes  at  (1,  1)  and  at 
(2,  0)  respectively.     Explain  this  result. 

41.  Show  that  the  curve 

a 

has  a  cusp  of  the  first  species  at  the  origin  and  is  symmetrical 
with  regard  to  the  axis  of  oj.  Show  also  that  it  ha^  an  infinite 
series  of  conjugate  points  lying  at  equal  distances  from  each 
other  along  the  negative  portion  of  the  axis  of  x, 

42.  Show  that  the  curve 

y-x  —  log^  J- 

has  a  node  at  the  point  (1,  2). 

43.  Show  that  the  curve 

{u^  +  ff^ai^x'y-f) 
has  a  triple  point  at  the  origin,  and  that  the  angles  between 
the  branches  through  the  origin  are  equal. 

44.  Show  that  the  curve 

has  a  multiple  point  of  the  eighth  order  at  the  origin,  and  that 
the  curve  consists  of  eight  equal  loops. 

45.  Show  that  for  the  Cissoid 

^  ""2a -a; 
the  origin  is  a  cusp  of  the  first  species. 
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46.  Show  that  for  the  Conchoid 

if  6  be  >  a  there  is  a  node  at  a;  =  0,  y  =  -  a,  and  \ih  —  a  there  is 
a  cusp  at  the  same  point. 

47.  Show  that  at  the  point  ( -  1,  -  2)  there  is  a  cusp  of  the 
first  species  on  the  curve 

a^+2a^  +  25Ci/-y2  +  5a;-2y  =  0. 

48.  Examine  the  singularities  of  the  curve 

aJ*- 4aa^- 2ay»  + 4aV  + 3ay  -  a*  =  0. 
There  are  nodes  at  the  points  (0,  a),  (a,  0),  (2a,  a).     Find  the 
directions  of  the  tangents  at  these  points. 

49.  Show  that  the  curve 

has  a  single  cusp  of  the  second  kind  at  the  point  (0,  -  1 ). 

50.  Examine  the  character  of  the  curve 

ay*  -  aa?^  +  35*  +  oJ^  =  0 
in  tlie  immediate  neighbourhood  of  the  origin. 

51.  Show  that  at  each  of  the  four  points  of  intersection  of 

the  curve  (aa;)*  +  (6y)' =  (a' -  ft")* 

with  the  axes  there  is  a  cusp  of  the  first  species. 

52.  Show  that  the  origin  is  a  conjugate  point  on  the  curve 

05*  -  ao^y  +  axy^  +  ay  =  0. 

53.  Show  that  at  the  origin  there  is  a  single  cusp  of  the  second 
species  on  the  curve  aj*  —  2aa?y  -  axy^  4  ay  =  0. 

54.  Show  that  the  curve 

2/^  =  2a?y  +  o^y  +  a? 
has  a  single  cusp  of  the  first  species  at  the  origin. 

55.  Show  that  the  curve 

y^  =  "la^y  -i  a^y  +  x* 
has  a  double  keratoid  cusp  at  the  origin. 

56.  Show  that  the  curve 

y^  =  2a^y  +  od^y  -  2a^ 
has  a  conjugate  point  at  the  origin. 


CHAPTER  X. 

CURVATURE. 

Curvature. 

265.  Angle  of  Contingence. 

Let  PQ  be  an  arc  of  a  curve.  Suppose  that  between 
P  and  Q  there  is  no  point  of  inflexion  or  other  singularity, 
but  that  the  bending  is  continuously  in  one  direction. 
Let  LPR  and  MQ  be  the  tangents  at  P  and  Q,  intersect- 


ing at  T  and  cutting  a  given  fixed  straight  line  LZ  in  L 
and  M,  Then  the  angle  RTQ  is  called  the  angle  of 
contvngence  of  thb  arc  PQ. 

The  angle  of  contingence  of  any  arc  is  therefore  the 
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difference  of  the  angles  which  the  tangents  at  its  extremi- 
ties make  with  any  given  fixed  straight  line.  It  is  also 
obviously  the  angle  turned  through  by  a  line  which  rolls 
along  the  curve  from  one  extremity  of  the  arc  to  the 
other. 

266.  Measure  of  Curvature. 

It  is  clear  that  the  whole  bending  or  curvature  which 
the  curve  undergoes  between  P  and  Q  is  greater  or  less 
according  as  the  angle  of  contingence  RTQ  is  greater  or 

1  rrn.      i.     i-       angle  of  contingence   .         i,  j    xi 

less.      Ine   fraction   — ^ -, — -^—^ is   called   the 

length  01  arc 

average  bending  or  average  curvature  of  the  arc.     We 

shall  define  the  curvature  of  a  curve  in  the  immediate 

neighbourhood  of  a  given  point  to  be  the  rate  of  deflection 

from  the  tangent  at  that  point.     And  we  shall  take  as  a 

measure  of  this  rate  of  deflection  at  the  given  point  the 

,.    .^     «  ^,  .       angle  of  contingence      ,        ^, 

limit  of  the  expression    — ^ n — «— ^ when  the 

^  length  01  arc 

length  of  the  arc  measured  from  the  given  point  and 

therefore  also  the  angle  of  contingence  are  indefinitely 

diminished. 

That  this  is  a  proper  measure  of  the  rate  of  deflection 

is  obvious  from  the  consideration  that,  for  a  given  length 

of  arc,  the  deflection  is  greater  or  less  as  the  angle  of 

contingence  is  greater  or  less,  and  for  a  given  angle  of 

contingence  the  deflection  is  greater  or  less  as  the  length 

of  the  arc  is  less  or  greater. 

267.  Curvature  of  a  Circle. 

In  the  ca^e  of  the  circle  the  curvature  is  the  same  at 
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every  'point  and  is  Tneamired  by  the  reciprocal  of  the 

RADIUS.  _  K 


Fig.  51. 

For  let  r'be  the  radius,  0  the  centre.     Then 

the  angle  being  supposed  measured  in  circular  measure. 
Tx  angle  of  contingence  _  1 

length  of  arc        ~"  r' 
and   this   is   true  whether  the   limit  be   taken  or  not. 
Hence  the  "curvature"   of   a    circle  at  any  point  is 
measured  by  the  reciprocal  of  the  radius. 

268.  Circle  of  Curvatore. 

If  three  contiguous  points  be  taken  on  a  curve,  a  circle 
may  be  drawn  to  pass  through  those  three  points.  Let 
them  be  P,  Q,  R.  Then,  when  the  points  are  indefinitely 
close  together,  PQ  and  QR  are  ultimately  tangents  both 
to  the  curve  and  to  the  circle.  Hence  at  the  point  of 
ultimate  coincidence  the  curve  and  the  circle  have  the 
same  omgle  of  contingence^  viz.,  the  angle  RQZ  (see  Fig. 
52).  Moreover,  the  arcs  PR  of  the  circle  and  the  curve 
differ  by  a  small  quantity  of  order  higher  than  their  own, 
and  therefore  rftay  he  considered  equal  in  the  li/mit  (see 
Art.  36).     Hence  the  curvatures  of  this  circle  and  of  the 
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curve  at  the  point  of  contact  are  equal.  It  is  therefore 
convenient  to  describe  the  curvature  of  a  curve  at  a 
given  point  by  reference  to  a  circle  thus  drawn,  the  re- 
ciprocal of  the  radius  being  a  correct  measure  of  the  rate 


Fig.  52. 

of  bend.  We  shall  therefore  consider  such  a  circle  to 
exist  for  each  point  of  a  curve  and  shall  speak  of  it  as 
the  circle  of  curvature  of  that  point.  Its  radius  and 
centre  will  be  called  the  radius  and  centre  of  curvature 
respectively,  and  a  chord  of  this  circle  drawn  through  the 
point  of  contact  in  any  direction  will  be  referred  to  as  the 
chord  of  curvature  in  that  direction. 

269.  Formula  for  Radius  of  Curvature. 

Referring  to  the  figure  of  Art.  265,  let  the  arc  AP 
measured  from  some  fixed  point  A  on  the  curve  up  to  P 
be  called  8,  and  AQ,  8+S8\  let  the  angle  PLZ=\fr,  and 
QMZ='^+S\lr.    Then  the  angle  of  contingence  ETQ = S\fr 

and  the  measure  of  the  curvature  =  Lt-^ = -f- .    If  there- 

68         08 
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fore  the  radius  of  curvature  be  called  p  we  have 

1     dy!r  ds  ,  X 

r^'**'^^*^ ^^ 

270.  This  formula  may  also  be  arrived  at  thus.  Let  PQ 
and  QR  (Fig.  52)  be  considered  equal  chords,  and  there- 
fore when  we  proceed  to  the  limit  the  elementary  arcs 
PQ  and  QR  may  be  considered  equal.     Call  each  Ss,  and 

A 

the  SLUgle  RQZ  =  S\lr. 

Now  the  radius  of  the  cu'cum-circle  of  the  triangle 

PQR  is  Q  .    p^p. 
2  sin  PQR 

„  J.      PR  J..     2S8         j-.Ss       S\lr        ds 

^         2smPQjR        2sin^^        ^^  sin^^     d^ 

Also,  it  is  clear  that  the  lines  which  bisect  at  right  angles 

the  chords  PQ,  QR  intersect  at  the  circum-c^ntre  of  PQR, 

i.e.,  in  the  limit  the  centre  of  curvature  of  any  point  on  a 

curve  may  be  considered  as  the  point  of  intersection  of 

the  normal  at  that  point  with  the  nx)rmal  at  a  contiguous 

and  ultimately  coincident  point, 

271.  The  formula  (a)  is  useful  in  the  case  in  which  the  equation 
of  the  curve  is  given  in  its  intrinsic  form,  i.e.,  when  the  equation  is 
given  as  a  relation  between  8  and  \f/  (Art.  291).  For  example,  that 
relation  for  a  catenary  is  known  to  be  8=cta.n\f/ ;  whence  we  deduce 

at  once  p = -~ = c  sec^^, 

and  the  rate  of  its  deflection  at  any  point  is  measured  by 

1     cos^^        c 

272.  Transformations. 

This  formula  however  must  be  transformed  so  as  to 
suit  each  of  the  systems  of  co-ordinates  in  which  it  is 
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usual  to  express  the  equation  of  a  curve.     These  trans- 
formations we  proceed  to  perform. 

We  have  the  equations 

,      dx        .     ,     dy 

Hence,  differentiating  each  of  these  with  respect  to  8, 

,  dxlr     d?x  ,  d\lr    d^y 

d^x     d?y 

,  \         d^     d^  ,  . 

whence  —  =  — = —  =  ^— ,  (b) 

p       dy        dx  ^  ' 

ds        da 
and  by  squaring  and  adding 

These  formulae  (b)  and  (c)  are  only  suitable  for  the  case 
in  which  both  x  and  y  are  known  functions  of  s. 

273.  Cartesian  Formula.    Explicit  Functions. 
Again,  since        tan  yjr  =  -^, 

we  have  sec'^=g 

by  differentiation  with  regard  to  x. 

dyfr^dyJA  ds __      1 
dx      ds  '  dx" p cos yjr ' 

therefore  sec^ xfr  .-  =  —4, 

^    p    dx^ 

and  sec  V  =  1  +  tan  V  =1  +  (^)^; 


Now 


Hm 


therefore  p=  — (d) 

3^ 
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This  important  form  of  the  result  is  adapted  to  the 
evaluation  of  the  radius  of  curvature  when  the  equation 
of  the  curve  is  given  in  Cartesian  co-ordinates,  y  being 
an  explicit  function  of  x. 

274.  Cartesians.    Implicit  Functions. 

We  may  throw  this  into  another  shape  specially 
adapted  to  Cartesian  curves,  in  which  neither  variable 
can  be  expressed  explicitly  as  a  function  of  the  other. 

Thus,  if  0(aj,  y)  =  0  be  the  equation  to  the  curve,  we 

have  3^    50  ^^^ 

Zx    dy'  dx       ' 

and         ^4-2.^  #+^/MVM  ^-n 
da?  ^  dxdy  •  dx  "^  dyAdx)  "^c^'dx^ 


Hence,"  substituting  for  -^  -  and  -r-f  in  formula  (d), 


1  + 


dx 


3^ 
3y 


^  +  2-^. 

dx^       dxdy 


dx 
32/ J 


+ 


dy 


dx 


1       ^ 


y 


or 


mhm 


d^<f>(d<f>Y        3^0     d^  ?^  .  ^/5^\ 
dx\dy)        dxdy '  dx' dy     dy'^ dx) 


..(E) 


275.  A  curve  is  frequently  defined  by  giving  the  two 
Cartesian  co-ordinates  aj,  y  in  terms  of  a  third  variable. 
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e.g.y   the   equation   of   a   cycloid   is  most   convenieutly 
expressed  as  a:  =  a{Q + sin  0), 

t/  =  a(l  — COS0). 
Formula   (d)   is   very   easily  modified    to    meet    the 
requirements  of  this  case. 

Let  x  =  F(t)\  be  the  equations  of 

y  =/(0  /  the  curve. 

dy 

Then  ^  =  1=/W 

ric  ^  F'{ty 

dt 

and  ^=-  C^V-^ 

dx^    dt '  \dx) '  dx 

d?y  dx    d^x  dy 

'W''di~Wdi 


_r{t).F\t)-f'{t).F"{t) 
{F\t)}^ 
and  formula  (d)  becomes 

\\dt)^\dti]     {[F\t)Y+[mY?        ,,, 

^"d^  d^_^  d^-f{t).F\t)--f{t),F\t) ^^^ 

dt^ '  dt     dt^ '  dt 

Ex.  In  the  above-mentioned  case  of  the  cycloid 
?^=a(l  +  cos^),         ^=-a8in^. 

de     ^  de^ 

and  by  formula  (r) 

,                             ^  8     8a  cos^- 
q{(l  +  cos(9)g+singg}^ 2_  ^ 

^-  cos  ^(1  +  cos  e)  +  sin2^  "  2  cos^^  ""      '^'^''2' 

2 
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276.  Curvature  at  the  Origin. 

When  the  curve  passes  through  the  origin  the  values 

of  --^(=p)  and  j^(  =  q)  at  the  origin  may  be  deduced 

bj'^  substituting  for  y  the  expression  px+\y+..,   (the 

expansion  of  y  by  Maclaurin's  Theorem)  and  equating 
coeflScients  of  like  powers  of  x  in  the  identity  obtained. 
The  radius  of  curvature  at  the  origin  may  then  be  at 

once  deduced  from  the  formula  p  =  ^ ^-^  [Formula  (d)]. 

Ex.  Let  the  curve  be  ax+b^/ 

+ =0. 

Putting  y='P^+^.^+ '" 

we  have  a  x-k-         a'  ^+...    =0, 


a 

x+          a' 

^-hp 

+  2h'p 

+  hy 

^  2 

therefore  a  +  hp  —  0^ 

and  a'  +  2A>  +  6y+^=0, 

etc., 
giving  ^=  - 1  and   y=  -  g^JilM^t^, 

^  q  2  a'b^-^h'ab  +  h'aP^ 

This  result  of  course  might  be  deduced  at  once  from  formula  (e). 


whence 


277.  It  virill  be  noticed  that,  if  the  lowest  terms  of  the 
equation  be  of  the  second  degree,  we  should  get  a  quad- 
ratic equation  giving  two  values  for  jp,  and  consequently 

also  two  values  for  q.    These  indicate  the  two  values  of 

S 
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p  corresponding  to  the  two  branches  of  the  curve  passing 
through  the  origin. 

Ex.  Find  the  radii  of  cu/rvature  at  the  origin  for  the  curve 

Substituting  />a?+i^+ ...  for  y  we  have 


p2 

^+     pq 

a;3  +  ...     =0, 

-3p 

-1^ 

+  2 

-1 

whence 

?>3'-l2'-l=0, 
etc., 

whence 

p=l  or  2, 

and 

2'= -2  or  2, 

and  therefore 

+A'^)*_2t__^2--1-414..., 

or 

-  ^^  =  ^^^5 -5-590.... 
2        2^ 

The  difference  of  sign  introduced  by  the  q  indicates  that  the  two 
branches  passing  through  the  origin  bend  in  opposite  directions. 

B 


278.  Newtonian  Method. 

The  Newtonian  method  of  finding  the  curvature  of  the 
curve  at  the  origin  is  instructive  and  interesting.  Sup- 
pose the  axes  taken  so  that  the  axis  of  a?  is  a  tangent  to 
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the  curve  at  the  point  Ay  and  the  axis  of  y^  viz»,  AB,  is 
therefore  the  normal.  Let  APB  be  the  circle  of  curvature, 
P  the  point  adjacent  to  and  ultimately  coincident  with  A 
in  which  the  curve  and  the  circle  intersect.     Then 

or  NB  =  -7-^. 

AN 

Now  in  the  limit 

NB=^  45  =  twice  the  radius  of  curvature. 

1  PN^         a? 

Hence  f'^'^^2AF^^% ^^^ 

Similarly,  if  the  axis  of  y  be  the  tangent  at  the  origin, 

we  have  p=Lt^. 

Ex.  Find  the  radiTis  of  curvature  at  the  origin  for  the  curve 

In  this  case  the  axis  o/  y  is  a  tangent  at  the  origin,  and  therefore 

we  shall  endeavour  to  find  £t^. 

2x 

Dividing  by  x 

2^  +  3y2.^+42w  +  v-?^  +  2=0. 

X 

-2p+2=0, 
or  />=1. 


Now,  at  the  origin  Z^=2p,  x—%y—%  and  the  equation  becomes 


279.  The  same  method  may  be  applied  when  the 
tangent  to  the  curve  at  the  origin  does  not  coincide  with 
one  of  the  axes ;  but  as  the  method  of  Art.  276  is  very 
simple  we  leave  the  investigation  as  an  exercise  to  the 
student. 

Ex.  Establish  in  the  above  manner  the  result  of  the  Example  in 
Art  276. 
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280.  Formula  for  Pedal  Equations. 

To  find  a  formula  for  the  radius  of  curvature  adapted 
to  pedal  equations.    Let  0  be  the  pole  and  G  the  centre 


Fig.  54. 

of  curvature  corresponding  to  the  point  P  on  the  curve, 
P'  a  contiguous  point  on  the  curve  ultimately  coincident 
with  P,  the  normals  at  P  and  F  intersecting  at  G  (Art. 
270).  Let  OF,  the  perpendicular  on  the  tangent  at  P, 
=p.    Then        0(7^  =  r^ + p2  _  2rp  cos  OFG 

=  r2+p2  — 2r/)  sin  0 


since 


sin0  =  -. 


Again,  for  the  contiguous  point  P',  r  becomes  r+57' 
and  p  becomes  p+^j?,  while  p  and  OC?  remain  the  same. 
Hence  OG^ = (r + ^rj- + p*  -  2p(2) + ^jp) ; 

therefore  by  subtraction 


or  in  the  limit 


dp' 
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Ex.  In  the  equation  p^  =  Ar^-\'B^  which  represents  any  epi-  or 
hypo-cycloid  [Chap.  VII.,  Ex.  36],  we  have 

and  therefore  P  oc  /?. 

The  equiangular  spiral,  in  which  /)  cc  /•,  is  included  as  the  case  in 
which  j5=0. 

281.  Polar  Cnrves. . 

We  shall  next  reduce  the  formula  to  a  shape  suited  for 
application  to  curves  given  by  their  polar  equations. 
We  proved  in  Art.  181 


Tx  1  dp     /     ,  d^u\du 


or 


fde^v^devdff 

dp  J     .  dhi\ 


Now  p  =  -y— andr=-; 

^     dp  u 


therefore 


_      1  du_ 


"'  *><»+a 


'"4^ *' 

282.  This  may  easily  be  put  in  the  r,  6  form  thus : — 

Since  u  =  -, 

r 

,  du         1  dr 

we  have  dd^-r^dB' 
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,  ,,       .  cPtt     2  (drV     1  dh- 

and  therefore  -f7vi=-i  It^)  ~ 


therefore 


''+KS"-' 


,(j) 


283.  Tangential-Polar  Form. 
In  Art.  195  it  was  proved  that 

p=p+dr' w 

giving  us  a  formula  for  the  radius  of  curvature  suitable 
for  p,  yjr  equations. 

Ex.  It  is  known  that  the  general  />,  yf/  equation  of  all  epi-  and 
hypo-cycloids  can  be  written  in  the  form 

p=A  QmB\p  (Chap.  VII.,  Ex.  36). 
Hence  p=A  ain  Brf^- A  B^  sin  B^y 

and  therefore  P^  Py 

thus  again  proving  the  result  of  the  Example  in  Art.  280. 

284.  Point  of  Inflexion. 

At  a  point  of  inflexion  the  radius  of  curvature  is  in- 
finite. This  is  geometrically  obvious  from  the  fact  that 
it  is  the  radius  of  a  circle  which  passes  through  three 
coUinear  points.  We  may  hence  deduce  various  forms  of 
the  condition  for  a  point  of  inflexion  ;  thus  if 

we  get  7/   ~^  ^^^"^  W' 
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g  =  Ofrom(D), 


'"'+^  =  0  from  (I), 

some  of  which  have  already  been  established  otherwise. 

Examples. 

1.  Apply  formulap^  to  the  curves 

2.  Apply  formiila  D  to  the  curves 

y^ = Aax^    y=c  cosh  -. 

3.  Apply  formula  E  to  the  curve 

to  find  the  radius  of  curvature  at  the  origin. 

4.  Apply  formula  F  to  the  ellipse 


a7=acos^  ) 


6.  Apply  formula  H  to  the  curves 


6.  Apply  formula  /  to  the  reciprocal  spiral 

285.  Centre  of  Curvature. 

The  Cartesian  co-ordinates  of  the  centre  of  curvature 
may  be  found  thus : — 

Let  Q  be  the  centre  of  curvature  corresponding  to  the 
point  P  of  the  curve.  Let  OX  be  the  axis  of  a? ;  0  the 
origin ;  aj,  y  the  co-ordinates  of  P ;  x,y  those  o{  Q;  rfr  the 
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angle  the  tangent  makes  with  the  axis  of  x.    Draw  PN, 
QM  perpendiculars  upon  the  ^axis  and  PR  a  perpendi- 


O  T        M 

Fig.  56. 

cular  upon  QM.     Then 

x=OM  =  ON^RP 

=:ON-QPQmylr 
=  x  —  p  sin  xfr, 

y=MQ=NP+RQ 
=  y+pcos^. 


and 


Now 


tan^=-^; 
'^     dx 


therefore       sin  rfr  = 


dy 
dx 


and 


COSl/r  = 


Also 


Mir 


dx^ 


CURVATURE. 


281 


Hence 


X  =  X'' 


ti^-mw 


1+ 


da? 

2 


(a) 


y^y-^ 


\dx) 


> 


d?V 


08) 


Involutes  and  Evolutes. 

286.  Def.  The  locus  of  the  centres  of  curvature  of  all 
points  of  a  given  plane  curve  is  called  the  evcHute  of  that 
curve.  If  the  evolute  itself  be  regarded  as  the  original 
curve,  a  curve  of  which  it  is  the  evolute  is  called  an 
involute. 

The  equation  of  the  evolute  of  a  given  curve  may  be 
found  by  eliminating  x  and  y  between  equations  (a),  (fi) 
of  the  last  article  and  the  equation  of  the  curve. 

Ex.  To  find  the  locaa  of  the  centres  of  curvature  of  the  parabola 


Here 


Hence 


4a 
dy  ^  X         dSf  _  1 

dx  ~  2a'        da^  ~~  2a' 


whence 


dh/  4a«' 

da^ 

dx^ 
rv-2a)3^  27^^270^ 


Hence  the  equation  of  the  evolute  is 

4(y-2a)3  =  27aa:2. 
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287.  Evolute  toncbed  by  the  Normals. 

Let  Pj,  Pg,  P,  be  contiguous  points  on  a  given  curve, 
and  let  the  normals  at  P^,  P^  and  at  P^  P,  intersect  at 
Qv  Q2  respectively.  Then  in  the  limit  when  P,,  P,  move 
along  the  curve  to  ultimate  coincidence  with  P^  the 
limiting  positions  of  Q^,  Q^  are  the  centres  of  curvature 
corresponding  to  the  points  P^,  Pj,  of  the  curve.  Now 
Qj  and  Q^  both  lie  on  the  normal  at  P^,  and  therefore  it' 


Fig.  56. 

is  clear  that  the  normal  is  a  tangent  to  the  locus  of  such 
points  as  Q^,  Q^,  i.e.,  each  of  the  normals  of  the  original 
curve  is  a  tangent  to  the  evolute;  and  it  will  be  seen  in 
the  chapter  on  Envelopes  (Art.  313)  that  in  general  the 
best  method  of  investigating  the  equation  of  the  evolute 
of  any  proposed  curve  is  to  consider  it  as  the  envelope  of 
the  normals  of  that  curve. 

288.  There  is  but  one  Evolute,  but  an  infinite  number  of 
Involutes. 

Let  ABGD...  be  the  original  curve  on  which  the 
successive  points  A,  P,  (7,  jD,  ...  are  indefinitely  close  to 
each  other.  Let  a,  b,  c,  ...  be  the  successive  points  of 
intersection  of  normals  at  A,  B,  C,  ...  and  therefore  the 
centres  of  curvature  of  those  points.  Then  looking  at 
ABC,  as  the  original  curve,  abed...  is  its  evolute.     And 
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regarding  abed,.,  as  the  original  curve,  ABCD...  is  an 
involute. 


Fig.  57. 

If  we  suppose  any  equal  lengths  AA\  BB\  CG\  ...  to  be 
taken  along  each  normal,  as  shown  in  the  figure,  then  a 
new  curve  is  formed,  viz.,  A'B'(7...,  which  may  be  called 
a  parallel  to  the  original  curve,  having  the  same  normals 
as  the  original  curve  and  therefore  having  the  same 
evolute.  It  is  therefore  clear  that  if  any  curve  be  given 
it  can  have  but  one  evolutey  but  an  infinite  number  of 
curves  may  have  the  same  evolute,  and  therefore  any 
curve  may  have  an  infinite  number  of  involutes.  The 
involutes  of  a  given  curve  thus  form  a  system  o{  parallel 
curves. 

289.  Involutes  traced  out  by  the  several  points  of  a 
string  unwound  from  a  curve. 
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Since  a  is  the  centre  of  the  circle  of  curvature  for  the 
point  A  (Fig.  57),    aA  =  aB 

=  62^+ elementary  arc  ah  (Art.  36). 
Hence  a  A  —  bB  =  arc  ab. 

Similarly  65  — cC=  arc  ftc, 

cC— djD  =  arc  cd, 

etc., 
/i^-flrG  =  arc/(7. 
Hence  by  addition 

aA  —gr(T  =  arc  a6  +  arc  6c+ ...  +arc  fg 

=  arc  agr. 
Hence  the  difference  between  the  radii  of  curvature  ai 
two  points  of  a  curve  is  equal  to  the  length  of  the 
correspondiTig  arc  of  the  evolute.  Also,  if  the  evolute 
abc,  be  regarded  as  a  rigid  curve  and  a  string  be  un- 
wound from  it,  being  kept  tight,  then  the  points  of  the 
unwi/ading  string  describe  a  system,  of  parallel  curves, 
each  of  which  is  an  involute  of  the  curve  abed,..,  one 
of  them  coinciding  with  the  original  curve  ABC...  It  is 
from  this  property  that  the  names  involute  and  evolute 
are  derived. 

290.  Badius  of  Curvature  of  the  Evolute. 
It  is  easy  to  find  an  expression  for  the  radius  of  curva- 
ture at  that  point  of  the  evolute  which  corresponds  to 
any  given  point  of  the  original  curve. 

Let  0  (Fig.  57)  be  the  centre  of  curvature  for  the  point  a 
of  the  evolute.     The  angle  Syf/  between  the  normals  at  a,  6 
=  the  angle  between  the  tangents  at  a,  b 
=  the  angle  between  the  tangents  at  ^,  jB  to  the 

original  curve 
=  Syft. 
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And  if  s'  be  the  arc  of  the  evolute  measured  from  some 

fixed  point  up  to  a,  and  p  the  radius  of  curvature  of  the 

evolute  at  a,  and  p  that  of  the  original  curve  at  -4,  we 

have,  rejecting  infinitesimals  of  order  higher  than  the  first, 

&'=arca6  =  5p, 
and  therefore 

8  being  the  arc  of  the  original  curve  measured  from  some 
fixed  point  up  to  -4,  and  ^  the  angle  which  the  tangent 
at  A  makes  with  some  fixed  straight  line. 

Intrinsic  Equation. 

291.  The  relation  between  the  length  of  the  arc  (s)  of  a 
given  curve,  measured  from  a  given  fixed  point  on  the 
curve,  and  the  angle  between  the  tangents  at  its  extremi- 
ties ()/r)  has  been  aptly  styled  by  Dr.  Whewell  the 
Intrinsic  Equation  of  the  curve.  For  many  curves  this 
relation  takes  a  very  elegant  form.  The  name  seems 
specially  suitable  to  a  relation  between  such  quantities 
as  these,  depending  as  it  does  upon  no  external  system  of 
co-ordinates.  The  method  of  obtaining  the  intrinsic 
equation  from  the  Cartesian  or  polar  relation  is  dependent 
in  general  upon  processes  of  integration.  If  the  equation 
of  the  curve  be  given  as  y=f(x),  the  axis  of  x  being 
supposed  a  tangent  at  the  origin,  and  the  length  of  the 
arc  being  measured  from  the  origin,  we  have 

tan^=/(a;), (1> 

^""^  S=^i+i7WP (2) 

If  8  be  determined  by  integration  from  (2)  and  x  elimin- 
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ated  between  the  result  and  equation  (1),  the  required 
relation  between  s  and  y}r  will  be  obtained. 

Ex.  1.  Intrinsic  equation  of  a  circle. 

If  ^  be  the  angle  between  the  initial  tangent  at  A  and  the 
tangent  at  the  point  P,  and  a  the  radius  of  the  circle,  we  have 


and  therefore 


A  A 

POA^PTX^% 

s=ay//. 


Fig.  58. 

Ex.  2.  In  the  case  of  the  catenary/  whose  eqtiation  is 

v=ccosh- 
^  c 

the  intrinsic  eqication  is  «=c  tan  xf/. 

For 


tan  ^ = -^ = sinh -, 
ax  c 


and 

and  therefore 


^*  =  . /l +sinh2f =cosh?, 
ax     ^  c  c 


X 

«=csmh  -, 
c 


the  constant  of  integration  being  chosen  so  that  x  and  s  vanish 
together,  whence  »=ctan  ^. 

Examples. 

1 .  Show  that  the  cycloid        x — a{B + sin  ^) ) 

y=a(l-co8^)i 

has  for  its  intrinsic  equation      «= 4a  sin  ^. 
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2.  Show  that  the  epi-  or  hypo-cycloid  given  by 

j7=(a+6)cos^-6cos?^*d 

y= (a 4-5)  sin  ^-6sin5Ll_^ 

has  an  intrinsic  equation  of  the  form 

«=-4siQ5^. 

292.  Intrinsic  Equation  of  the  Evolute. 

Let  8  =/(V^)  be  the  equation  of  the  given  curve.  Let 
s  be  the  length  of  the  arc  of  the  evolute  measured  from 
some  fixed  point  A  to  any  other  point  Q.     Let  0  and  P 


be  the  points  on  the  original  curve  corresponding  to  the 
points  -4,  Q  on  the  evolute,  p^,  p  the  radii  of  curvature  at 
0  and  P;  \[/  the  angle  the  tangent  QP  makes  with  OA 
produced,  and  yfr  the  angle  the  tangent  PT  makes  with 
the  tangent  at  0. 

Then  V^'  =  V^,  and      a'^p-^p^^j^-^p^^ 

or  _  ^       «'=/(^')-Po, 

the  intrinsic  equation  of  the  evolute. 

293.  Intrinsic  Equation  of  an  Involute. 
With  the  same  figure,  if  the  curve  AQhe  given  by  the 
equation  8'=f(\l/)y 
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we  have       pz=zS'\-p^     p  =  —-,  and  )/^  =  ^', 
whence  8  =J'{f(\lr')  +  p^}  dyf/, 

294.  Evolutes  of  Cycloids  or  Epi-  and  Hypo-Cycloids. 

If  we  apply  the  result  of  'Art.  292  to  the  intrinsic 
equation  s^A^mByJr,  we  get  for  the  equation  of  the 
evolute  8'  =  AB  cos  Byf/ — p^ 

or,  dropping  the  dashes, 

8=j4-BcosJBi/r, 

if  8  be  supposed  measured  from  the  point  where  \[r  =  ^. 

This  proves  that  the  evolute  of  an  epi-  or  hypo-cycloid 
is  a  similar  epi-  or  hypo-cycloid.  Also,  the  case  in 
which  B=l  shows  that  the  evolute  of  a  cycloid  is  an 
equal  cycloid. 

[For  further  information  on  Intrinsic  Equations  the  student  is 
referred  to  Boole,  "  Differential  Equations,"  p.  263,  and  to  "  Camb. 
PhU:  Trans.,"  Vol.  VIII,  p.  689,  and  Vol.  IX.,  p.  150.] 

Contact. 

295.  First,  consider  the  point  P  at  which  two  curves 
cut.  It  is  clear  that  in  general  each  has  its  own  tangent 
at  that  point,  and  that  if  the  curves  be  of  the  rrfi^  and  n^ 
degrees  respectively,  they  will  cut  in  mw  — 1  other  points 
real  or  imaginary. 

p 


Fig.  60. 

Next,  suppose  one  of  these  other  points  (say  Q)  to 
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move  along  one  of  the  curves  up  to  coincidence  with  P. 
The  curves  now  cut  in  two  ultimately  coincident  points 
at  P,  and  therefore  have  a  common  tangent.  There  is 
then  said  to  be  contact  of  the  first  order.  It  will  be 
observed  that  at  such  a  point  the  curves  do  not  on  the 
whole  cross  each  other. 

Again,  suppose  another  of  the  mn  points  of  inter- 
section (viz.,  R)  to  follow  Q  along  one  of  the  curves  to 
coincidence  with  P.  There  are  now  three  contiguous 
points  on  each  curve  common,  and  therefore  the  curves 


Fig.  61. 

have  two  contiguous  tangents  common,  namely,  the 
ultimate  position  of  the  chord  PQ  and  the  ultimate 
position  of  the  chord  QR.  Contact  of  this  kind  1^  said 
to  be  of  the  second  order,  and  the  curves  on  the  whole 
cross  each  other. 

Finally,  if  other  points  of  intersection  follow  Q  and  R 
up  to  P,  so  that  ultimately  k  points  of  intersection  coin- 
cide at  P,  there  will  be  Aj—  1  contiguous  common  tangents 
at  P,  and  the  contact  is  said  to  be  of  the  (k—1)^  order. 
And  if  k  be  odd  and  the  contact  of  an  even  order  the 
curves  will  cross,  but  if  k  be  even  and  the  contact  there- 
fore of  an  odd  order  they  will  not  cross. 

T 
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296.  Closest  Degree  of  Contact  of  the  Conic  Sections  with 
a  Curve. 

The  simplest  curve  which  can  be  drawn  so  as  to  pass 
through  two    given  points  is  a  straight  line, 
do.       three  do.  circle, 

do.      four  do.  parabola, 

do.       five  .  do.  conic. 

Hence,  if  the  points  be  contiguous  and  ultimately 
coincident  points  on  a  given  cui've,  we  can  have  respec- 
tively the 

Straight  Line  of  Closest  Contact  (or  tangent),  having  con- 
tact of  the  first  order  and  cutting  the  curve  in  two 
ultimately  coincident  points,  and  therefore  not  in 
general  crossing  its  curve ;  the 

Circle  of  Closest  Contact,  having  contact  of  the  second 
order  and  cutting  the  curve  in  three  ultimately 
coincident  points,  and  therefore  in  general  crossing 
its  curve  (this  is  the  circle  already  investigated  as 
the  circle  of  curvature)  ;  the 

Parabola  of  Closest  Contact,  having  contact  of  the  third 
order  and  cutting  the  curve  in  four  ultimately 
coincident  points,  and  therefore  in  general  not 
crossing! ;  and  the 

Conic  of  Closest  Contact,  having  contact  of  the  fourth 
order  and  cutting  the  curve  in  five  ultimately 
coincident  points,  and  therefore  in  general  crossing. 

We  say  in  general :  for  take  for  instance  the  "  circle 
of  closest  contact "  at  a  given  point  on  a  conic  section. 
Now,  a  circle  and  a  conic  section  intersect  in  four  points 
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real  or  imaginary,  and  since  in  our  case  three  of  these  are 
real  and  coincident,  the  circle  of  closest  contact  cuts  the 
curve  again  in  some  one  real  fourth  point.  But  it  may 
happen  as  in  the  case  in  which  the  three  ultimately  coin- 
cident points  are  at  an  end  of  one  of  the  axes  of  the  conic 
that  the  fourth  point  is  coincident  with  the  other  three,  in 
which  case  the  circle  of  closest  contact  has  a  contact  of 
higher  order  than  usual,  viz.,  of  the  third  order,  cutting 
the  curve  in  four  ultimately  coincident  points,  and  there- 
fore on  the  whole  not  crossing  the  curve.  The  student 
should  draw  for  himself  figures  of  the  circle  of  closest 
contact  at  various  points  of  a  conic  section,  remembering 
from  Geometrical  Conies  that  the  common  chord  of  the 
circle  and  conic,  and  the  tangent  at  the  point  of  contact 
make  equal  angles  with  either  axis.  The  conic  which 
has  the  closest  possible  contact  is  said  to  osculate  its 
curve  at  the  point  of  contact  and  is  called  the  osculating 
conic.  Thus  the  circle  of  curvature  is  called  the 
osculating  circle,  the  parabola  of  closest  contact  is  called 
the  osculating  parabola,  and  so  on. 

297.  Analytical  Conditions  for  Contact  of  a  given  order. 
We  may  treat  this  subject  analytically  as  follows. 
Let  y  =  ^{x)i 

y  =  \lr{x)) 
be  the  equations  of  two  curves  which  cut  at  the  point 

Consider  the  values  of  the  respective  ordinates  at  the 
points  Pj,  Pg  whose  common  abscissa  \&x+h. 

Let        MN=h, 
Then         NP^  =  ^(x+h), 
NP^^yfrix+h) 


292 
and 
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If  the  expression  for  P^Pi  be  equated  to  zero,  the  roots 
of  the  resulting  equation  for  h  will  determine  the  points 
at  which  the  curves  cut. 

If  <f>{x)  =  \lr(x),  the  equation  has  one  root  zero  and  the 

curves  cut  at  P. 
If  also  <p\x)  =  yf/ix)  for  the  same  value  of  x,  the  equa- 
tion has  two  roots  zero  and  the  curves  cut  in  tvjo 
contiguous   points   at  P,   and   therefore   have   a 
common  tangent.     The  contact  is  now  of  the  first 
order, 
'  If  also  <j>"(x)  =  ylr\x)  for  the  same  value  of  Xy  the  equa- 
tion for  h  has  three  roots  zero  and  the  curves  cut 
in  three  ultimately  coincident  pointsat  P.     There 
are  now  two  contiguous  tangents  common,  and  the 
contact  is  said  to  be  of  the  second  order;  and  so  on. 
Similarly  for  curves  given  by  their  polar  equations,  if 
r=f{9),  r  =  (j>{Q)  be  the  two  equations,  there  will  be  7i-|-l 
equations  to  be  satisfied  for  the  same  value  of  0  in  order 
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that  for  that  value  there  may  be  contact  of  the  n^  order, 
viz., 

AO) = m^  no) = 0'(0),  f(0) = 0^(0), . . .,  fm = noy 

298.  Osculating  Circle. 

The  circle  of  curvature  may  now  be  investigated  as  the 
circle  which  has  contact  of  the  second  order  with  a  given 
curve  at  a  given  point. 

Suppose  y=f{^)   (1) 

to  be  the  equation  of  the  curve. 

Let  {x-xf+{y-yf=p^ (2) 

be  the  equation  of  the  circle  of  curvature. 

By  diflferentiating  (2)  we  have 

x-x+{y^yi^  =  0,  (3) 

and  differentiating  again 

>+(S)'+(^-*)2-'' (*) 

Now  the  X,  2/,  -^y  -f^  of  equations  (2),  (3),  (4)  refer  to 
the  circle.  But,  since  there  is  to  be  contact  of  the  second 
order  with  the  curve  y  =f(x)  at  the  point  (x,  y\  -~  and  ^-^ 
have  the  same  valv^  as  when  deduced  frcmi  the  equation 
to  the  curve,  i.e.,  we  may  write  f\x)  for  -^  and  f\x) 

From  equation  (4) 

y  y~     d^  ~    fix)  ' 

da? 
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-    dxV^\dx)  )    /' 


whence    x—x= 


da? 
and  by  squaring  and  adding 

_  +r"^wr  _  +  [i+i/'M!]* 

f--         <Py         --        fix)      '' 
da? 

such  a  sign  being  given  to  the  radical  as  will  make  p 

dhj 
positive,  i.e.,  if  -t4  be  positive  we  must  choose  the  + 

d^v 
sign  for  the  numerator,  and  if  -r^  be  negative  we  must 

choose  the  —  sign. 

The  values  of  x  and  y  are  the  same  as  those  found 
geometrically  in  Art.  285,  viz.. 


x  =  x 


da? 


da? 

299.  Conic  having  Third  Order  Contact  at  a  given  point. 

The  locus  of  the  centres  of  all  conies  having  third 
order  contact  with  a  given  curve  at  a  given  point 
(i.e.,  cutting  the  curve  in  four  ultimately  coincident 
points)  is  a  straight  line  which  passes  through  the 
point  of  contact. 
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Let  P  be  a  point  on  the  curve  and  G  the  centre  of  one 
of  the  conies  having  third  order  contact  with  the  given 


T'  .  p      y  T 


Fig.  63. 

curve  at  P.     Let  CD  be  the  semiconjugate  to  CP  and 
CF  a  perpendicular  on  the  tangent  at  P. 

Let  CP  =  ry  CD  =  r\  GT=p,  and  let  PC  make  an  angle 
<f>  with  the  normal  at  P. 

Then  we  have         r^ + r^  =  a^  +  b\ 
and  pr  =  ah, 

and  therefore        rdr + r'dr'  =  0 ; 


and  for  a  conic 


therefore 


dr 


{i/)_3r'2  dr' _     Sr   rdr 
ds      ab  '  ds^     ah'  ds 
__  _  3r  cZr  __  ^  sin  0 
~~      p  ' ds"    cos ^' 


for  -r^  =  cos  CPT=  —  sin0,  the  arcs  of  the  curve  and  of 
the  conic  being  measured  from  the  points  0  and  0'  up  to 
P,  and  ^ 


r 


=  cos  (f> ; 


therefore  7r~^  ^^^  ^» 

and  tan  ^  =  ^  -^,  where  -^  is  found  for  (me  of  the  conice. 


3  ds' 


ds 
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But  since  the  conic  and  the  curve  have  contact  of  the 
third  order  they  have  the  same  tangent,  the  same  -j^, 

the  same  --t^,  and  the  same  -r^  at  the  point  of  contact. 

They  therefore  also  have  the  same  p  and  the  same  -t^,  for 

p  depends  on  -^  and  ^  on  ^^. 

Hence  the  value  of  ^  found  above  is  the  same  for  all 
the  conies,  and  depends  only  upon  the  shape  of  the  curve 
at  the  point  of  contact.  The  locus  of  all  such  centres  is 
therefore  a  straight  line  through  the  point  of  contact 

inclined  in  front  of  the  normal  at  an  angle  tan"^(-  --fiV 
where  -^  is  found  from,  the  curve, 

300.  Osculating  Conic. 

We  can  now  pick  out  the  particular  conic  which  has 
fourth  order  contact  with  the  given  curve  at  the  given 
point. 

Let  0  be  the  centre  of  curvature  of  the  point  considered 
and  G  the  required  centre  of  the  conic  of  closest  contact. 
Let  Pj  be  a  point  on  the  curve  adjacent  to  the  given  point 
P.    Join  CP,  GP^  and  draw  P^N  at  right  angles  to  CP. 

Let  OPG=<p,      OP^G=<j>+S<l>,      PG=R. 

Then  PEP^  =  POE+<p, 

and  also  =  P^GE-\-  (j>+S(j>, 

whence  PdE=P^GE+S</>. 

Also,  neglecting  infinitesimals  of  higher  order  than  the 

first,  PP^  =  Ss, 
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and 


POE 


A 
P.CP 


Ss 


P,N 

P,& 


Ss  COS  <f) 


Hence 


Ss       <J8COS0 

or,  proceeding  to  the  limit, 

cos  ^  _  1     d<p 
~R   ~~p~ds' 


where 


And  since  the  contact  is  of  the  fourth  order,  -^  is 

OS 

the  same  for  the  curve  as  for  the  conic,  and  may  therefore 
be  supposed  derived  from  the  equation  of  the  curve. 
These  equations  determine  the  position  of  (7. 

301.  Tangent  and  Normal  as  Axes.  Co-ordinates  of  a 
Point  near  the  Origin  in  terms  of  the  Arc. 

When  the  tangent  and  normal  at  any  point  of  a  curve 
are  taken  as  the  axes  of  x  and  y  it  is  sometimes  requisite 
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to  express  the  co-ordinates  of  a  point  on  the  curve  near 
the  origin  in  terms  of  the  length  of  the  arc  measured 
from  the  origin  up  to  that  point. 

Assume  x=^a  +  a^8+a^^^+a^,^^+,.,y 

the  letters  a,  a^. . .,  6,  h^, . .  denoting  constants  whose  values 
are  to  be  determined,  and  8  being  the  length  of  arc. 
Then,  when  s  =  0,  cc  and  y  both  vanish,  and  therefore 

a  =  h  =  0. 

Again,  by  Maclaurin's  Theorem 

^~~\d8/^'~^      Wo""   'I  [the  suflSix  zero  denoting 
7       /dy\      ,  .     , ,      ^1   the  values  at  the  origin] 

((Pa\  _      /cos  yfr     sin  \fr  dp\  _  _  1 

,   _(d^y\  _/     sin-i/r     cosn/r  rfp\  _      1   C?/) 
^^""W/„""V       '^  ~^d^),^''p^d8' 


etc., 


«3 


whence  05  =  8  —  -^^+..., 

__  s^       8^  dp 
y  ~  Tp"  Q^'^H' 
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EXAMPLES. 

1.  Prove  that  in  the  case  of  the  equiangular  spiral  whose 

intrinsic  equation  is 

«  =  a(e"»^-l), 

2.  For  the  tractrix  «  =  c  log  sec  xj/  prove  that  p  =  c  tan  ^. 

3.  Show  that  in  the  curve 

y  =  x  +  Sjc^  -  a? 
the  radius  of  curvature  at  the  origin  ='4714...,  and  that  at 
the  point  (1,  3)  it  is  infinite. 

4.  Show  that  in  the  curve 

y2  _  3ajy  _  4x'2  +  0:3  +  r^Ay  +  ^6  =  0 

the  radii  of  curvature  at  the  origin  are 

^  jn  and  5  V2. 

5.  Show  that  the  radii  of  curvature  of  the  curve 

a-x 
for  the  origin  -  =  ±  a  >/2> 

and  for  the  point  (  -  a,  0)     =  -. 

6.  Show  that  the  radii  of  curvature  at  the  origin  for  the  curve 

1  3a 

are  each  =  -  . 

7.  Prove  that  the  chord  of  curvature  parallel  to  the  axis  of  y 

for  the  curve  ,  x 

y  =  a  log  sec  - 

is  of  constant  length. 

8.  Prove  that  for  the  curve 

«  =  w(sec^^-  1), 
p  =  3m  tan  ^  sec^^, 
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and  hence  that  3m  ^  -_^  =  1. 

ax  dx^ 

Also,  that  this  differential  equation  is  satisfied  by  the  semicabical 

parabola  21  my^  =  ^a?. 

9.  Prove  that  for  the  curve 

p  =  2a  sec^^ ; 

and  hence  that  — ^  =  — , 

dx^     2a 

and  that  this  differential  equation  is  satisfied  by  the  parabola 

x^  =  4ay. 

X 

10.  Show  that  for  the  curve  in  which  8  =  a£^ 

cp  =  «(«2  _  c2)7. 

11.  Show  that  the  curve  for  which  «=  JSay  (the  cycloid) 
has  for  its  intrinsic  equation 

«  =  4a  sin  if/. 

Hence  prove  p  =  4a    n  _  _?fL. 

12.  Prove  that  the  curve  for  which  y^  =  c^  +  8^  (the  catenary) 
has  for  its  intrinsic  equation 

8  =  c  tan  ^. 

Hence   prove  p  —  ^  =  the   part   of  the  normal  intercepted 

c 

between  the  curve  and  the  aj-axis. 

13.  For  the  parabola         y^  =  4aa;, 
prove  x=2a  +  3x, 


x^ 


a^ 


p^% 


1~r 


a^ 


SP  being  the  focal  distance  of  the  point  of  the  parabola  whose 
co-ordinates  are  {x,  y). 
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14.  Show  that  the  circles  of  curvature  of  the  parabola  y^  =  4aar 
for  the  ends  of  the  latus  rectum  have  for  their  equations 

a;2  +  y2  _  lOaa;  +  4^2/ -  3a2  =  0, 
and  that  they  cut  the  curve  again  in  the  points  (9a,  +  6a). 

15.  Show  that  the  evolute  of  the  parabola  y^  =  ^ax  is  the 

semicubical  parabola 

27ay2^=4(aj-2a)3, 

and  that,  the  length  of  the  evolute  from  the  cusp  to  the  point 
where  it  meets  the  parabola  =  2a(3  ^/3  -  1). 

1 6.  For  the  ellipse         ^  +  f,^  =  1 , 


prove  X  = 


Hence  show  that  the  equation  of  the  evolute  is 

(aa;)t  +  (52/)t=(a2-62)|^ 

and  prove  that  the  whole  length  of  the  evolute 


-(t4> 


17.  Show  that  in  a  parabola  the  radius  of  curvature  is  twice 
the  part  of  the  normal  intercepted  between  the  curve  and  the 
directrix. 

18.  Prove  that  in  an  ellipse,  centre  C,  the  radius  of  curvature 
at  any  point  P  is  given  by 

_CD^  _a%^  _{rr')^ 
ao        y^         ao 
where  a,  b  are  the  semi-axes,  r,  /  are  the  focal  distances  of  F, 
p  the  perpendicular  from  the  centre  on  the  tangent  at  F,  and 
CD  the  semi-diameter  conjugate  to  CF. 

19.  Show  that  in  any  conic 

(normal)* 


P  = 


(semi-latus-rectum  )2 
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20.  Apply  the  polar  formula  for  radius  of  curvature  to  show 
that  the  radius  of  the  circle 

r  =  acos^  18  -. 

2 

21.  Show  that  for  the  cardioide  r  =  a(l  +cos^) 

4a        ^     .  , 

^  =  __.cos-;  %.e.,  X  Jr. 

Also  deduce  the  same  result  from  the  pedal  equation  of  the 
curve,  viz.,  p  JTa^r^. 

22.  Show  that  at  the  points  in  which  the  Archimedean 
spiral  r=^a6  intersects  the  reciprocal  spiral  r6  =  a  their  curva- 
tures are  in  the  ratio  3:1. 

23.  For  the  equiangular  spiral  r  —  a^^  prove  that  the  centre 
of  curvature  is  at  the  point  where  the  perpendicular  to  the 
radius  vector  through  the  pole  intersects  the  normal. 

24.  Prove  that  for  the  curve 

r  =  aBec2^, 

25.  For  any  curve  prove  the  formula 

r 


f>  = 


where  tan  </>  = 


rdO 


dr ' 
Deduce  the  ordinary  formula  in  terms  of  r  and  0, 

26.  Show  that  the  chord  of  curvature  through  the  pole  for 
the  curve  p  =f{r) 

is  given  by  chord  =  2»— -  =  2v.    . 

*  dp      f{r) 

27.  Show  that  the  chord  of  curvature  through  the  pole  of  the 
cardioide  r^a{\+  cos  0)  is  ~r. 

it 
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28.  Show  that  the  chord  of  curvature  through  the  pole  of  the 
equiangular  spiral  ^  =  ^e^  is  2r. 

29.  Show  that  the  chord  of  curvature  through  the  pole  of  the 

2r 
curve  r*"  =  a'"cosm^  is  . 

m+1 
Examine  the  cases  when  m=  —  2,  -  1,  -  ^,  J,  1,  2. 

30.  Show  that  the  radius  of  curvature  of  the  curve 

r==a  sin  nO 

at  the  ongin  is  -— . 

31.  Show  that  for  the  curve 

we  may  write  p  in  the  form 

(1  — w  1— w*     \  3 

cos   "*  <f>  +  sin  "*  </>/ 
^  ^  -,    where  x  =  k  coB^^<i>. 


«„        1  l-2m  l-2m 

COS    "*  </)Sin    "*  <^ 
Examine  the  cases  m  =  2,  §,  1. 

32.  For  the  rectangular  hyperbola 

prove  that  p  =  — ^, 

r  being  the  central  radius  vector  of  the  point  considered. 

33.  For  the  curve        r^  =  o^  cos  mO, 


a*" 


prove  that  P  =  v       iv  «  t 

Examine  the  particular  cases  of  a  rectangular  hyperbola, 
lemniscate,  parabola,  cardioide,  straight  line,  circle. 

34.  Show  that  the  co-ordinates  of  the  centre  of  curvaturejof 
any  curve  may  be  written 

*3^  ^ 
dy^      da?} 
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35.  If  A  be  the  area  of  the  portion  of  a  curve  included 
between  the  curve,  two  radii  of  curvature,  and  the  evolute, 
prove  f.dA 

as 

36.  Show  that  the  evolute  of  an  equiangular  spiral  is  an 
equal  equiangular  spiral. 

37.  Given  the  pedal  equation  of  a  curve,  viz.,  p  =/(r)  ;  show 
that  the  pedal  equation  of  its  evolute  may  be  found  by  elimi- 
nating p  and  r  between  this  equation  and  the  equations 

r'2  =  p2  +  ^2  _  2/>p, (a) 

y2  =  ^2_p2 (yj) 

Again,  that  if  the  equation  p  =f{r')  of  a  curve  be  given,  the 
general  differential  equation  of  its  involutes  may  be  obtained  by 
eliminating  p,  r'  between   this  equation  and   the   equations 

(«).  ()8). 

38.  Show  that  the  curve  whose  equation  is 

^2  _  ^2  _  fjfi 

is  an  involute  of  a  circle,  and  that  its  intrinsic  equation  is 

8  =  a^—. 
2 

39.  Show  that  the  evolute  of  the  epi-  or  hypo-cycloid  denoted 
by  p^  =  Ar^  +  B 

is  another  epi-  or  hypo-cycloid  denoted  by 


p^  =  Ar^  +  £(l-^. 


40.  Show  that  the  pedal  equation  of  the  evolute  of  the  curve 

r'"  =  a"*sinm^ 
is  obtained  by  eliminating  r  between 

/2  3.«""  +  (^^-l)*^ 


-2 


and  p^  —  r'^ ^r- — . 

41.  Show  that  the  intrinsic  equation  of  the  evolute  of  a 
parabola  is  s  =  2a(sec'^  -  1). 
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42.  If  Xy  y  be  the  co-ordinates  of  a  point  P  of  a  curve  OP 
passing  through  the  origin  0,  then  the  radius  of  curvature  at  0 


=  lLt 


a^  +  y^ 


X  sm  a  —  y  cos  a 

where  y  =  x  tan  a  is  the  equation  of  the  tangent  at  the  origin. 
Hence  show  that  the  radius  of  curvature  of  the  curve 

xl^  +  y^=2a(x  +  y) 
'at  the  origin  is  2a  J2, 

43.  Show  that  the  curvature  at  any  point  of  the  pedal  of  an 
epi-  or  hypo-cyclt)id  is        ?^ —  e^      > 

where  a  is  the  radius  of  the  fixed  circle  and  r  and  p  refer  to  the 
pedal  curve.  [Sidney  Coll.,  Camb.] 

44.  If  r,  Pf  p  be  respectively  the  radius  vector,  perpendicular 

from  the  origin  on  the  tangent  and  the  radius  of  curvature  at 

any  point  of  a  curve,  prove  that  the  radius  of  curvature  at  the 

corresponding  point  of  the  reciprocal  polar  with  regard  to  the 

.  .     .  ^V 

origin  IS  -— , 

where  k^  is  the  constant  of  reciprocation. 

Hence  show  that  the  reciprocal  of  a  circle  is  a  conic  with  the 
origin  as  focus. 

45.  If  r,  py  p  be  the  same  as  in  the  last  question,  show  that 
the  radius  of  curvature  at  the  corresponding  point  of  the  inverse 

with  resrard  to  the  origin  is    - — ^--, 
k^  being  the  constant  of  inversion. 

46.  Show  that  the  parabola  whose  axis  is  parallel  to  the  axis 
of  y,  and  which  has  the  closest  possible  contact  with  the  curve 

at  the  point  (a,  a),  has  for  its  equation 

n{n  -  l)a;2  =  2ay  +  2n{n  -  2)aa:  -  (n  -  l)(w  -  2)aK 

U 
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47.  Show  that  the  locus  of  the  centre  of  the  rectangular 
hyperbola,  having  contact  of  the  third  order  with  the  conic 

has  for  its  equation  ^^  "^  2/"  =  I  "J  "*"  »  )  vZ-^^j^  +  By\ 

48.  Show  that  the  locus  of  the  centres  of  the  rectangular 
hyperbolae,  having  contact  of  the  third  order  with  the  parabola 

y^  =  4aa;, 
is  the  equal  parabola    y^  +  4a(a;  +  2a)  =  0. 

49.  If  the  equation  to  a  curve  passing  through  the  origin  be 

u^  +  u^  +  u^+  ...  =  0, 
where  u^  is  a  homogeneous  function  of  x,  y  oi  n  dimensions, 
show  that  the  general  equation  to  all  conies  having  the  same 
curvature  at  the  origin  as  the  given  curve  is 

Wj  +  Wa  +  (^  +  wiy)^!  =x  0. 
Thence  find  the  circle  of  curvature. 

50.  Show  that  the  circle  of  curvature  at  the  origin  for  the 
curve  aj  +  y  =  ax^  +  hy'^  +  ca^ 

is  {a  +  h){x^  4-  y^)  =  2x+  2y, 

51.  If  a  right  line  move  in  any  manner  in  a  plane,  the 
centres  of  curvature  of  the  paths  described  by  the  different 
points  in  it  in  any  position  lie  on  a  conic. 

52.  If,  on  the  tangent  at  each  point  of  a  curve,  a  constant 
length  be  measured  from  the  point  of  contact,  prove  that  the 
normal  to  the  locus  of  the  points  so  found  passes  through  the 
corresponding  centre  of  curvature  of  the  given  curve. 

[Bertrand.] 

53.^  If  through  each  point  of  a  curve  a  line  of  given  length 
be  drawn,  making  a  constant  angle  with  the  normal  to  the 
curve,  the  normal  to  the  locus  of  the  exti'emity  of  this  line 
passes  through  the  corresponding  centre  of  curvature  of  the 
proposed  curve.  [Bertrand.] 
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54.  If  on  the  tangent  afc  each  point  of  a  curve  a  constant 
length  c  be  measured  from  the  point  of  contact,  show  that  the 
radius  of  curvature  of  the  curve  locus  of  its  extremity  is  given 


by 


dip 


where  p  and  ^  refer  to  the  corresponding  point  of  the  original 
curve. 

55.  If  through  each  point  of  a  curve  a  line  of  given  length  c 
be  drawn,  making  a  constant  angle  a  with  the  normal  at  that 
point,  the  radius  of  curvature  of  the  locus  of  its  extremity  is 

^^^'^  u,r                 '            (p^  +  c2  -  2pc  cos  a)^ 
given  by  p  = ^J- l 1 — 

p2_|_  ^2  _  2pccosa  -  csina-^ 

di// 

where  p  and  i//  refer  to  the  corresponding  point  of  the  origina* 

curve. 

56.  If  on  each  tangent  to  a  given  curve  a  length  be  measured 
from  the  point  of  contact  equal  to  the  radius  of  curvature  there, 
the  centre  of  curvature  at  any  point  on  the  locus  of  the  ex- 
tremity of  the  measured  length  is  at  the  centre  of  curvature  of 
the  corresponding  point  of  the  original  curve. 

57.  If  accented  letters  refer  to  a  point  on  a  curve  and 
unaccented  letters  to  the  corresponding  point  on  the  involute, 

prove 


x  = 

,_    dx 

y- 

'-  dy' 

Show  how,  by  means  of  these  equations  and 

the  equation  of  an  involute  of  a  given  curve  may  be  found ;  s' 
being  supposed  known  in  terms  of. the  co-ordinates  of  the 
extremities  of  the  arc. 
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58.  Show  that  the  equation  of  the  involute  of  the  catenary 

V  =  c  cosh  - 

which  begins  at  the  point  where  a;  =  0,  y  =  c, 

is  the  Tractrix 

c 


x  =  c  cosh  ^    -  Jc^  -  y^. 

y 

59.  If  a  straight  line  be  drawn  through  the  pole  perpen- 
dicular to  the  radius  vector  of  a  point  on  the  equiangular  spiral 
r  =  ae  to  meet  the  corresponding  tangent,  show  that  the 
distance  between  the  point  of  intersection  and  the  point  of  con- 
tact of  the  tangent  is  equal  to  the  arc  of  the  curve  measured 
from  the  pole  to  the  point  of  contact.  Hence  prove  that  the 
locus  of  this  point  of  intersection  is  one  of  the  involutes  of  the 
spiral,  and  show  that  it  is  an  equal  equiangular  spiral. 

60.  An  equiangular  spiral  has  contact  of  the  second  order 
with  a  given  curve  at  a  given  point ;  prove  that  its  pole  lies  on 
a  certain  circle,  and  that,  if  the  contact  be  the  closest  possible, 
the  distance  of  the  pole  from  the  point  of  contact  is 

P 


4Ht) 


[Math.  Tripos.] 

61.  If  the  tangent  and  normal  to  a  curve  at  any  point  be 
taken  as  the  axes  of  x  and  y  respectively,  and  if  «  be  the 
distance,  measured  along  the  arc,  of  a  point  very  near  to  the 
origin,  show  that  the  Cartesian  co-ordinates  of  that  point  are 
approximately 

6/)^     8/0^  c?«  "' 
8^      8^  dp       «*  /.     ^dp 


{^-m^m 


2p     6/o2  (is     24/o8^ 

the  values  of  p,  -^,  and  -^  being  those  at  the  origin. 

ds  d^ 
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62.  If  a  line  be  drawn  parallel  to  the  common  tangent  of  a 
curve  and  its  circle  of  curvature,  and  so  near  to  it  as  to 
intercept  on  the  curve  a  small  arc  of  length  s  measured  from  the 
point  of  contact,  of  the  first  order  of  small  quantities,  show  that 
the  distance  between  the  two  points  on  the  same  side  of  the 
common  normal  in  which  the  line  cuts  the  curve  and  the  circle 

of  curvature  is  -r^  -r^,  i.e,,  is  of  the  second  order  of  small 

Dp  as 

quantities,  the  values  of  p  and   -  ^  being  those  at  the  point  of 

as 

contact ;  and  again,  if  a  line  be  drawn  parallel  to  the  common 

normal,  the  distance  between  the  points  of  intersection  with  the 

s    do 
curve  and  the  circle  is  ^^-^  --  and  is  of  the  third  order  of  small 

6/0^  as 
quantities* 

63.  Prove  that  the  circle 

J2{a?  +  f  +  2)  =  ^x  +  y) 
has  contact  of  the  third  order  with  the  conic 

5ar»  -  60.^  +  62/^  =  8. 

64.  Show  that  for  the  portion  of  the  curve 

very  near  the  origin  the  shape  of  the  evolute  is  approximately 
given  by  Ulbx'y'^KSaK 

65.  A  line  is  drawn  through  the  origin  meeting  the  cardioide 
r  =  a(l  -  cos  0)  in  the  points  P,  Q^  and  the  normals  at  P  and  Q 
meet  in  C  Show  that  the  radii  of  curvature  at  P  and  Q  are 
proportional  to  PC  and  QC, 

66.  If  PQ  be  an  arc  not  containing  a  point  of  maximum  or 
minimum  curvature,  the  circles  of  curvature  at  P,  Q  will  lie 
one  entirely  within  the  other. 
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67.  If  in  the  plane  curve  ^(x,  y)  =  0,  we  have  at  any  point 

~  =  0,  --  =  0,  — -?  =  0,  prove  that  the  curvature  of  one  of  the 

ox  oy  OdT 

branches  of  the  curve  which  passes  through  that  point  is 

1  33<j^/^  \  -' 

3  3x-^\da;9i//    *     [Caius  Coll.,  Camb.] 

68.  If  Q  be  the  angle  between  the  normal  at  any  point  P  of 
a  plane  curve  </>(ic,  y)  =  0,  and  the  line  drawn  from  P  to  the 
centre  of  the  chord  parallel  and  indefinitely  near  to  the  tangent 
at  P,  prove  that 

COB  6)-  ^t  ~  ^^^^^ "^ ^^' 

'Jp"  +  T  ^/  { {^'  +  ^0/  -  2(«  +  h)hpq  +  (a^  +  A^} ' 

where  »  =  --^ ,  »  =  -T,  «  =  _Jr,  /*  =  ;:;:  ^  ,  and  b  =  — -^. 
ox  02/  ox^  oxoy  Oif 

69.  A  curve  is  such  that  any  two  corresponding  points  of  its 
evolute  and  an  involute  are  at  a  constant  distance.  Prove  that 
the  line  joining  the  two  points  is  also  constant  in  direction. 


CHAPTER    XI. 

ENVELOPES. 

302.  Families  of  Carres. 

If  in  the  equation  ^(o?,  y,  c)  =  0  we  give  any  arbitrary 
numerical  values  to  the  constant  c,  we  obtain  a  number 
of  equations  f  epresenting  a  certain  family  of  curves ;  and 
any  member  of  the  family  may  be  specified  by  the 
particular  value  assigned  to  the  constant  c.  The  quantity 
c,  which  is  constant  for  the  same  curve  but  different  for 
different  curves,  is  called  the  parameter  of  the  family. 

303.  Envelope.    Definition. 

Let  all  the  members  of  the  family  of  curves  <j}(x,  y,c)  =  0 
be  drawn  which  correspond  to  a  system  of  infinitesimally 
close  values  of  the  parameter,  supposed  arranged  in  order 
of  magnitude.  We  shall  designate  as  consecutive  curves 
any  two  curves  which  correspond  to  two  consecutive 
values  of  c  from  the  list.  Then  the  locus  of  the  ultimate 
points  of  intersection  of  consecutive  members  of  this 
family  of  curves  is  called  the  envelope  of  the  family. 

304.  The  Envelope  touches  each  of  the  Intersecting 
Members  of  the  Family. 

It  is  easy  to  show  that  the  envelope  touches  every 
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curve  of  the  system.  For,  let  J.,  i?,  C  represent  three 
consecutive  members  of  the  family.  Let  P  be  the  point  of 
intei*section  of  A  and  jB,  and  Q  that  of  B  and  C. 


B 

A 

Fig.  65. 

Now,  by  definition,  P  and  Q  are  points  on  the  envelope. 
Thus  the  curve  B  and  the  envelope  have  two  coutiguous 
points  common,  and  therefore  have  ultimately  a  common 
tangent,  and  therefore  touch  each  other.  Similarly,  the 
envelope  may  be  shown  to  touch  any  other  curve  of  the 
system. 

305.  To  find  the  Equation  of  an  Envelope. 

To  find  the  equation  of  the  envelope  of  the  family  of 
curves  of  which  ^(a;,  j/,  c)  =  0  is  the  typical  equation. 

Let  ^(a;,  y,  c)  =  0,  | 

^(a;,2/,c+5c)  =  0,  j  ^ 

be  two  consecutive  members  of  the  family.     Expanding 
the  latter  we  have 

<t>{^y  y,  c) + ^^3^^(^'  y,  C) + . . . = 0. 

Hence  in  the  limit,  when  Sc  is  infinitesimally  small,  we 

■pi 

obtain  ^^(^>  y><^)  =  ^ 

as  the  equation  of  a  curve  passing  through  the  ultimate 
point  of  intersection  of  the  curves  (a). 
If  we  eliminate  c  between  the  equations 

^(aj,  y,  c)  =  0 

and  "dc^^^'  2/>  c)  =  ^ 


ENVELOPES.  313 

we  obtain  the  locus  of  that  point  of  intersection  for  all 
values  of  the  parameter  c.  That  is,  we  obtain  the  equations 
of  the  envelope  of  the  family  of  curves  of  which 
<f>{Xy  y,c)  =  0  is  the  type. 

The  polar  curves  <f>(r,  0,  c)  may  be  treated  in  the  same 
manner. 

Ex.    Find  the  envelope  of  the  system  of  straight  lines  of  which 

y=cx-\ —  is  the  type^  c  being  the  parameter  and  (a)  constant  for  all 
c 

lines  of  the  si/stem. 

Here  0(a?,  v,  c)  =y  -  ca:  -  -  =  0, 

c 

and  ^0(^,  y,  c)  =  - ^  +^=0, 


therefore 


-^4-' 


whence  y=±xj   +-       ,-  =  ±2\/cu;, 


or  y^=4ax, 

a  parabola,  which  is  therefore  the   envelope.     In  other  words, 

every  straight  line,  obtained  by  giving  any  arbitrary  special  value 

to  c  in  the  equation  y=Ccr  +  -,  touches  the  parabola  ^2=4^?^. 

c 

306.  The  Envelope  of  AX^ + 2B\ +C=0isB^  =  AO. 

It  Ay  B,  Che  any  functions  of  a;  and  y,  and  the  equation 
of  any  curve  be         ^ X^  +  2B\  +  (7=0, 
X  being  an  arbitrary  parameter,  the  envelope  of  all  such 
curves  is  B^  =  AC. 

For  we  have  to  eliminate  X  between 

A\^  +  2B\+C=0 
and  2A\  +  2B  =  0, 

and  the  result  is  clearly  B^  =  AC. 
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The  result  of  the  example  of  Art.  305  may  be  obtained  in  this 

way ;  for  the  equation  y  =  mx +  — 

m 

may  be  written         m^x  —  my  +  a = 0, 
and  therefore  the  envelope  is   y'^^4ax. 

307.  Another  Mode  of  Establishing  the  Rule. 

The  equation  -4X^+2jBX+(7=0  may  be  regarded  as  a 
quadratic  equation  to  find  the  values  of  X  for  the  two 
particular  members  of  the  family  which  pass  through  a 
given  point  (a;,  y).  Now,  if  (x,  y)  be  supposed  to  be  a 
point  on  the  envelope,  these  members  will  be  coincident. 
Hence  for  such  values  of  ic,  y  the  quadratic  for  X  must 
have  two  equal  roots,  and  the  locus  of  such  points  is 
therefore  R'^AG. 

The  envelope  of  the  system  (p{Xy  y,c)  =  0  might  be  con- 
sidered in  a  similar  manner.  And  it  is  proved  in  Theory 
of  Equations  that  if /(c)  =  0  is  a  rational  algebraic  equation 
for  c,  the  condition  that  it  should  have  a  pair  of  equal 
roots  is  obtained  by  eliminating  c  between  the  equations 

/(c)  =  0. 

Ac) = 0, 

a  result  agreeing  with  that  of  Art.  305. 

Examples. 

1.  Show  that  the  envelope  of  the  line  f +^=1  where  a6=c2,  a 

a    o 

constant,  is  Axy^c^, 

2.  Show  that  the  envelope  of  the  line  ^+»iy  +  l=0,  where  the 
parameters  ?,  m  are. connected  by  the  quadratic  relation 

aJ?+'2Mm+hn^+2gl-\-2fm+c=0f 
is  the  conic      Ax^+ "IHxy + %H  2(7^ + 2/>  +  (7=  0, 

^^  B^C^  F,  Gy  H  being  minors  of  the  determinant    A,  6,  / 

9^  /,  c 
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308.  Case  of  Two  Parameters. 

Next,  suppose  the  typical  equation  of  the  family  of 
curves  to  involve  two  parameters  a,  j8  connected  by  a 
given  equation.  Then  two  courses  are  open  to  us.  We 
may  eliminate  one  of  the  parameters  by  means  of  the 
connecting  equation  and  thus  reduce  the  problem  to  that 
solved  in  Art.  305,  or,  as  is  frequently  better  from  con- 
siderations of  symmetry,  consider  one  of  the  parameters 
capable  of  independent  variation  and  the  other  depend- 
ent upon  it.    We  then  proceed  as  follows. 

Let  ^(i»,2/,a,/3)  =  0 (1)  ^ 

be  the  typical  equation  of  the  curves  whose  envelope  is 

to  be  investigated,  and    /(a,  /8)  =  0 (2) 

the  relation  connecting  a  and  fi. 

Then,  supposing  a  the  independent  parameter,  we  have 

Kil-» <') 

We  thus  have  four  equations  and  three  quantities  to 

d3 
eliminate,  viz.,  a,  )8,  -r-.    The  result  of  elimination  is  the 

equation  of  the  envelope. 

The  parameters  a,  j9,  connected  by  the  relation 
fi(^a,  /3)  =  0,  may  be  regarded  as  the  co-ordinates  of  a 
parametric  point  which  lies  on  the  curve  f(x,  y)  =  0. 

309.  Indeterminate  Hultipliers. 

The  equations  (3)  and  (4)  may  be  written 

|^cZa  +  ||d/3  =  0(Art.  139), 
|{da  +  |d^  =  0. 


IS 
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The  result  of  eliminating  day  dfi  between  these  equations 

dip    d^ 
'da  __dl3 

9a     3j8 
Call  each  of  these  ratios  X.    We  then  have 

^-4 (^) 

3^"^3i8 ^^^ 

This  quantity  X  is  called  an  **  Indeterminate  Multiplier." 
It  remains  to  eliminate  a,  /8,  and  X  between  equations 
(1),  (2),  (5),  and  (6). 

This  method  is  peculiarly  adapted  to  the  case  in  which 
<p{oCy  y,  a,  ^) = 0i(aJ,  y,  a,  ^)'-a^  =  0, 
and  /(a,^)=/i(a,i8)-a2  =  0, 

where  ^^  and/j  are  homogeneous  in'a  and  /3,  and  of  the 
p^  and  q^  degrees  respectively,  a^  and  ag  being  absolute 
constants. 

Multiply  equation  (5)  by  a  and  (6)  by  ^,  and  add. 
Then  by  Euler's  Theorem 

pa^  =  qa^X, 
so  that  in  such  cases  X  is  easily  found. 

Ex.  Find  the  envelope  of  -+^=1,  where  a  and  b  are  connected 

a    b 

by  the  relation  a^+b^— c^, 

c  being  an  absolute  constant;  i.e.,  the  envelope  of  a  line  of  constant 

length  which  slides  %vith  its  extremities  upon  two  fixed  rods  at  right 

angles  to  each  other. 

Here  ^a  +  hib=0, 

a*         b^ 

ada+bdb^O, 

A* 

and  therefore  =\a 

a^ 


1 
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Multiplying  by  a  and  6  respectively,  and  adding, 

?+|=X(a2+-62), 
a     o 

or  \=-\<?. 

Sence  /t3__/.2, 


and  since 
we  have 
or 


310.  Case  of  Three  Parameters  connected  by  Two  Equations. 

Next,  suppose  the  equation  of  a  curve  to  contain  three 
parameters  connected  by  two  equations. 

Let  the  equation  of  the  curve  be 

0(aj,  2/,  a,  ^,  y)  =  0,  (1) 

and  let  /i(a,  i8,  y)  =  0, )    (2) 

/2(a,Ar)  =  0,J    (3) 

be  the  two  connecting  equations.     Then  we  have 

g*.+|<J^+^.0 (4, 


S'^"+|^+|*=«. 

l*'#^#v-o. 

The  result  of  eliminating  da,  dp,  dy  between  these  three 


.(5) 
(6) 


equations  is 


'd(j>  'd(j>  'd<f> 

da'  d$'  3^ 

§A  M  M 

da  3)8'  By 

§^2  2/2  ^2 

da*  3/3*  dy 


=  0. 


•(7) 
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If  a,  ^,  y  be  eliminated  between  the  four  equations  (1), 
(2),  (3)  and  (7),  the  result  will  be  the  equation  of  the 
envelope. 

It  is  to  be  noted  that  the  same  determinant  would 
a,rise  from  the  elimination  of  the  '*  indeterminate  multi- 
pliers "  \  and  Xg  from  the  equations 

g+^.|+^.C'-» («) 

^^4.\  ^/i4.-x  ^/a-o  m 

'?+^#;+^4=«' (i«) 

and  it  is  often  advantageous  to  use  these  latter  equations 
in  place  of  (4),  (5),  (6),  involving  da,  dfi,  dy. 

The  result  of  eliminating  a,  )8,  y,  X^,  Xg  between  the  six 
equations  (1),  (2),  (3),  (8),  (9),  (10)  will  then  be  the  equa- 
tion to  the  envelope. 

311.  The  general  investigation  of  the  envelope  of  a 
curve  whose  equation  contains  r  parameters  connected  by 
r— 1  equations  proceeds  in  exactly  the  same  way,  and  is 
the  result  of  the  elimination  of  the  r  parameters  and 
r  — 1  indeterminate  multipliers  between  2r  equations. 

312.  Converse  Problem.  01  van  the  Family  and  the  En- 
velope to  find  the  relation  between  the  Parameters. 

Suppose  we  are  given  the  equation  of  a  curve 

^(a',y,a,i8)  =  0 (1) 

containing  two  parameters.     Suppose  also  the  envelope 

given,  viz.,  F(x,y)  =  0 (2) 

Required  the  relation  between  a  and  ^. 

Eliminate  y  between  (1)  and  (2).  We  obtain  an  equa- 
tion of  the  form         f{x,  a,  /8)  =  0, (3) 
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giving  the  abscissa  of  the  point  of  contact  of  the  curve 
with  its  envelope.  Since  the  curve  touches  its  envelope, 
equation  (3)  must  also  be  true  for  a  contiguous  value  of 
X,  viz.,  x+Sx  (unless  the  tangent  at  the  point  of  contact 
be  parallel  to  the  axis  of  3/,  in  which  case  we  could  have 
eliminated  x  between  (1)  and  (2)  and  proceeded  in  the 
same  way  with  y).     Hence 

/(a;,a,6)  =  0,         I (4) 

f{x+Sx,  a,  6)  =  0. 3  (5) 

The  latter  may  be  expanded  in  powers  of  <Jaj,  when  it 

becomes  -,         rx  ,  ^/?    ,  n  ^n^ 

/(a;,  a,  &)+^^^aj+...=0, (6) 

and  therefore  in  the  limit 

i-» <^) 

If,  then,.  X  be  eliminated  between 

/(a;,«.^)  =  0, 

we  obtain  the  relation  sought. 

It  will  be  observed  that  this  is  precisely  the  same 
process  as  finding  the  envelope  of 

^(a?,  2/,  a, /3)  =  0, 
considering  a,  ^  as  the  current  co-ordinates  and  x,  y  as 
parameters  connected  by  the  relation 

Fix,y)  =  0. 

Ex.   Oiven  that  ^^+y*=c*  is  the  envelope  of  -+^=l,  find  the 

a    0 

necessary  relation  between  a  and  b. 

We  have  ^+"^^=0, 

or    2r 
dx.dy__^, 
a       0 
therefore  ^*=Xa, 
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Hence  ~=\x^,  %=^y^j 

a  o 

and  by  addition  l  =  Xc^.  ^ 

This  gives  a=^c^x^,   b  =  c^y, 

and  by  squaring  and  adding 

the  relation  required.     (See  Ex.,  Art.  309.) 

313.  E volutes  considered  as  Envelopes. 

The  evolute  of  a  curve  has  been  defined  as  the  locus  of 
the  centre  of  curvature,  and  it  has  been  shown  (Art.  287) 
that  the  centre  of  curvature  is  the  ultimate  point  of  inter- 
section of  two  consecutive  normals.  Hence  the  evolute 
is  the  envelope  of  the  normals  to  a  curve.  It  is  from  this 
point  of  view  that  the  equation  of  the  evolute  of  a  given 
curve  is  in  general  most  easily  obtained. 

Ex.  To  find  the  evolute  of  the  ellipse  -5+t^==1. 

The  equation  of  the  normal  at  the  point  whose  eccentric  angle 

is'/^is  _a^ ^=a2-62 (1) 

COS0     sin0 

We  have  to  find  the  envelope  of  this  line  for  different  values  of  the 
parameter  0. 

Differentiating  with  regard  to  ^, 

sin0  ,  7    COS0    f.  ,oN 

ax — JL  +  6y__^r  =  0, (2) 

cosV        smV 

sin^0    cos^0    r, 
or  ,      H ^=0. 

by         ax 

XT                                  sin0      COS0                1  ,ov 

Hence  — _jr  =^^=__^ _.         (3) 

-  sjby     si  ax      J{axfj^{by)^ 

Substituting  these  values  of  sin0  and  cos^  in  equation  (I)  we  obtain, 
after  reduction,  {axf + {by)^  =  (a^  -  l^f. 
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314.  Pedal  Cnrves  as  Envelopes. 

It  has  already  been  pointed  out  (Art.  197)  that  if 
circles  be  described  on  radii  veetores  of  a  given  curve  as 
diameters  they  all  touch  the  first  positive  pedal  of  the 
curve  with  regard  to  the  origin.  It  is  obvious,  therefore, 
that  the  problem  of  finding  the  first  positive  pedal  of  a 
given  curve  is  identical  with  that  of  finding  the  envelope 
of  circles  described  on  the  radii  veetores  as  diameters. 

Again,  the  first  negative  pedal  is  the  envelope  of  a 
straight  line  drawn  through  any  point  of  the  curve  and 
at  right  angles  to  the  radiums  vector  to  the  point 

Ex.  1.  Find  the  first  'positive  pedal  of  the  circle  r=2aco8$  vrith 
regard  to  the  origin. 

Let  c?,  a  be  the  polar  co-ordinates  of  any  point  on  the  circle,  then 

c?=2acosa. 

Again,  the  equation  of  a  circle  on  the  radius  vector  d  for  diameter 

is  r=c?cos(^  — a), (1) 

or  r=2acosacos(^-a) (2) 

Here  a  is  the  parameter. 

Differentiating  with  regard  to  a, 

—  sin  a  cos(^  —  a)  +  cos  a  sin(^  —  a) = 0, 
whence  sin(^  —  2a)  =  0, 

or  «=| (3) 

Substituting  this  value  of  a  in  equation  (2) 

r=2acos2-, 
2' 

or  r=a(l  +  cos^), 

the  equation  of  a  cardioide. 

Ex.  2.   Find  the  equation  of  the  first  negative  pedal  of  the  car- 

dioide  r=a(l+co8  0)  with  regard  to  the  origin. 

Here  we  have  to  find  the  envelope  of  the  line 

^  cos  a +y  sin  a  =  c/, 

where  o?,  a  are  the  polar  co-ordinates  of  any  point  on  the  cardioide ; 

i.e,y  where  d= a(l  -f-  cos  a). 

X 
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The  equation  of  the  line  is  therefore 

X  cos  a  +y  sin  a = a(l  +  cos  a), 
or  (j?  — a)  cosa+y  sina  =  a, 

a  line  which,  from  its  form,  is  easily  seen  to  be  a  tangent  to 

or  r=2acos^, 

which  is  therefore  its  envelope. 


EXAMPLES. 

1.  Find  the  equation  of  the  curve  whose  tangent  is  of  the 
form  y  =  mx  +  fn\  m  being  independent  of  x  and  y, 

2.  Find  the  envelope  of  the  curves 

X  y         a 

for  different  values  of  0, 


3.  Find  the  envelope  of  the  family  of  trajectories 

y  =  xi:^ne-y  ^  ^ 


0  being  the  arbitrary  parameter. 

4.  Find  the  envelopes  of  straight  lines  drawn  at  right  angles 
to  tangents  to  a  given  parabola  and  passing  through  the  points 
in  which  those  tangents  cut 

(1)  the  axis  of  the  parabola, 

(2)  a  fixed  line  parallel  to  the  directrix. 

« 

5.  Find  the  envelope  of  straight  lines  drawn  at  right  angles 
to  normals  to  a  given  parabola  and  passing  through  the  points 
in  which  those  normals  cut  the  axis  of  the  parabola. 

6.  A  series  of  circles  have  their  centres  on  a  given  straight 
line,  and  their  radii  are  proportional  to  the  distances  of  their 
corresponding  centres  from  a  given  point  in  that  line.  Find 
the  envelope. 
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7.  Find  the  envelopes  of  the  line 

X    V     1 
a     0 
under  the  following  conditions  :— 

(1)  a  +  b=^k, 

(2)  a"  +  6"  =  A:", 

(3)  oTb''  =  A;"*+*, 
^  being  a  constant  in  each  case. 

8.  P  is  a  point  which  moves  along  a  given  straight  line. 
PM,  PN  are  perpendiculars  on  the  co-ordinate  axes  supposed 
rectangular.     Find  the  envelope  of  the  line  MN. 

9.  A  straight  line  has  its  extremities  on  two  fixed  straight 
lines  and  forms  with  them  a  triangle  of  constant  area.  Find 
its  envelope. 

10.  Find  the  envelope  of  the  line  y  =  ma;  -  2am  -  am^  for 
different  values  of  m ;  i.e.,  find  the  equation  of  the  evolute  of 
the  parabola  y^  =  4aa:. 

11.  Show  that  the  envelope  of  the  family  of  curves 

uiA3  +  3^A.2  +  3CA.  +  i)  =  0, 

where  X  is  the  arbitrary  parameter  and  A,  B,  C,  D  are  functions 

of  X  and  y,  is 

(BC  -  AD)^  =^i{BD-  C^)(A  C  -  B^). 

12.  Show  that  the  envelope  of  the  family  of  curves 

^cos"^  +  ^sin*'^  =  a, 
where  6  is  the  arbitrary  parameter  and  A^  B,  C  are  functions 
of  X  and  y,  is 

2  2  2 

^2-n  4-  B^-n  —  C^-n, 

13.  Show  that  the  envelope  of  the  lines  whose  equations  are 

X  sec^^  +  y  cosec^^  =  c 
is  a  parabola  touching  the  axes  of  co-ordinate& 
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14.  Find  the  envelopes  of  the  systems  of  coaxial  ellipses 
whose  semiaxes  a  and  h  are  connected  by  the  equations 

(1)  a  +  6  =  A;, 

(2)  Ja+  Jb^  Jk, 

(3)     ar+ir=ie^, 

(4)  ah  =  k\ 

k  being  a  constant  in  each  case. 

15.  Find  the  envelopes  of  the  parabolas  which  touch  the 
co-ordinate  axes  and  are  such  that  the  distances  (a,  /?)  from  the 
origin  to  the  points  of  contact  are  connected  by  the  relations 

(1)  a  +  /3  =  A, 

(2)  a"'  +  /8™=A;'", 

(3)  ap^k\ 
k  being  a  constant  in  each  case. 

16.  Show  that  the  system  of  conies  obtained  by  varying  \ 
in  the  equation 

have  for  their  envelope  the  parallelogram  whose  sides  are 

x=  ±a,  y=  +6. 

17.  Find  the  envelope  of  the  line  which  joins  the  feet  of  the 
two  perpendiculars  from  any  point  of  a  circle  upon  a  given  pair 
of  perpendicular  diameters. 

18.  Show  that  the  envelope  of  straight  lines  which  join  the 
extremities  of  a  pair  of  conjugate  diameters  of  an  ellipse  is  a 
similar  ellipse. 

19.  Show  that  if  PM,  PN  be  perpendiculars  from  any  point 
P  of  the  curve  y  =  ma^  upon  the  axes  the  envelope  of  MN  is 

21  y  +  ima?  =  0. 

20.  Find  the  envelope  of  circles  described  on  the  radii  vectores 
of  an  ellipse  drawn  from  the  centre  as  diameters. 
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21.  Show  that  the  envelope  of  a  circle  whose  centre  lies  on 
the  parabola  y^  =  ^clx  and  which  passes  through  its  vertex  is 

22.  Show  that  the  envelope  of  a  circle  whose  centre  lies  on 
the  parabola  y'^  =  4:ax  and  whose  radius  =  the  abscissa  of  the 
centre  is  made  up  of  the  tangent  at  the  vertex  and  a  circle  with 
centre  at  the  focus. 

23.  If  a  lamina  rotate  in  its  own  plane  about  any  fixed  point 
in  thaf  plane,  show  that  the  directions  of  motion  at  any  instant 
of  any  given  curve  of  points  in  the  lamina  have  for  their 
envelope  the  first  negative  pedal  of  that  curve  with  regard  to 
the  fixed  point. 

Examine  the  particular  cases  of  a  straight  line  and  a  circle. 

24.  Two  particles  move  along  parallel  straight  lines,  the  one 
with  uniform  velocity  and  the  other  with  the  same  initial 
velocity  but  with  uniform  acceleration.  Show  that  the  line 
joining  them  always  touches  a  fixed  hyperbola. 

25.  A  series  of  circles  is  described  having  their  centres  on  an 
equilateral  hyperbola  and  passing  through  its  centre.  Show  that 
the  locus  of  their  ultimate  points  of  intersection  is  a  lemniscate. 

26.  Prove  that  the  equation  of  the  normal  to  the  curve 

ojJ  +  y^  =  a^ 
may  be  written  in  the  form 

y  cos  <f>  —  x  sin  <^  =  a  cos  2<f>, 
Hence  show  that  the  evolute  of  the  curve  is 

27.  Show  that  the  envelope  of  the  lines 

m 

X  COS  ina  +  y  sin  mtx  =  a(co8  wa)»», 
where  a  is  the  arbitrary  parameter,  is 


n  n 


n 


rr^-n  =  a^-n  CQS 6, 
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28.  If  0  be  the  pole  and  P  any  point  of  the  curve 

r^a  cos  mOf 

and  if  with  0  for  pole  and  P  for  vertex  a  similar  curve  be 

described,  the  envelope  of  all  such  curves  is 

1       1       fnu 
r*  =  a*cos 

2 

29.  If  0  be  the  pole  and  P  any  i)oint  of  the  curve 

r^  =  a'^cos  mS, 
and  if  with  0  for  pole  and  P  for  vertex  a  curve  similar  to 

r"  =  a"  cos  nS 
be  described,  the  envelope  of  all  such  curves  is 


r^H^  =  a^H^  COS -!^^. 


30.  If  0  be  the  pole  and  Y  the  foot  of  the  perpendicular 
from  0  on  any  tangent  to  the  curve 

r"»  =  oT  cos  mSy 
and  if  with  0  for  pole  and  7  for  vertex  a  curve  similar  to 

r"  =  a**  cos  nS 
be  described,  the  envelope  of  all  such  curves  is 


r^  =  a''cosjo^,  where  p  = 


mn 


m+n+ mn 


31.  If  a  point  on  the  circumference  of  a  given  circle  be  taken 
as  pole,  and  circles  be  described  on  radii  vectores  of  the  given 
circle  as  diameters,  the  envelope  of  these  circles  is  a  cardioide. 

32.  Show  that  the  envelope  of  all  cardioides  on  radii  vectores 
of  the  circle  r  =  a  cos  0  for  axes,  and  having  their  cusps  at  the 
pole,  is  ri  =  a*cos  J^. 

33.  Show  that  the  envelope  of  all  cardioides  described  on 
radii  vectores  of  the  cardioide  r  =  a(l  +  cos  0)  for  axes,  and 
having  their  cusps  at  the  pole,  is 

ri  =  (2a)icos -. 
4 
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34.  On  radii  vectores  of  r^"  =  a***  cos  2n^  as  axes  curves 
similar  to  it  are  described,  the  curves  being  all  concentric. 
Show  that  the  envelope  of  all  these  is 

r"  =  a**  cos  nd. 

35.  Prove  that  the  pedal  equation  of  the  envelope  of  the  line 

X  cos  2^  +  2/  sin  26  =  2a  cos  6 
is  p^  =  ^(r2  -  a^), 

36.  Prove  that  the  pedal  equation  of  the  envelope  of  the  line 

X  cos  mO  +  y  sin  mS  =  a  cos  nO 
is  m  V^  =  (m^  —  w2)jt>2  +  712^2^ 

37.  Two  central  radii  vectores  of  a  circle  of  radius  a  rotate 
from  coincidence  in  a  given  initial  position  with  uniform  angular 
velocities  o)  and  a>'.  Show  that  the  pedal  equation  of  the 
envelope  of  a  line  joining  their  extremities  is 

38.  The  envelope  of  polars  with  respect  to  the  circle 

x^  +  y'^  =  2ax 
of  points  which  lie  on  the  circle 

032  +  y2  _  2l)x 

is  {{a-b)x  +  abY  =  b^{{x-a)^  +  y^}. 

39.  A  square  slides  with  two  of  its  adjacent  sides  passing 
through  fixed  points.  Show  that  its  remaining  sides  touch  a 
piair  of  fixed  circles,  one  diagonal  passes  through  a  fixed  point, 
and  that  the  envelope  of  the  other  is  a  circle. 

40.  An  equilateral  triangle  moves  so  that  two  of  its  sides 
pass  through  two  fixed  points.  Prove  that  the  envelope  of  the 
third  side  is  a  circle. 

41.  Prove  that  the  envelope  of  the  circles  obtained  by  vary- 
ing the  arbitrary  parameter  a  in  the  equation 

(^{y  -  af  +  (ex  -  ay  =  (a"  +  <^f 
consists  of  a  straight  line  and  a  circle. 
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42.  Two  points  are  taken  on  an  ellipse  on  the  same  side  of 
the  major  axis  and  such  that  the  sum  of  their  abscissae  is  equal 
to  the  semi-major  axis.  Show  that  the  line  joining  them 
envelopes  a  parabola  which  goes  through  the  extremities  of  the 
minor  axis  and  whose  latus  rectum  is  equal  to  that  of  the 
ellipse. 

43.  Given  the  centre  and  directrices  of  an  ellipse,  show  that 
the  envelope  of  the  normals  at  the  ends  of  the  latera  recta  is 

272/4  ±256ca:3  =  0. 

44.  Prove  that  the  envelope  of  a  circle  which  passes  through 
a  fixed  point  F  and  subtends  a  constant  angle  at  another  fixed 
point  j^  is  a  lima^on. 

45.  Find  the  envelope  of  a  parabola  of  which  the  directrix 
and  one  point  are  given. 

46.  Find  the  condition  between  a  and  h  that  the  envelope  of 

■ 

the  line  -4-^=1 

a     0 

may  be  the  curve  afy^  =  A;*"*"*. 

47.  /S'  is  a  fixed  point,  and  with  any  point  P  of  a  curve  for 
centre  and  with  radius  PS  +  ^  a  circle  is  described.  Show  that 
the  envelopes  for  different  values  of  k  consist  of  two  sets  of 
parallel  curves,  one  set  being  circles ;  and  find  what  the  original 
curve  must  be  that  both  sets  may  be  circles. 

48.  Kays  emanate  from  a  luminous  point  0  and  are  reflected 
at  a  plane  curve.  OY  is  the  perpendicular  from  0  on  the 
tangent  at  any  point  P,  and  OY  is  produced  to  a  point  Q,  such 
that  YQ  =  OY,  Show  that  the  caustic  curve  is  the  evolute  of 
the  locus  of  Q,  Show  that  the  caustic  curve  may  also  be 
regarded  as  the  evolute  of  the  envelope  of  a  circle  whose  centre 
is  P  and  radius  OP, 

[If  a  ray  of  light  in  the  plane  of  a  given  bright  curve  be  incident  upon 
the  curve  the  reflected  ray  and  the  incident  ray  make  equal  angles  with 
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the  normal  to  tlie  curve  at  the  point  of  incidence,  and  the  reflected  ray 
lies  in  the  plane  of  the  curve.  If  a  given  system  of  rays  be  incident 
upon  the  curve,  the  envelope  of  the  reflected  rays  is  called  the  caustic  by 
reflection.] 

,49.  Parallel  rajs  are  incident  on  a  bright  semicircular  wire 
(radius  a)  and  in  its  plane.     Show  that  the  caustic  curve  is  the 

epicycloid  formed  by  a  point  attached  to  a  circle  of  radius  -- 
rolling  upon  the  circumference  of  a  circle  of  radius  — . 

■ 

50.  Kays  emanate  from  a  point  on  the  circumference  of  a  re- 
flecting circular  arc.  Show  that  the  caustic  after  reflection  is  a 
cardioide. 

51.  Show  that  if  rays  emanate  from  the  pole  of  an  equi- 
angular spiral  and  are  reflected  by  the  curve  the  caustic  is  a 
similar  equiangular  spiral. 


CHAPTER  XII. 

CURVE  TRACING. 

315.  Nature  of  the  Problem.    Cartesian  EqnationB. 

If,  in  the  Cartesian  equation  of  any  algebraic  curve, 
various  values  of  x  be  assigned,  we  obtain  a  number  of 
equations  whose  roots  give  the  corresponding  values  of 
the  ordinates.  The  real  roots  of  these  equations  can 
always  be  either  found  exactly  or  approximated  closely 
to  by  methods  explained  in  the  Theory  of  Equations. 
We  can  by  this  means,  laborious  though  it  will  in  most 
cases  be,  find  as  many  points  as  we  like  which  satisfy  the 
given  equation  of  the  curve;  and  by  joining  these  points 
by  a  curved  line  drawn  freely  through  them  we  can  form 
a  fairly  good  idea  as  to  its  shape.  The  experience,  how- 
ever, which  we  have  gained  in  previous  chapters  will  in 
general  obviate  any  necessity  of  resort  to  the  usually 
tedious  process  of  approximating  to  the  roots  of  equations 
of  high  degree ;  and  we  propose  to  give  a  list  of  sugges- 
tions for  guidance  in  curve  tracing  which  in  most  cases 
will  enable  us  to  form,  without  much  difficulty,  a 
sufficiently  exact  notion  of  the  character  of  the  curve 
represented  by  any  specified  equation. 
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316.  Order  of  Procedure. 

1.  A  glance  will  suffice  to  detect  symmetry  in  a  curve. 
If  no  odd  powers  of  y  occur,  the  curve  is  symmetrical 
with  respect  to  the  axis  of  x.  Similarly  for  symmetry 
about  the  axis  of  y.  If  all  the  powers  of  both  x  and  y 
which  occur  be  even,  the  curve  is  symmetrical  about  both 

axes,  as,  for  instance,  in  the  case  of  the  ellipse  — 2+t2  =  1- 

Again,  if  on  changing  the  signs  of  x  and  y  the  equation 
of  the  curve  remain  unchanged,  there  is  symmetry  in 
opposite  quadrants,  as  in  the  case  of  the  hyperbola  xy  =  k^. 
The  origin  is  then  said  to  be  a  centre  of  the  curve. 

If  the  curve  be  not  symmetrical  with  regard  to  either 
axis,  consider  whether  any  obvious  transformation  of 
co-ordinates  could  make  it  so. 

2.  Notice  whether  the  curve  passes  through  the  origin; 
also  the  points  where  it  crosses  the  co-ordinate  caces ;  or,, 
in  fact,  any  points  whose  co-ordinates  present  themselves 
as  obviously  satisfying  the  equation  to  the  curve. 

3.  What  asymptotes  are  there?  First  find  those 
parallel  to  the  co-ordinate  axes ;  next,  the  oblique  onea 
(Art.  210).  These  results  point  out  in  what  directions 
the  curve  extends  to  infinity. 

Find  also  on  which  side  of  each  asymptote  the  curve 
lies  (Art.  232). 

4.  If  the  curve  pass  through  the  origin,  equate  to  zero 
the  terms  of  lowest  degree.  These  terms  will,  give  the 
tangent  or  tangents  at  the  origin  (Art.  254),  and  thus  tell 
the  direction  in  which  the  curve  passes  through  the 
origin.  A  more  complete  method  of  finding  the  shape  of 
the  curve  near  to  and  at  a  great  distance  from,  the 
origin  is  to  follow  in  Art.  320. 
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5.  If  there  be  a  nodcy  cusp,  or  conjugate  point  at  the 
origin,  or  a  multiple  point  of  higher  order  than  the 
second,  take  note  of  the  fact.  If  there  be  a  cusp,  teat  its 
species  (Art.  258). 

6.  Find  wh/xt  other  multiple  points  the  curve  has  (Art. 
257),  and  ascertain  the  position  and  character  of  each. 

7.  Find  -^;  and  for  what  points  it  vanishes  or  becomes 

infinite.  These  results  will  indicate  the  points  at  which 
the  tangent  is  parallel  or  perpendicular  to  the  axis  of  x. 
The  direction  of  the  tangent  at  other  points  may  also  be 
ascertained  if  desirable. 

8.  Find,  if  convenient,  the  points  of  inflexion. 

9.  A  straight  line  will  cut  a  curve  of  the  n^  degree  in 
n  points  real  or  imaginary,  and  imaginary  intersections 
occur  in  pairs.  These  facts  are  often  useful  in  detecting 
a  false  notion  of  the  shape  of  a  curve. 

10.  If  we  can  solve  the  equation  for  one  of  the  vari- 
ables, say  y,  in  terms  of  the  other,  x,  it  will  be  frequently 
found  that  radicals  occur  in  the  solution,  and  that  the 
range  of  admissible  values  of  x  which  give  real  values  for 
y  is  thereby  limited.  The  existence  of  loops  upon  a  curve 
is  frequently  detected  thus. 

11.  It  sometimes  happens  that  the  equation  is  much 
simplified  upon  reduction  to  the  polar  form.  This  is 
especially  the  case  when  the  origin  is  a  multiple  point  on 
the  curve. 

317.  It  is  not  necessary  of  course  in  every  case  to  take 
all  the  steps  indicated  above,  or  to  keep  to  the  order  laid 
down,  but  the  student  is  advised  in  any  curve  he  may 
attempt  to  trace  to  note  down  the  result  of  each  inves- 
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tigation  he  may  make.  For  instance,  he  should  remark 
the  absence  just  as  much  as  the  existence  of  symmetry, 
asymptotes,  or  singular  points,  and  the  total  information 
gained  will  generally  be  sufficient  to  give  a  tolerably  good 
diagram  of  the  curve. 

318.  We  add  a  few  examples  to  illustrate  the  points 
enumerated. 


X 


Fig.  66. 


I.  To  trace  the  curve       y  =  {x-\){x-2){x-Z), 
(a)  This  curve  is  not  symmetrical  about  either  axis ;  but  if  the 
origin  be  transferred  to  the  point  (2,  0)  the  equation  becomes 

y=a?(a;2-l), 

showing  symmetry  in  opposite  quadrants  when  referred  to  the  new 
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axes,  and  that  the  tangent  at  the  new  origin  is  inclined  at  an  angle 
IBS'*  to  the  axis  of  x, 

(p)  Eecurring  to  the  original  equation, 
If  ^=0,  a?=l,  2,  or3; 

If  ^=0,  3^= -6; 

If  ^=00,  2/—^'* 

If  a:=-oo,        y=-x. 

When  ^  is  >  3    y  is  positive, 

^  <  3  but  >  2    y  is  negative, 
x  <  2  but  >  1    y  is  positive, 
X  <l      '  y  is  negative. 

(7)  The  curve  does  not  go  through  the  origin,  and,  although 
•extending  to  infinity,  it  has  no  rectilineal  asymptote. 
(5)  Since  y^a^-^v^-^-Wx-Q 

we  have  ~^- 


dx 


Za^-l2x-\-\\, 


which  vanishes  when      a; = 2  ±  — ;- . 

(c)  Also  —-•^=6(^-2),  which  shows  that  there  is  a  point  of  in- 

OLX 

^exion  at  the  point  where  :r==2. 

The  shape  of  the  curve  is  therefore  that  shown  in  Fig.  66. 


Fig.  67. 


II.   To  trace  the  curve 


Case  1.  Suppose 


^(x  —  ayijx  —  b 
a>b  (Fig  67). 
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(a)  The  curve  is  symmetrical  with  regard  to  the  axis  of  x, 

(J3)  While  jc  <  6,  y  is  imaginary, 

and  7/  is  real  for  all  values  of  a?  from  6  to  oo,  and  the  curve  meets  the 
axis  of  X  when  ^=a  and  when  a;=b, 

(7)  -5^=0  when  ^=a,  and   =00  when  x=by  so  that  the  curve 
ax 

touches  the  axis  a:  at  the  point  (a,  0),  and  cuts  it  at  right  angles  at 

(^  0). 

(5)  There  is  no  asymptote;  but,  when  :r=QO,  y  and  -^  are  both 

CUV 

00  in  the  limit,  the  curve  ultimately  taking  the  shape  of 

6 

aJT 


A  {ftfiy\m,0) 


I 

Kg.  68. 

Case  2.  Next  consider  a<h  (Fig.  68). 

(a')  There  is  in  this  case  also  sjonmetry  about  the  axis  of  x, 
(p')  The  equation  to  the  curve  is  satisfied  by  the  point  (a,  0),  but 
by  no  other  point  in  its  vicinity,  for  if  ^  be  <  6,  y  is  imaginary 
except  when  x=a.    The  point  (a,  0)  is  therefore  a  conjugate  point. 

(7')  Moreover  -t^=oo  when  x=by  and  the  curve  cuts  the  axis  of 

CvX 

X  at  right  angles  at  this  point. 

(5')  Also,  when  a?  =  00,-^=00 ;   so  the  curve  in  departing  from 
(6, 0)  (the  point  B  in  Fig.  68)  must  bend  towards  the  positive  direc- 
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tion  of  the  axis  of  Xy  and,  finally,  -JL  again  becomes  infinite,  showing 

ax 

that  there  must  be  a  point  of  inflexion  at  some  point  C  between  i? 

and  00 ,    Its  exact  position  is  of  course  given  by  the  equation 

dx^      ' 
The  shapes  of  the  curves  in  the  two  cases  are  given  in  Figs.  67 
and  68  respectively. 

Examples. 

1 .  Trace  the  curve  y = a^{x  - 1 ), 

showing  that  its  tangent  is  parallel  to  the  axis  of  x  at  the  origin 
and  at  the  point  ^=f. 

2.  Trace  y—^y 

and  show  that  there  is  a  point  of  inflexion  at  the  origin.    This  curve 
is  called  the  cubical  parabola, 

3.  Trace  the  curve  y^=^i 

showing  that  there  is  a  cusp  of  the  first  kind  at  the  origin.     This 
curve  is  called  a  semicvhical  parabola, 

4.  Trace  the  curve     ay^={x  —  a){x  —  b){x—c\ 

where  a,  &,  c  are  in  descending  order  of  magnitude,  and  examine  the 
cases  (1)    a—b. 

(2)  6=c. 

(3)  a=b=c, 
III.  To  trace  the  cw've 

a  being  positive. 

a.  There  is  no  symmetry  about  either  axis  and  the  curve  does  not 
pass  through  the  origin. 

j8.  The  curve  cuts  the  axis  of  y  at  the  point  (0,  —  a)  and  the  axis 
of  X  at  the  point  given  by  the  real  root  of 

a:3+CMr2  +  a'  =  0. 
(It  is  clear  that  two  roots  of  this  equation  are  imaginary,  for  the 
sum  of  the  squares  of  the  reciprocals  of  its  roots  is  negative.)     Also, 
the  real  root  is  obviously  negative  and  numerically  greater  than  a, 

y.  When    07  is  >  a,  ^  is  positive. 

When    X  lies  between  a  and  —  a,  y  is  negative. 
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When  ^  is  <  -  a,  y  is  positive  until  x  passes  the  negative  root 
above  referred  to,  and  then  is  negative  afterwards. 

B.  The  asymptotes  parallel  to  the  axes  are  ^=  ±a.    To  find  the 
oblique  asymptote 

f2 


or 


y=A'+a+~+.... 

X 


Fig.  69. 

Hence  y=s;i7+a  is  the  oblique  asymptote,  and,  if  x  be  positive,  the 
ordinate  of  the  curve  is  obviously  greater  than  that  of  the  asymp- 
tote, and  the  curve  lies  above  the  oblique  asymptote.  If  a?  be 
negative,  the  curve  lies  below  it. 

Y 
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e. 


which  gives  -^*=0,  when  ;i?=0  or  when  ^-3a'^-4a^=0,  which 
cue 

clearly  has  a  positive  root  lying  between  07= 2a  and  x=2a^  and 

which  can  be  shown  to  have  only  this  one  real  root.    Also,  -^  =  oo 

ax 

only  when  J7=  ±a. 

i.  A  point  of  inflexion  lies  between  ^=  -  6a  and  a;=  -  6a  (Ex.  26, 
Chap.  X.). 

The  shape  is  therefore  that  given  in  Fig.  69. 

IV.  To  trace  the  curve    y^-{-2iifiy-\-aF=^0, 

a.  The  curve  is  not  symmetrical  about  either  axis  and  there  are 
no  asymptotes. 

/3.  The  curve  passes  through  the  origin,  but  cuts  neither  ajds  agaiD. 

7.  There  is  a  cusp  at  the  origin,  the  equation  of  the  tangent  being 

y=0. 


Fig.  70. 

Proceeding  according  to  Art.  268  the  quadratic  for  P  is 

P^+2Pa^^aF^Q, 
an  equation  whose  roots  are  real  if  x  be  very  small,  positive  or 
negative  ;  for  the  criterion  for  real  roots  is  that  ofi-aF  should  he  >  0. 
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This  condition  is  fulfilled  until  a?  is  >  1^  when  P  or  y  becomes 
ima^ary. 

Moreover,  the  product  of  the  roots =^^  and  is  positive  or  negative 
according  as  ;v  is  positive  or  negative.  There  is  therefore  a  double 
cusp  at  the  origin,  and  on  the  positive  side  of  the  axis  of  y  it  is  of  the 
second  species,  while  on  the  negative  side  it  is  of  the  first  species. 
The  point  is  therefore  a  point  of  oscul-inflexion  (Fig.  47). 

5.  y=  -^±^  s/l-a:, 

so  that  ^==Qoifir=l.   A  Iso,  one  value  of  -J^  is  zero  when  x=--. 
dx  dx  49 

The  shape  of  the  curve  is  now  readily  seen  to  be  that  shown  in  Fig.  70. 

319.  The  following  curve  illustrates  a  particular  artifice 
which  may  be  occasionally  employed,  namely  to  express 
the  ordinate  of  the  curve  as  the  sum  or  difference  of  the 
ordinates  of  two  known  or  easily  traceable  curves. 


Fig.  71. 

V.  To  trace 

{x^  H-y2  -  3a^)2  =  4a;r2(2a  -  x) . 

Here 

?/2 — %ax  —  K^  +  2  fjax  sl2ax  —  x^-{'aa 

=:(\^2flw?  — ^'^+  isloucf\ 

therefore 

y  —  ±  \/-2ax  —  x^±.  sjax. 

or 

y^^y^^jh^ 
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where y^  and y^  are  corresponding  ordinates  of  the  circle  a^-\'y^^2ax 
and  of  the  parabola  y^=^ax.  Hence  the  ordinate  of  the  curve  is  the 
sum  or  difference  of  the  corresponding  ordinates  of  these  carves. 
The  circle  and  the  parabola  are  shown  by  dotted  lines  in  the  accom- 
panying figure,  and  the  resultant  curve  by  the  continuous  line. 

Examples. 

1.  Trace  the  curve        (^ +y  + 1)* = (1  -  xf, 

showing  that  there  is  a  cusp  of  the  first  species  at  (1,  —  2} ;  also 
that  all  chords  parallel  to  the  axis  of  y  are  bisected  by  the  line 

a?+y+l=0. 

2.  Trace  the  curve  r =a sec  ^  ±a  cos  ^, 

the  radius  vector  being  the  sum  or  difference  of  the  radii  vectores 
of  a  straight  line  and  a  circle. 

320.  Newton's  Diag^m  of  Squares. 

When  a  curve  whose  equation  is  algebraic  and  rational 
passes  through  the  origin  it  is  frequently  desirable  to 
ascertain  the  shape  of  the  curve  in  the  immediate  neigh- 
bourhood of  the  origin  more  accurately  than  can  be  pre- 
dicted from  a  mere  knowledge  of  the  direction  of  the 
tangents,  and  also  to  form  some  idea  of  the  limiting  form 
of  the  curve  at  a  great  distance  from  the  origin. 

The  following  is  a  graphical  method  of  determining 
what  terms  of  an  equation  are  to  be  retained  or  rejected 
in  such  cases : — 

Let  Aa^'jfi,  Bx^y*  be  any  two  terms  of  the  equation  of 
the  curve ;  and  let  us  suppose  them  to  be  such  that  they 
are  of  the  same  order  of  magnitude.  Take  a  pair  of 
co-ordinate  axes  and  mark  down  the  positions  of  the 
points  (p,  q)  (r,  s),  which  we  shall  call  P  and  jB  respec- 
tively. Then,  since  x^y^  and  x^y*  are  of  the  same  order 
of  magnitude,  a?^"*"  and  y*"«  are  also  of  the  same  order, 

and  therefore  the  order  of  x  is  that  of  y^'-*- 
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Now     — ^  =tan0,  where  Q  is  the  angle  which  the  line 
r— p  ° 

PjB  makes  with  OX,     So  that  the  order  of  x  is  that  of 

y-tan^^  and  therefore  the  order  of  the  term  Ax^y^  is  that 

of  yg-ptan^     T^QVf  5— ptand  =  the  intercept  OA  made 


Y 

B 
A 

M 

r-^ 

^ 

^ 

X 

r^ 

^ 

^ 

^ 

R 

r^ 

^ 

^ 

5 

r^' 

1 

0 

X 

Fig.  72. 

by  the  line  FR  upon  OYy  so  that  the  order  of  the  terms 
Ax^y^  and  Bx^y*  is  that  of  ^^''^  and  is  measured  by  the 
intercept  OA. 

Consider  next  any  other  term  Gx^y^  in  the  equation. 
Let  its  graphical  point  (m,  n)  be  denoted  by  M  in  the 
figure.    Then  the  order  of  this  term  is  that  of 

njn — wi  tan  d   q».   ytiOS 

the  line  MB  being  drawn  parallel  to  RP^  cutting  off  the 
intercept  OB  on  the  axis  of  y,  OB  therefore  graphically 
marks  the  order  of  this  term,  which  may  therefore  be 
rejected  in  tracing  near  the  origin  in  comparison  with 
the  terms  denoted  by  the  points  P  and  R  if  OB  be  greater 
than  OA ;  and  in  tracing  the  curve  at  a  great  distance 
from  the  origin  it  may  be  rejected  if  OB  be  less  than  OA. 
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ThuB  if  all  the  terms  of  the  equation  be  represented 
graphically  by  the  series  of  pointe  P,  Q,  R,  S  ...  in  the 
manner  above  described,  and  if  when  any  two,  say  P  and 
R,  are  chosen  all  the  other  points  lie  on  the  side  of  the 
line  PR,  remote  from  the  origin,  they  may  all  he  rejected 
in  tracing  the  portion  of  the  curve  in  the  immediate 
pi-oximity  of  the  origin;  but  if  they  all  lie  on  the  origin 
side  of  the  line  PR  they  may  all  be  rejected  in  tracing 
the  curve  at  an  infinite  distance  from  the  origin. 

Ek.  If  the  equation  be 
the  points  A,  B,  C,  D,  E  represent  the  let,  2nd,  etc.  terms  respect- 


Fig.  73. 
ively,  and  a  glance  at  the  diagram  wiU  ahow  that  the 

second  and  third  ) 
and  the  second  and  fifth    ) 

are  groups  which  may  be  taken  together  in  tracing  near  the  origiii, 
whilst  the  first  and  third  1 

and  the  first  and  fifth   / 

are  groups  which  may  be  taken  together  in  approxiioating  to  the 
form  of  the  curve  at  an  influite  distance  from  the  origio. 

.  321.  The  above  method  is  a  modification  of  the  one 
adopted  in  such  cases  by  Newton,  and  is  known  as 
Newton's  Parallelogram.  A  further  slight  variation  on 
the  same  method  is  due  to  De  Gua,  and  is  known  as  De 
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Gua's  "Analytical    Triangle."      [De  Gua's  "Usage  de 
I'Analyse  de  Descartes,"  Paris,  1740.] 

VI.  To  trace  ^+/-5a2^=0. 

a.  Newton*s  diagram  shows  at  once  that  near  the  origin  the  first 
and  third  of  these  terms,  or  the  second  and  third,  may  be  taken 
together,  whilst  at  a  great  distance  from  the  origin  the  first  and 


Fig.  74. 

second  may  be  taken  together.    This  indicates  that  at  the  origin 
the  curve  assumes  the  parabolic  forms 

and  that  at  infinity  it  approximates  to  the  straight  line  .r+y=0, 
which  is  obviously  the  only  asymptote. 
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jS.  Moreover,  the  equation  may  be  written 

y=-^l-5a>|)* 

-   ■        «*j. 

when  in  the  limit  y=-x=di,  very  large  quantity. 

'Hence  again  y^—x  is  an  asymptote,  but  we  gain  the  additional 
information  that  if  x  be  negative  and  very  large  the  ordinate  of  the 
curve  is  greater  than  the  ordinate  of  the  asymptote. 

7.  Since  when  the  signs  of  x  and  y  are  both  changed  the  equation 
remains  of  the  same  form  there  is  symmetry  in  opposite  quadrants. 

5.  Since  dy ^x{2a^y  -  a^) 

dx      y^  —  a^a^  ' 

we  have  ^=0 

a.r 

at  the  points  where  the  curve  is  intersected  by  the  cubical  parabola 

^^y—a^  (which  is  easily  traced),  and  by  the  axis  of  y ;  and 

where  the  curve  is  cut  by  either  of  the  parabolas  y*=  ±ar.  The 
form  of  the  equation  is  therefore  that  shown  in  Fig.  74. 

Examples. 

1.  Trace  a^+^—baa^^ 

showing  that  at  the  origin  there  are  two  cusps  of  the  first  species, 
an  asymptote  x+y=a,  two  infinite  branches  below  the  asymptote, 
and  a  loop  in  the  first  quadrant. 

2.  Show  that  the  curve  y^-a^x^^-\-x^=0 

consists  of  four  equal  loops,  one  in  each  of  the  four  quadrants  and 
lying  entirely  within  the  circle  r=a. 

322.  Polar  Equations.    Order  of  Procedure. 

In  tracing  a  curve  from  its  polar  equation  it  is  advis- 
able to  follow  some  such  routine  as  the  following : — 

1.  If  possible  form  a  table  of  corresponding  values  of 
r  and  6  which  satisfy  the  equation  of  the  curve.  Con- 
sider both  positive  and  negative  values  of  0. 
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2.  Obtain  the  value  of  tan^,  Art.  178.  This  will 
indicate  the  direction  of  the  tangent  at  any  point.  The 
length  of  the  polar  subtangent  is  often  useful,  Art.  179. 

3.  Examine  whether  any  values  of  6  exist  which  give 
an  infinite  value  of  r.  If  so,  find  whether  the  curve  has 
asymptotes  in  such  directions  (Art.  234)  and  find  their 
equations. 

4.  Examine  whether  there  be  an  asymptotic  circle 
(Art.  23G). 

5.  Find  the  positions  of  the  points  of  inflexion  (Art. 
248). 

6.  It  will  frequently  be  obvious  from  the  equation  of 
the  curve  that  the  values  of  r  or  0  are  confined  between 
certain  limits.    If  such  exist  they  should  be  ascertained. 

E.ff.,  if  r=aaiD.n0  it  is  clear  that  r  must  lie  in  magnitude  between 
the  limits  0  and  a,  and  the  curve  lie  wholly  within  the  circle  r=a. 


323.  Carves  of  the  Classes  r=a sin nO,  rsinn0=a. 

VII.  To  trace  r^asmbe, 

a.  We  have  the  following  table  of  corresponding  values  of  r  and  $ 


Valaes  of  0 


Correspond- 
ing Values 
of  r 


• 

• 

• 

• 

O    00 

li 

a>  00 

11 

tr 

S  V 
^  ^ 

2ir 

Sir 

ss 

4ir 

0 

Intel 
Val 

10 

PoB. 

10 

Intel 
Val 

10 

Inter 
Val 

10 

Pos. 

0 

a.nd 
Incr. 

a 

and 
Deer. 

0 

Neg. 

-a 

Neg. 

0 

Valaes  of  ^       tk 


Correspond- 
ing Values 
of  r 


-s 


f6 

il 


Pos. 


5t 
10 

a 

Pos. 

6t 
10 

0 

7ir 
10 

-a 

10 

etc. 

• 

Neg. 

1 

Neg.     0 

etc. 
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/3.  r  is  never  greater  than  a,  aud  there  is  no  asymptote. 

7.  tan^ssftanS^,  and  therefore  vanishes  whenever  r  vanishes 
and  =  00  whenever  r=±,a.  The  curve  therefore  consists  of  a  series 
of  similar  loops  as  shown  in  Fig.  75,  all  being  arranged  symmetri- 
cally about  the  origin  and  lying  entirely  within  a  circle  whose 
centre  is  at  the  pole  and  radius  a. 


r\  / 


324.  Any  other  curve  of  the  class 

r  =  a  sin  710 
may  be  traced  in  a  similar  manner. 

We  annex  a  figure  of  the  curve 

r  =  asin60(Fig.  76). 
It  will  be  noticed  for  this  class  of  curves  that  ]inhe  odd 
there  are  n  loops,  whilst  if  n  he  even  there  are  2n  loops. 
This  will  be  easily  seen  from  the  order  of  description  of 
the  loops,  which  we  have  denoted  by  the  numerals  1,  2, 
3  ...  in  the  figures. 
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325.  Curves  of  the  class 

rsm7i0  =  a 
are  inve'rae  to  the  above  species,  and  their  forms  are 


Fig.  76. 

therefore  obvious,  going  to  oo  along  a  radial  asymptote 
whenever  the  radius  of  the  companion  curve  r=aBmnQ 
vanishes,  and  touching  r=a sinnd  at  the  extremity  of 
each  loop.    We  give  in  illustration  a  tracing  of  the  curves 

r=asin40) 
and  rsin40  =  a  ) 

with  the  asymptotes  of  the  latter,  in  one  figure  (Fig.  77). 

326.  Class  r**=a'*co8W0. 

The  class  of  curves  of  which 

r*»  =  a**cosnd 
is  the  type  embraces,  as  has  been  previously  noticed^ 
several  important  and  well  known  curves.    For  instance,. 
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we  get  Bernoulli's  lemniscate  (n=2),  the  circle  (tir  =  l), 
the  cardioide  (ti= J),  the  parabola  (71=  —J),  the  straight 
line  (n=  —1),  the  rectangular  hyperbola  (ti=  —2). 


Fig.  77. 
VIII.  To  trace  r^=a^co8  2$    (Bemotilli^s  Lefnniscate). 

a.  Negative  values  of  cos  2d  give  imaginary  values  of  r.     Hence 
the  only  real  portions   of   the  curve  lie  in  the  two  quadrants 


3ir 


5ir 


bounded  by  ^=  -^  and  6=  +'^,  and  by  6='^  and  ^=25. 

4  4  4  4 


r=0  when  ^=  ±^  or  ^  or  ^, 

4         4  4 


/3. 

and  =  ±a  when  ^=0  or  IT. 

7.  Since  the  only  power  of  r  occurring  is  even,  the  curve  is  sym- 
metrical about  the  origin.  Again,  since  the  equation  is  unaltered 
by  writing  —  d  for  6  the  curve  is  obviously  symmetrical  about  the 
initial  line. 
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Also,  r  increases  from  ^=  -^-to  0  and  decreases  again  from  ^=0 

to  2  8Jid  is  nowhere  infinite  or  in  fact  greater  than  a. 

The  curve  therefore  consists  of  two  similar  loops  as  shown  in 
Fig.  78. 


Fig.  78. 
Other  curves  of  this  species  may  be  treated  in  a  similar  manner. 

It  will  be  easily  seen  that  if  n  be  fractional  (=-)>  the  curve  will 

have  p  portions  arranged  symmetrically  about  the  origin. 


Kg.  79. 
For  example,  in  the  curve 

5 


550 
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-we  have  the  following  scheme  of  values  for  r  and  $ : 


e 

0 

6ir 
6 

0 

lOir 
6 

15t 
6 

20t 
6 

25ir 
0 

30ir 
6 

etc. 

r 

a 

-a 

0 

a 

—  a 

etc. 

whence  we  obtain  a  figure  with  three  equal  loops,  the  whole 
lying  within  a  circle  whose  radius  is  a  and  centre  at  the.  origin 
<Fig.  79). 

Examples. 


rcos2tf=a, 

r=a  cos  4^. 
r3cos3^=a^, 
r*co8^tf=a*, 


1.  Trace  the  curves 

r=a  cos  2^, 

r»acos3d, 

2.  Trace  r3=a'cos3^, 

r*s=aicosJ^, 

r* = a*cos  j^,       r^cos  j^ = a*. 

3.  Trace  the  curve        y\x^ + a^) = a^i^fi  -  a^),  [T.  C.  S.,  1886.] 

Show  that  the  abscissa  corresponding  to  any  given  central  radius 
vector  is  equal  to  the  corresponding  radius  vector  in  Bernoulli's 
Lemniscate,  and  hence  that  the  curve  consists  of  two  loops  passing 
through  the  origin  and  resembling  those  of  the  Lemniscate. 


IX.  To  trace 


r= 


ae 
1+^' 


a.  By  giving  a  set  of  values  to  ^  we  have  the  following  table 


Values  of  <?  in 
Circular  Measure 


Values  of  r 


00 

4 

3 

2 

1 

1 
2 

1 
4 

0 

1 
4 

4a 

3'x 

2a 

a 

a 

a 

0 

a 

a 

.^ 

— 

6 

4 

3 

2 

3 

6 

3 

1 

1_ 

2 


—  —     —a 
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Values  of  ^  in 
Circular  Measure 

3 

4 

-3a 

-1 

QO 

5 

4 

5a 

4 
3 

4a 

3 

2 

-2 

-3 

3a 
2 

-4 

4a 
3 

-10 

10a 
9 

—  00 
a 

Values  of  r 

3a 

2a 

/3.  Since  we  may  write  the  equation 


r= 


a 


1  + 


1' 


when  $  becomes  very  large,  either  positively  or  negatively,  the  form 
of  the  curve  approximates  to  that  of  an  asymptotic  circle  r=a, 
which  it  approaches  both  from  within  and  without. 

7.  Art.  234  shows  that        rsin(^+l)+a=0 
is  an  asymptote  to  the  curve.    This  line  touches  the  asymptotic 
circle  and  is  shown  by  the  dotted  straight  line  in  the  figure. 


Fig.  80. 


Z,  The  points  of  inflexion  (Art.  248)  are  given  by  the  equation 

^+^2  +  2=0, 
an  equation  which  has  one  real  root  which  lies  between  ^=  - 1  and 
^sa  -  2.    The  curve  is  therefore  that  shown  in  Fig.  80. 
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Examples. 

1.  Trace  '"^^ 

showiDg  that  it  lies  entirely  within  the  circle  r=a,  which  is  an 
asymptotic  circle  ;  also,  that  there  is  a  cusp  of  the  first  species  at 
the  origin. 

2.  Trace  r=— — -. 

^2-1 

Show  that  there  are  two  linear  asymptotes  and  an  asymptotic 
circle ;  also  a  cusp  of  the  first  species  at  the  origin  and  a  point  of 
inflexion  when  ^2=3. 


EXAMPLES. 

1.  Show  that  the  curve 

consists  of  two  branches  each  passing  through  the  origin  and 
extending  to  infinity,  and  that  the  whole  curve  is  contained 
between  two  asymptotes  parallel  to  the  axis  of  y, 

2.  Show  that  the  curve 

9       na;2  -  4a- 

x^-cr 
has  two  infinite  branches  passing  through  the  origin  and  lying 
between  the  asymptotes  x=  ±,a,  and  that  there  are  in  addition 
two  other  infinite  branches  resembling  those  of  the  hyperbola 

3.  Show  that  the  curve 

a^  +  y^^a^ 

consists  of  one  infinite  branch  running  to  the  asymptote 
x  +  y  =  0  at  each  end  and  cutting  the  axes  at  right  angles  at 
the  points  (a,  0),  (0,  a)  at  which  there  are  points  of  inflexion. 

4.  Show  that  the  curve 

ic*  +  y*  =  Zaocy 
consists    of   one  infinite   branch   running  to  the  asymptote 
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^  +  yH-a  =  Oat  each  end  and  lying  on  the  upper  side  of  that 
line.  Also,  that  the  axes  of  co-ordinates  are  tangents  at  the 
origin,  and  that  there  is  a  loop  in  the  first  quadrant.  This 
curve  is  called  the  Folium  of  Descartes. 

5.  Trace  the  curves 

(a)    aj^  +  ^  =  a^a5. 

(y)  ay"  =  ^(a^  -  a^).    [R.  M.  A.,  Nov.,  1883.] 

6.  Show  that  the  curve 

af  =  a^y  +  a^  [R.  M.  A.,  July,  1880.] 

has  a  cusp  of  the  first  species  at  the  origin  and  an  asymptote 

x  +  y  =  a  cutting  the  cui-ve  at  /?,  ^  j.     Trace  the  curve. 

7.  Trace  the  curves 

(a)   ay^-2axy  +  a^  =  0.     [R.  M.  A.,  Nov.,  1880.] 

(P)     f  +  cmf  +  bx'^O.     [R.  M.  A.,  Nov.,  1881.] 
a  and  b  both  being  positive  quantities. 

8.  Trace  xy^  =  ia\2a  -  x). 

Show  that  this  curve  may  be  constructed  thus :  take  a  semi- 
circle APB  whose  diameter  is  AB,  produce  MP  the  ordinate  of 
P  so  that  MP\MQ=^AM  :  AB, 

then  the  given  curve  is  the  locus  of  Q.  [This  curve  is  called 
the  Witch  and  was  discussed  by  Maria  Gaetana  Agnesi,  Pro- 
fessor of  Mathematics  at  Bologna,  1748.] 

9.  Trace  the  curve  y*(2a  -x)  —  qi?.  [Cissoid  of  Diodes.] 
Show  that  this  curve  arises  from  the  following  geometrical 
construction.  AB  \&  the  diameter  of  a  semicircle  APB^  BT  the 
tangent  at  B,  APT  a  straight  line  through  A  cutting  the  semi- 
circle and  the  straight  line  in  P  and  T ;  then,  if  Q  be  taken  on 
this  line  so  that  AQ  =  PT,  the  locus  of  Q  is  the  Cissoid. 

z 
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10.  Trace  . ■ --, 

and  show  that  the  oblique  asymptote  cuts  the  curve  at  an  angle 
tan-^8.  [R.  M.  A.,  Nov.,  1882.] 

11.  Trace  2x{a^-hf/')  =  a(2a^-hy^) 

and  find  by  polars  the  co-ordinates  of  the  points  of  inflexion. 

[R.  M.  A,,  June,  1883.] 

12.  Trace  y(a*  4- a^)  =  a'aj, 

showing  that  there  are  points  of  contrary  flexure  where  x  =  0 
or  ±a  J3,  that  the  tangent  is  parallel  to  the  axis  of  x  where 
x=  ±a,  and  that  the  axis  of  a?  is  an  asymptote. 

13.  Trace  x^y^=^a^{a?-y% 

showing  that  the  curve  lies  entirely  between  its  asymptotes 
y=  ±a,  and  that  its  tangents  at  the  origin  are  y=  ±x, 

14.  Trace  the  curve 

15.  Trace  a^^^a^a^-y^), 

16.  Trace  (y^  -  aJ'Y  ^  a^(a?  -  2a^), 

1 7.  Trace  axy  ^a^-a^     (The  Trident. ) 

18.  Trace  the  curve 

when  m  is  respectively  greater  than,  equal  to,  and  less  than 
unity,  and  also  when  m  is  zero.  [London,  1880.] 

19.  Trace  i/2  =  a.2^±5. 

X  —  a 

20.  Trace  ^2  =  ^.2?!+^. 

21.  Trace  x(x  +  y)^  =  a(x  -  y)\  [I.  C.  S.,  1879.] 

22.  Trace  oi^=-y{x-af.  [Oxford,  1876.] 
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23.  Trace  /_^Y  =  2^i5.  [H.  C.  S.,  1881.] 

24.  Find  the  multiple  points  on  the  curve 

and  the  directions  of  the  tangents  at  those  points. 

[H.  0.  S.,  1881.] 
Also  trace  the  curve. 

25.  Trace  the  curve    o^  -J-  y^  4-  Zcxy  =  a^, 

and  prove  that  as  c  diminishes  to  a  the  ultimate  form  of  the 
loop  is  that  of  an  ellipse  whose  eccentricity  =  Vf . 

[Math.  Tripos.] 

26.  Trace         (oj  -  y)2(a;  +  2/)(2aj  +  y)  =  aV-      [Camb.,  1879.] 

27.  Trace  the  curve     r  =  a(l  +  cos  0),     (Cardioide.) 

28.  Trace  r  =  a  +  6  cos  ^.     (The  Lima^on  of  Pascal.) 

29.  Trace  r  =  a(2cos^±  1).     (The  Trisectrix.) 

30.  Trace  the  following  spirals : — 

(a)      r=aft     (Spiral  of  Archimedes.) 

(fi)    r6  =  a.     (The  Hyperbolic  or  Reciprocal  Spiral.) 

(y)  rW^a^.     (The  Lituus.) 

(8)       r  =  oe"*^.     (The  Logarithmic  or  Equiangular  Spiral.) 

Show  that  in  each  case  there  is  an  infinite  number  of  convolu- 
tions round  the  pole,  and  that  r  sin  ^  =  a  is  an  asymptote  to  {/S} 
and  the  initial  line  an  asymptote  to  (y). 

31.  Trace  the  curves 

r  =  acos5^,     rcos5^  =  a,     r  =  aco9^6. 

32.  Trace  the  curves 

ri  =  a*  cos  §^,     r»  =  a^  sec  §6^,     r » =  a^  cos  fO. 
What  is  the  relation  between  them  ?  [Camb.,  1876.] 
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33.  Trace  the  curve  d  — 


showing  that  a  line  parallel  to  the  initial  line  at  a  distance  a 
above  it  is  an  asymptote.  Show  also  that  there  is  an 
asymptotic  circle  r  =  a. 

Show  that  this  curve  has  an  asymptotic  circle ;  also  that  as  each 
branch  of  the  curve  comes  from  infinity  it  approaches  the  asymp- 
totic circle  from  the  outside  on  one  side  of  the  initial  line  and 
from  the  inside  upon  the  other. 

35.  Trace  r=2a?^     (The  Cissoid) 

cos  u 

from  the  polar  equation. 

36.  Trace  r  =  «^— •  [R-  M.  A.,  July,  1880.] 

6  +  a  ■■ 

37.  Trace  rO'^  =  tan  6,  from  ^  =  0  to  ^  =  27r. 

[Oxford,  1876.] 

38.  Trace         T^sin  3(^  -  a)  =  sin  ^  -  sin  a.    .     [Oamr,  1 879.] 

39.  Trace  the  "  curve  of  sines  " 

y  =  6  sm  -. 
a 

40.  Trace  y  =  e~^*  tan /juk. 

41.  Trace  ^  =  7« — ^r 

for  positive  values  of  d,  [Trin.  Coll.  Oamb.,  1873.] 

42.  Trace  r  =  - — ?-— ^.  [Oxford.] 

1  -  sin  W 

43.  Trace         {x  +  a)\y -a)  +  {y  +  af{x-a)=-0. 

[Oxford.] 
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44.  Trace 

45.  Trace 


46.  Trace 

47.  Trace 

48.  Trace 


{x  -  a){x  -  b)' 
x  =  a{\  -cos 6)  ) 

(The  companion  to  the  Cycloid.) 

y  =  c  cosh  -.     (The  Catenary. ) 


y  =  03^  4-  cosh  X, 

or  r  =  a cosec  6±h, 

(The  Conchoid  of  Nicomedes). 

49.  Trace     {y'  +  {a-\-xy){fJt{a-xf}^o^b\ 
examining  the  cases 

(1)  a<h 

(2)  a  =  6.     (Lemniscate  of  Bernoulli.) 

(3)  a>6.     (Cassini's  Ovals.) 

50.  Trace  y'^a^y^  +  ^y'  +  a^^O.  [Cramer.] 

51.  Trace 

r  =  a(cosacos^- Jcos3acos3^  +  ^cos5acos5^-  ...). 

[Math.  Tripos,  1878.J 

52.  Trace  y  =  g-*'.     (The  Probability  Curve.) 

53.  Trace  the  curves 

(a)  y*-aa;y2  +  a;4  =  o. 

(/?)  ay-2a6ar^y-aj»  =  0. 
(r)       2/**  +  aic*  -  h^xi^  =  0. 

54.  Trace  x^  -  aaPy  +  by"^  =  0, 

55.  Trace  (a)  oc^  + 1/^  =  2a^x^. 

(P)  a^  +  y'^xy^aJ'x^-b^y). 


[Cramer.] 
[De  Gua.] 


[Frost.] 


APPLICATION   TO   THE   EVALUATION   OF 

SINGULAE  FOKMS  AND  MAXIMA 

AND  MINIMA  VALUES. 


CHAPTER  XIII. 

UNDETERMINED  FORMS. 

327.  In  Chap.  I.  it  was  explained  that  a  function  may 
involve  an  independent  variable  in  such  a  manner  that 
its  value  for  a  certain  assigned  value  of  the  variable 
cannot  be  found  by  a  direct  substitution  of  that  value. 
And  in  such  cases  the  function  is  said  to  assume  a 
**  Singular*'  "  Undetermined''  " Illusory"  or  " Indeter- 
uninate  "  form. 

328.  It  is  proposed  in  the  present  chapter  to  consider 
more  fully  the  method  of  evaluation  of  the  true  limiting 
values  of  such  quantities  when  the  independent  variable 
is  made  to  approach  indefinitely  near  its  assigned  value. 

329.  List  of  Forms  occurring. 

Several  cases  are  to  be  considered,  viz.,  when,  upon 
substitution  of  the  assigned  value  of  the  independent 
variable,  the  function  reduces  to  one  of  the  forms 

-,       0x00,      — ,       X— X,       0^       00®,      or  1°°. 
0  00 

It  is  frequently  easy  to  treat  these  cases  by  algebraical 
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or  trigonometrical  methods  without  having  recourse  to 
the  Differential  Calculus,  though  the  latter  is  required  for 
a  general  discussion  of  such  forms. 

By  far  the  most  important  case  to  consider  is  that  in 

which  the  function  takes  the  form  ^;  for,  in  the  first 

place,  it  is  the  one  which  most  frequently  occurs ;  and, 
secondly,  any  of  the  other  forms  may  be  made  to  depend 
upon  this  one  by  some  special  artifice. 

330.  Algebraical  Treatment. 

Suppose  the  function  to  take  the  form   -  when  the 

independent  variable  x  ultimately  coincides  with  its 
assigned  value  a.  Put  x=a+h  and  expand  both 
nv/merator  and  denominator  of  the  function.  It  will 
now  become  apparent  that  the  reason  why  both 
numerator  and  denominator  vanish  is  that  some  power 
of  A  is  a  common  factor  of  each.  This  should  now  be 
divided  out  Finally,  put  A=0  so  that  x  becomes  =a, 
and  the  true  limiting  value  of  the  function  will  be 
apparent. 

In  the  particular  case  in  which  x  is  to  become  zero 
the  expansion  of  numerator  and  denominator  in  powers 
of  X  should  be  at  once  proceeded  with  without  any  pre- 
liminary substitution  for  x. 

In  the  case  in  which  x  is  to  become  infinite,  put  0?=-, 

y 

so  that  when  x  becomes  =(x>  y  becomes  =0. 

The  method  thus  explained  will  be  better  understood 
by  examining  the  mode  of  solution  of  the  following 
examples. 


Ex.  1.  Find  Lt^^., 
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X 


Sere  numerator  and  denominator  both  vanish  if  :r  be  put  equal  to  0. 
We  therefore  expand  a*  and  6*  by  the  exponential  theorem.    Hence 

X 

{l+a:log^+^(logea)2+...}-{l+^loge6+^(loge6)2+...}- 


^Lt 


X 


=  Z^^|l0g^-l0ge&  +  |ja^'-i^')  +  ...l 


=  logea  -  l0g,6  =  l0ge|. 


Ex.  2.  Find  Lt^.^^^ + ^ . 

This  is  of  the  form  t:  if  we  put  a:= 1.  Therefore  we  put  x^\+h 
and  expand.    We  thus  obtain 

'^'a^  -  3:f2 + 2        *"**(1  +  hf  -  3(1 4-^)2+2 

^Tf.     (l+7A+2U2+...)-2(l+5A+10A2+..0  +  l 
^       (l+3A+3A2+...)-3(l  +  aA+A2)+2 

^Lt     -M±^+--- 

—  3A+... 

It  will  be  seen  from  these  examples  that  in  the  process  of  expan> 
sion  it  is  only  necessary  in  general  to  retain  a  few  of  the  lowest 
powereofh. 
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Ex.  3.  Find  Z^^*?5i£p. 

tana?        1      sin^ 


Since 


X        cos  X      X 


,             y.     tana?     T 
we  have     Ltg^a =1. 

X 


Hence  the  form  assumed  by  ^— 5_£V  is  1"  when  we  put  ^=0. 
Expand  sin  x  and  cos  x  in  powers  of  x.    This  gives 


^        \-- 


X     -+... 


x?' 


2! 

1 

s 


=  Zfx=o(  1  +  ~  +  higher  powers  of  ^  V 


where  ^  is  a  series  in  ascending  powers  of  x  whose  first  term  (and 
therefore  whose  limit  when  07=0)  is  unity.     Hence 

Z«^^)?=X«^{(l+^^]p}L«4  by  Art.  21. 

1 

Ex.  4.  Find  Ltg^iX^-', 

This  expression  is  of  the  form  1".     Put 

l-x^y, 
and  therefore,  if  07=  1,  y = 0 ; 

therefore  Limit  required  =  Z^y=o(l-y^^=^"'^  (Art.  21). 

1 
Ex.  5.  Ltx^^x{a'-\).    This  is  of  the  form  oo  xO. 

Put  07=-, 

y 

therefore,  if  07=  oo ,  y=0,  and 

Limit  required  =  Z^«=o =logea  (Art.  22). 

y 
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EXAMFLBS. 

Find  the  values  of  the  following  limits  : 

1      T^     a*-l  TK     T*     sin-^^  -  sinh  ;r 

cr-1  ;p6 

2.  Ztg^{~^  a?cos%-log(14-a7)-sin-i 

^-1*  16.  Lt,=o -^ . 

•J.  j^tg^i——,  2sin:r+taiih~^^-3a? 

4.  Z^^o ^ 18.  Z^^o^-^-- _^j_^. 

fi     /,     :F*+a?3-^-5-P+4  «*  , 

^-  ^^-^-^Z^Ti+r-       19.  Lt^^^''^'^ 
6    X<     ^-2a^--^+9jr-4 
'"^     ^-2a;»+2a?-l 

7.  Ltxi^ . 

ft     r*     e*+e-«-2 


X* 


20.  Lt^i^Jf. 

21.  Z«,.,(^)i". 

10.  X«_o5^rM±^).  23.  Lt^^l^f. 

11.  £<^^--«i°f<^^.  24  Z*^f!i^>^. 

or  \    X    ' 

sin — ^ X  ^ 

12.  Z<x»o — 5 .  25.  Z^«»o(covers^)«. 

13  jr^     cosh  ^- cos  ^  26.  Z^a^7r(cosec  ^)*"**. 


^p  sin  07 


sin~^4r 


Uy.  Bill       a»- 

tan~^:r 

331.  Application  of  the  Differential  Calculus. 
John  Bernoulli  *  was  the  first  to  make  use  of  the  pro- 
cesses of  the  Differential  Calculus  in  the  determination  of 

*  "Acta  Eruditorum,"  1704. 
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the  true  values  of  functions  assuming  singular    forms. 
We  propose  now  to  discuss  each  singularity  in  order. 

382.  I.  Form  ^. 

Consider  a  curve  passing    through    the   origin    and 
defined  by  the  equations 


y 


Let  Xy  y  be  the  co-ordinates  of  a  point  P  on  the  cui've 
very  near  the  origin,  and  suppose  a  to  be  the  value  of  t 


Pig.  »1. 

corresponding  to  the  origin,  so  that  0(a)  =  0  and  ^(a)  =  0. 
Then  ultimately  we  have 

Z<^=i^  tan  POA^=  the  value  of  ^^  at  the 

dx 

dy 

cic'~  dx"^  yjr{t)* 
di 


X 


origin ; 


and 


Hence 


■Lilt = arTTJ\  —  -^H  »a  rf 


m . 


'f(«) 


nt) ' 


0 


iind  if   f-rrp:  be  not  of  the  form  ^  when  t  takes  its  assigned 
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value  a,  we  therefore  obtain 

But,  if  ^ttA  be  also  of  undetermined  form,  we  may 
repeat  the  process  and  say 

proceeding  in  this  manner  until  we  arrive  at  a  fraction 
such  that  when  the  value  a  is  substituted  for  t  its 
numerator  and  denominator  do  not  both  vanish,  and  thus 
obtaining  an  intelligible  result — zero,  finite,  or  infinite. 

333.  Another  Proof  of  the  Method. 
We  may  arrive  at  the  same  result  in  another  way, 
thus : — 

Let  jY\  ^^^  ^^^  ^"^^"^  fi  ^^^^  ^  approaches  and 

ultimately  coincides  with  the  value  a.     Let  x=a+h. 

Then  by  Taylor's  Theorem 

if>(x)^  <f>{a)+h<l>{a+eh)  ^  <l>{a+eh) 
\lr(x) "  i/r(a) +h^Xa + e\h) ""  Vr'(a + SJi)' 

for  ^(a)  =  0  and  '\/r(a)  =  0  by  supposition.     Hence  in  the 

limit  when  x=a  (and  therefore  A  =  0),  we  have 

If  it  should  happen  that  <l>{a)  and  yj/{o)  are  both  zero, 
we  can,  as  before,  repeat  the  process  of  differentiating  the 
numerator  and  denominator  before  substitution  for  x. 

Ex.  1.  Lt,J^^. 

Here  0(^) = sin  d  -  d,  and  y}/{e)  =  ^, 

which  both  vanish  when  d  vanishes. 
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4>\e)  =  cos  <?  - 1,  and  f{e) = ze^, 
aud  both  of  these  expressions  vanish  with  0, 
Differentiating  again 

0"(^)=  -sin^,  and  f  (^)  =  6^, 
and  still  both  expressions  vanish  with  B,      We  must  therefore 
differentiate  again 

0'"(^)=  -cos^,  and  ^"'(^)=6, 
whence  ^'"(0)  =  - 1,  and  f"{0)  =  6  ; 

sin^-^         1 


therefore  Lt 

Ex.  2,  Lt 


6=0      0^  ()' 


e^  +  e-^  +  2cos^-4 


=  Lt 


ett_^-e_2sind 
g^  +  e-^-2cosg 
e^-e-^  +  2sin^ 


^Lt 


^-0  120^ 

e^+<g~^  +  2co8^_  1 
^-0  120  30' 


[Form  «] 
[Form  «] 
[Fom.  «-] 
[Form  ?] 
[Form  -J] 


334!.  The  proposition  of  Art.  332  may  also  be  treated 
as  follows. 

Let  ^(a)  =  0  and  >/r(a)  =  0,  and  let  the  p^  differential 

coefficient  of  0(aj)  and  the  q^^  of  \/r(aj)  be  the  first  which 

do  not  vanish  when  x  is  put  equal  to  a.     Then  by  Taylor's 

Theorem,  putting  x  =  a+h, 

fiP-'i-  fiP 

JiP 
p. 
Similarly 

q 


=  ^<l>Ha+eh). 


y!r(x)  =  ^{a+6^h). 
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Hence      i*.=„^>=j! 


p 


Now,  if  'p>q,     Lth=oftP-9  =  0. 

If  p<q,     Ltk=<^P-9=<x>. 

SO  that  the  limit  is  0,  ^^  ^,  or  oo ,  according  as  p  is  >  , 
= ,  or  <  g. 

335.  11.  Form  0  x  oo  . 

Let  0(a)  =  0  and  '\/f(a)=oo,  so  that  <l>{x)y}r{x)  takes 
the  form  0  x  x  when  x  approaches  and  ultimately  co- 
incides with  the  value  a. 

Then  Lt^=a<t>{x)y}r{x)  =  Lt.^a  ^, 

\lr{x) 

and  since  rr  v  =  —  =0, 

y(a)     00 

the  limit  may  be  supposed  to  take  the  form  -,  and  may 

be  treated  like  Form  I. 

Ex.  1.  Lt^    e  cot  e  =  Lt^      —  =  Lt^    -\-  =  1. 

t'-o  cf«o  tan  d        ^-=0  sec^^ 

•    a                     a 
sm  -                sm  - 
.   fl                    ^                      ^ 
Ex.  2.  X^x-oo  d;sin—  =  Z^x=M  -r^ —  =  Lta  A = ^• 

X  X 

336.  III.  Form—. 

00  fk(q*\ 

Let  0(a)  =  00 ,  ylr{a)  =  oo ,  so  that  ff\  ^^®^  ^^®  ^^^^ 
—  when  x  approaches  indefinitely  near  the  value  a. 

2a 
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The  artifice  adopted  in  this  case  is  to  write 

1 

0(a;)     yr(a;) 

Then  since  ■ ,  .  ,  =  —  =0,  and  — ?— :  =  — =0,  we  may  con- 

aider  this  as  taking  the  form  -r^  and  therefore  we  may 

apply  the  preceding  rule. 

1  y!/(x) 


4,{x)  [<t>{x)Y 

Therefore    Z4..||  =  [^*--|S)>«=-^^  <^*^  ^2). 
Hence,  unless  Ltx=a,\  v  &«  2?ero  or  injinitey  we  have 


1 


If,  however,  Ltx=a,/  [  he  zero,  then 

and  therefore,  by  the  former  case  (the  limit  being  neither 
zero  nor  infinite),         =J^tx^a      -  iff  \^  '. 
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Hence,  subtracting  unity  from  each  side, 
Ti      ^(^)  -  Tf      ^'(^) 

Finally,  in  the  case  in  which 

and  therefore  by  the  last  case 

-Lt     ^'('")- 

therefore     Lt,^,^^  =  Lt.^,^^ 

This  result  is  therefore  proved  true  in  all  cases. 

337.  If  any  function  become  infinite  for  any  finite 
value  of  the  independent  variable,  then  all  its  differential 
coefficients  will  also  become  infinite  for  the  same  value. 
An  algebraical  function  only  becomes  infinite  by  the 
vanishing  of  some  factor  in  the  denominator.  Now,  the 
process  of  differentiating  never  removes  such  a  factor, 
but  raises  it  to  a  higher  power  in  the  denominator.  Hence 
all  differential  coefficients  of  the  given  function  will  con- 
tain that  vanishing  factor  in  the  denominator,  and  will 
therefore  become  infinite  when  such  a  value  is  given  to 
the  independent  variable  as  will  make  that  factor  vanish. 

It  is  obvious  too  that  the  circular  functions  which 
admit  of  infinite  values,  viz.,  tan  x,  cot  x,  sec  x,  cosec  x,  are 
really  fractional  forms,  and  become  infinite  by  the  vanish- 
ing of  a  sine  or  cosine  in  the  denominator ,  and  therefore 
these  follow  the  same  rule  as  the  above. 

The   rule   is   also   true   for  the   logarithmic  function 
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log(aj  — a)  when  aj  =  a,  or  for  the  exponential  function  6«-« 
when  x^a.h  being  supposed  greater  than  unity.* 

338.  From  the  above  remarks  it  will  appear  that  if  <f>{a) 
and  V^((x)  become  infinite  so  also  in  general  will  <f>{a) 
^and  ylr{a).     Hence  at  first  sight  it  would  appear  that  the 

formula  £<g=a  ;//  {  is  no  better  than  the  original  form 
Ltx^aff  {'     But  it  generally  happens  that  the  limit  of 

the   expression  ^-rr\y  when  a;  =  a,  can  be  more   easily 

ylr{x) 

evaluated. 

Ex.  1.  Find  Lt^  ir which  is  of  the  form  — . 

Following  the  rule  of  differentiating  numei^tor  for  new  numera- 
tor, and  denominator  for  new  denominator,  we  may  write  the  alx>ve 
limit  1 

"-2 


97i» 


2 

which  is  still  of  the  form  — .     But  it  can  be  written 


00 


cos^^ 


—  Lt        ':^:^ZZ  (which  is  of  the  form  -  ) 
_,  -2  COS  ^  sin  ^_ p. 

rjf^  00 

Ex.  2.  Evaluate  Ltx=^^—.  which  is  of  the  form 

*  For  farther  discussion  of  this  point  the  student  is  referred  to  Pro- 
fessor De  Morgan's  **Diff.  and  Int.  Calculus." 
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•i^vxsstO—Z,  ■^*X=aX —  •  •  • 

=  X'^x=oo— 1  =  -  *  =0. 

«*       00 


It  is  obvious  that  the  same  result  is  true  when  n  is  fractional. 

Ex.  3.  Evaluate  Ltg^oaf^{log  jc)**,  m  and  n  being  positive. 
This  is  of  the  form  0  x  oo ,  but  may  be  written 


,|>^|-       [r«„  -] 


and  by  putting  a?«=e~''  this  expression  is  reduced  to 

in  Ex.  2. 


—  C      ~     VUXD    CO.  L/X  COOIV/XX    XO    X  ' 

Z^,«,i— ^J   =Oasi] 


339.  IV.  Form  oo  -  oo  . 

Next,  suppose  0(a)  =  oo  and  ^a)  =  oo,so  that  €t>{x)-yjf{x) 
takes  the  form  oo  —  x ,  when  x  approaches  and  ultimately 
coincides  with  the  value  a. 

Let  u=^(a5)-V<a;)  =  V'(a;){|^^-l}. 

From  this  method  of  writing  the  expression  it  is  obvious 

that    unless    Ltx^a^j~-{  =  \    the    limit    of   u    becomes 

y}r{x) 

^(a)  X  (a  quantity  which  does  not  vanish) ;  and  therefore 
the  limit  sought  is  oo . 

But  if  Ltx=(Prr\  =  \y  ^^  problem  is  reduced  to  the 

y'yX) 

evaluation  of  an  expression  which  takes  the  form  oo  x  0, 
a  form  which  has  been  already  discussed  (II.). 

Ex.  Ltx=Ji    -  cot  ^  ) = Ltg^  41 -X  cot  x) 
^x  /  X 

=  Lt^^"-^'^''  (which  is  of  the  form  ?) 

_j.  x^mx       /which  is  of  the  same \ 

sin^+ji7C08^  *  form  still  / 

r.        «mx-\rXQO»X      p. 

=  /jtx^a- -. —  =  u. 

2cosa:  — .rsm.r 
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340.  V.  Forms  0^  x^,  l". 

Let  y  =  u^,  u  and  v  being  functions  of  aj;  then 

logey  =  V  logeU. 

Now  logal=0,  logeOO  =  op,  log/)=— oo;  and  therefore 
when  the  expression  u^  takes  one  of  the  forms  0®,  oo  <^,  1*, 
log  y  takes  the  undetermined  form  0  x  x .  The  rule  is 
therefore  to  take  the  logarithm  and  proceed  as  in 
AH.  335. 

Ex.  1.  Find  Ltx~o^i  which  takes  the  undetermined  form  0^. 
Lt^og^^Lt:^}^^^-=Lt,^A^^Lt^{-x)=0, 

whence  Lt^^^ = gO = 1 . 

Ex.  2.  Find  Lt^^T{nnx)^^.     This  takes  the  form  1". 


Lt^^y{sin  .r)'*»*=Z^^_;»e**"*»<« 


■inx 
2  a 


and  Zr  xtan^log 8in^=Zi_T^2g.^^=  Z^  t    ^^^' 

a  ,    cot^  9— cosec'a; 

=  Z^^ir(  -  sin  or  cos  x) = 0, 


s 


whence  required  limit = e<> = 1 . 

A  slightly  different  arrangement  of  the  work  is  exemplified  here. 

341.  The  following  example  is  worthy  of  notice,  viz., 

given  that     <l>{a)  =  0,    \lr(a)  =  oo ,     Ltg^=a(t>{x)'^{x)  =  *fri. 
We  can  write  the  above  in  the  form 

which  is  clearly  e^  by  Art.  21,  Chap.  I. 

It  will  be  observed  that  many  examples  take  this  form, 

(tan  «ic\~3 
y  on  p.  364,  and  Exs. 

20  to  26  on  p  365. 
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342.  ^  of  doubtftil  value  at  a  Multiple  Point. 

Since  o~=^  *^^  ^=0  at  any  multiple  point  on  the 

curve  u  =  0,  it  will  be  apparent  that  at  such  a  point  the 

value  of  j^  as  derived  from  the  formula 
dx 

dy_     dx 
dx'^     d<f> 

will  be  of  the  undetermined  form  ~. 

The  rule  of  Art.  332  may  be  applied  to  find  the  true 

limiting  values  of  -^  for  such  cases,  but  it  is  generally 

better  to  proceed  otherwise. 

If  the  multiple  point  be  at  the  origin,  the  equations  of 
the  tangents  at  that  point  can  be  at  once  written  down 

by  inspection  and  the  required  values  of  -^  thus  found. 

If  the  multiple  point  be  not  at  the  origin,  the  equation 
of  the  curve  should  be  transformed  to  parallel  axes 
through  the  multiple  point  and  the  problem  is  then 
solved  as  before. 

Ex.  Consider  the  value  of  -^  at  the  origin  for  the  curve 

The  tangents  at  the  origin  are  obviously 

^=0,        y=0,        ax+bt/=0, 
making  with  the  axis  of  ^  angles  whose  tangents  are  respectively 

*'  ®'  -J' 

which  are  therefore  the  required  values  of  ^, 
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EXAMPLES. 
Investigate  the  following  limiting  forms : — 

log  COS  X 
O.   Ijtg^ir — ~ . 

*  1  -  J2  sin  X 

J.     T.     l4-cosiraj 
tanVa; 


5.  Z/,  Jog  1 2  -  -J  cot  (a;  -  a). 

6.  Z«,j2i--2?^. 


X 

log^fcos 


7.  X<^_<j- 


cot  Q  tan~^(m  tan  Q)  -  mx  cos^- 


sm-*— 


2 

8.  U^(qx^xY^\ 

1 

9.  Z<^i(l  -  ic2)i<«a-«). 

10.  Z<^o(loga:)»°«^-«>. 

11.  Z^_„ — - — ,  ^  ■ -—j; according  as  n  is  >,  =, 

or  <  m. 


12.  Ltjg^ffxr^  ,  m  being  positive. 

13.  z«^i^y. 

yoo;  - 1/ 
14.  Lt^J\±^t^^\ 

«\1  —QO^xf 
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15.  Z«^{cot (45* -«:)}«"**. 

16.  Tj_^4  +  4  +  ah>^^+an'Y 

,  -     ,.,     2ic2  -  2e*  +2  cos  ajV  +  sin^ 
1/.  />c,=o -4 . 

18.  Lt^,!^[^zJ^£. 

lo     r*        «•    ^  f  (i.)    Ifabe>l. 

a*         (  (ii.)  If  a  be  <  1. 


oA    r^     cosec  a:  -  cot  x 
JU.  /^Jaf-o       — • 

X 


21.  LL. 


sja^^  ax  +  03-^  -  ^*  a/  1  +  - 


'«=o- 


log  cos  '- 


22.  Lt^ 


23.  Z< 


24.  Z«_ 


?^  ,      a-x  ,  y     X     I/t      u3\ 
5  a  gm  ^ —      +  log-  -  -1 1  -  - 1 

a  a     2\       /^*/ 

\  a       «-      a-y 

\a;  a/ 

Vtt^  +  OTB  4-  ixy^  -  Ja^  -ax  +  a^ 


«=0" 


Ja+x—  Ja— 


X 


25    2;^     \o^(\-{-x  +  x^)  +  \o^{\-x  +  x^) 
*"  sec  a;  —  cos  x 

e%£t     ta     ^  siii  (sin  x)  -  si!i2.f 
26.  Z«^ ^-_g^ 


27.  Z«  J-l±^^-^. 

05 
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/  1  \—  .     WU  J.  J.  CtC 

(l+a:).-e  + 
28.  Z«_ -i        ^4 


'"'^^  (a;-y)(2/-a)(a-a;) 

[Put  a;  =  a  +  /i,  y  =  a  +  A;,  and  expand  in  powers  of  h  and  h^ 
and  finally,  after  reduction,  put  h  =  0,  A;  =  0.] 

31.  x^^J^g^+^^gy. 

32.  Show  that  generally^  if  a  function  of  two  independent 
variables  take  one  of  the  singular  forms  -,  etc.,  for  certain 

values  of  the  variables,  its  value  is  truly  indeterminate. 

33.  Given  a^  +  y^  +  a^  =  3axy, 

find  the  values  of  ^  when  x  =  y  =  a, 

ax 

34.  Find  the  values  of  ^  at  the  origin  for  the  curve 

35.  For  the  curve         ay^y^=-  (a^  -  y^){b  +  y)^ 

find  the  values  of  -^  at  the  point  (0,  -  b). 

dx 

36.  For  the  curve         ic*  +  ax^y  =  ay^ 
find  the  values  of  -^  when  a?  =  0. 

37.  Prove     X«..,^ f ^^^^^Z^E^V  =  (IVlog a. 

a  sin  a^y  cos  x  -  cos  o.x  /       \6f 
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a'^^u 


38.  Prove  Z<^o~—  =  n^  -  wi^, 


dx''-' 


1               cosmv      J 
'Where  w  = ^  and  x  =  Biny, 

cosy 

39.  Find  LtA^.—^^.  where  v  =  -;^ — .  and  ^  =  cos~Vl  -»). 

dx^  sm  ^  ^         ■         . 

[I.  C.  S.,  1884.} 

40.  If  y  =  (8in"^a;)2,  prove  that 

41.  Prove  that  Lt^^ —  is  zero  or  infinite  according:  as  n  is 


greater  or  less  than  m,  a  and  h  being  both  greater  than  unity. 

43.  Prove  Lt^,  s/^2Z^cot(^^/?Il^|  =  - '. 

44.  Find  Z«^(cos  aa;)'^*^ 

.e    Y'  J  7*«*8ij^  ^^  -  ^*8in  rta*  /  (^)  IfiK  =  0. 

tan  bx  -  tan  aa?  *         (  (2)  If  a  =  h. 


42.  Prove  Lt^A  2  -  -  »*"'"  =  e^. 


46.  Find  Lt 


x^r 


\x^-\)^-x+\ 

sfx  -  Ja  +  Jx  -  a 
- — • 

48.  FindZ«    ,r(sin  a;)*"'. 


47.  Find  Lt 
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49.  Prove  that  if,  when  x  is  infinite,  </>(a;)  =  oo  ,  then  will 


X 


and  also  that  U^^  {4^^)}'^  =  ^"^^V"}- 

[Todhunter's  Difp.  Calc.] 

50.  Prove  that  Z«^„ i -- r  =  6.     ,_  >«  t^,««  n^^r^^ 

\^i  [TODHUNTERS  DiFF.  OALC.J 


51.  Prove      Lt 


m  being  positive. 


m+l  ^  +  1^ 


52.  Prove  Lt^i{ar  +  a  +  Ar  +  a  +  2/ij"'  +  . . .  +  a  +  (w  -  1)/* '"  I 

where  A  =  -II^*,  and  a,  6  are  any  given  quantities. 

n 


CHAPTER  XIV. 

MAXIMA  AND  MINIMA— ONE  INDEPENDENT 

VARIABLE. 

343.  Elementary  Algebraical  Methods. 

Examples  frequently  occur  in  elementary  algebra  and 
geometry  in  which  it  is  required  to  find  whether  any . 
limitations  exist  to  the  admissible  values  of  certain  func- 
tions for  real  values  of  the  variable  or  variables  upon 
which  they  depend. 

For  example,  the  function  aj^  — 4a;+9  may  be  written 
in  the  form  (x  —  2)^ + 5, 

from  which  it  is  at  once  apparent  that  the  least  admis- 
sible value  of  the  expression  is  5,  the  value  which  it 
assumes  when  x=2.  For  the  square  of  a  real  quantity 
is  essentially  positive,  and  therefore  any  value  of  x  other 
than  2  will  give  a  greater  value  than  5  to  the  expression 
considered. 

As  a  second  illustration  let  us  investigate  whether  any 
limitation  exists  to  the  values  of  the  expression 

x^—x+1 
oc?-\-x+l 
for  real  values  of  x. 
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iJu  •"•  cc  "4"  X 

we  have         aj^(l  — y)— ic(l+y)  +  l— 2/  =  0, 
an  equation  whose  roots  are  real  only  when 

(l+2/)2>4(l-2/)«, 

i.e.,  when  (%■"!) (3 ""2/)  ^^  positive; 

i.6.,  when  y  lies  between  the  values  3  and  \.  It  appears 
therefore  that  the  given  expression  always  lies  in  value 
between  3  and  \.  Its  maximum  value  is  therefore  3  and 
its  minimum  \. 

344.  Method  of  Projection. 

Ex.  Suppose  it  he  required  to  determine  geometrically 
the  greatest  triangle  inscribed  in  a  given  ellipse. 

It  is  obvious  from  elementary  considerations  that  if 
the  ellipse  be  projected  orthogonally  into  a  circle  the 
greatest  triangle  inscribed  in  the  given  ellipse  must  pro- 
ject into  the  greatest  triangle  inscribed  in  a  circle ;  and 
such  a  triangle  is  equilateral  and  the  tangent  to  the 
circle  at  each  angular  point  is  parallel  to  the  opposite 
side.  This  property  of  parallelism  is  a  projective  pro- 
perty, and  therefore  holds  for  the  gi*eatest  triangle  in- 
scribed in  the  given  ellipse. 

Moreover 

Area  of  greatest  triangle  inscribed  in  the  ellipse 

Area  of  ellipse 

_  Area  of  equilateral  triangle  inscribed  in  a  circle 
""  Area  of  the  circle 

Hence  the  area  of  the  greatest  triangle  inscribed  in  an 
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ellipse  whose  semiaxes  are  a,  h  is 

4 


Examples. 

1.  Show  algebraically  that  the  expression  x-\--  cannot  lie  be- 

X 

tween  2  and  —  2  for  real  values  of  x.    Illustrate  this  geometrically 
by  tracing  the  hyperbola        xy  —  a^==\, 

2.  Prove  that,  if  x  be  real,  ^^""  ,       *  must  lie  between  5  and  i. 

n%     I     ft         M     I      A 

3.  Show  that,  if  j?  be  real,  .        .  cannot  lie  between  the 

x  —  a   x  —  b 

values  -  (^1^±J1\*  and  -  i'  ;J^rJt\^ 

4.  Show  that  the  triangle  of  greatest  area  with  given  base  and 
vertical  angle  is  isosceles. 

5.  Show  that  the  greatest  chord  passing  through  a  point  of  inter- 
section of  two  given  circles  is  that  which  is  drawn  parallel  to  the 
line  joining  the  centres. 

6.  If  ^,  jB  be  two  given  points  on  the  same  side  of  a  given  straight 
line  and  i*  be  a  point  in  the  line,  then  A  P+BP  will  be  least  when 
A  P  and  BP  are  equally  inclined  to  the  straight  line. 

7.  Show  that  the  triangle  of  least  perimeter  inscribable  in  a  given 
triangle  is  the  pedal  triangle. 

8.  If  Aj  B,  C  be  the  angular  points  of  a  triangle  and  P  any  other 
point,  then  AP+BP+CP  will  be  a  minimum  when  each  of  the 
angles  at  P  is  120°.  [AP  is  a  normal  to  the  eUipse  with  foci  J5,  C 
and  passing  through  P.] 

9.  The  diagonals  of  a  maximum  parallelogram  inscribed  in  an 
ellipse  are  conjugate  diameters  of  the  ellipse. 

10.  If  the  sum  of  two  varying  positive  quantities  be  constant 
show  that  their  product  is  greatest  when  the  quantities  are  equal. 
Extend  this  to  the  case  of  any  number  of  positive  quantities. 
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The  General  Problem. 

345.  Suppose  a;  to  be  any  independent  variable  capable 
of  assuming  any  real  value  whatever,  and  let  <t>{x)  be  any 
given  function  of  cc.  Let  the  curve  y  =  0(a;)  be  represented 
in  the  adjoining  figure,  and  let  -4,  B,  G,  D,  ,..  be  those 
points  on  the  curve  at  which  the  tangent  is  parallel  tf> 
one  of  the  co-ordinate  axes. 


Fig.  82. 


Suppose  an  ordinate  to  travel  from  left  to  right 
along  the'  axis  of  x.  Then  it  will  be  seen  that  as  the 
ordinate  passes  such  points  as  A,  G,  or  E  it  ceases  to 
increase  and  begins  to  decrease;  whilst  when  it  passes 
through  B,  D,  or  F  it  ceases  to  decrease  and  begins  to 
increase.  At  each  of  the  former  set  of  points  the  ordinate 
is  said  to  have  a  maximum  value,  whilst  at  the  latter  it  is 
said  to  have  a  minimum  value. 

346.  Points  of  Inflexion. 

On  inspection  of  Fig.  83  it  will  be  at  once  obvious  that 
at  such  points  of  inflexion  as  0  or  H,  where  the  tangent 
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is  parallel  to  one  of  the  co-ordinate  axes,  there  is  neither 
a  maximum  nor  a  minimum  ordinate.  Near  Oy  for 
instance,  the  ordinate  increases  up  to  a  certain  value  NQ, 
and  then  as  it  passes  through  Q  it  continues  to  increase 
without  any  prior  sensible  decrease. 


Fig.  83. 

This  point  may  however  be  considered  as  a  combination 
of  two  such  points  as  A  and  B  in  Fig.  82,  the  ordinate 


Fig.  84. 

increasing  up  to  a  certain  value  Nfi-^i  then  decreasing 
through  an  indefinitely  small  and  negligible  interval  to 
Nfi^y  and  then  increasing  again  as  shown  in  the  magnified 
figure  (Fig.  84),  the  points  0^,  G^  being  ultimately  co- 
incident. 

2b 
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847.  We  are  thus  led  to  the  following  definition : — 
Def.  If,  while  the  independent  variable  x  inncreaaes 
continuously,  a  function  dependent  upon  it,  say  <p{x\ 
i/ncr eases  through  any  finite  interval  however  srrtcdl  until 
x=a  and  then  decreases,  ^(a)  is  said  to  be  a  maximum 
value  of  <p(x).  And  if  <f>{x)  decrease  to  ^{a)  and  then  in- 
crease, both  decrease  and  increase  being  through  a  finite 
interval,  then  <p{a)  is  said  to  be  a  minimum  value  of  <f>(x). 

348.  Properties  of  Maxima  and  Minima  Values.     Criteria. 

The  following  statements  will  now  be  obvious  from  the 
figures  82  and  83 : — 

(a)  According  to  the  definition  given,  the  term  maximum 
value  does  not  mean  the  absolutely  greatest  nor  minimum 
the  absolutely  least  value  of  the  function  discussed. 
Moreover  there  may  be  several  maxima  values  and 
several  minima  values  of  the  same  function,  some  greater 
and  some  less  than  others,  as  in  the  case  of  the  ordinates 
sXA,B,  C,  ...  (Fig.  82). 

(/3)  Between  two  equal  .values  of  a  function  at  least 
one  maximum  or  one  m,inimum  must  lie;  for  whether 
the  function  be  increasing  or  decreasing  as  it  passes  the 
value  [MyP^  in  Fig.  82]  it  must,  if  continuous,  respectively 
decrease  or  increase  again  at  least  once  before  it  attains 
its  original  value,  and  therefore  must  pass  through  at 
least  one  maximum  or  minimum  value  in  the  interval. 

(y)  For  a  similar  reason  it  is  clear  that  between  two 
maxima  at  least  one  minimum  must  lie;  and  between 
two  minima  at  least  one  maximum  must  lie.  In  other 
words,  maxima  and  minima  values  must  occur  alternately. 
Thus  we  have  a  maximum  at  J.,  a  minimum  at  .8,  a 
maximum  at  G,  etc. 
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(<S)  In  the  immediate  neighbourhood  of  a  maximum  or 
minimum  ordinate  two  contiguous  ordinates  are  equal, 
one  on  each  side  of  the  maximum  or  minimum  ordinate ; 
and  these  may  be  considered  as  ultimately  coincident 
^with  the  maximum  or  minimum  ordinate.  Moreover  as 
the  ordinate  is  ceasing  to  increase  and  beginning  to 
decrease  its  rate  of  variation  is  itself  in  general  an  infini- 
tesimal. This  is  expressed  by  saying  that  at  a  maximum 
or  minimum  the  function  discussed  has  a  stationary  value. 
This  principle  is  of  much  use  in  the  geometrical  treatment 
of  maxima  and  minima  problems.  ' 

(e)  At  all  points,  such  as  Ay  B,  (7,  D,  E,  ...,  at  which 
maxima  and  minima  ordinates  occur  the  tangent  is 
parallel  to  one  or  other  of  the  co-ordinate  aoces.     At 

points  like  -4,  5,  C,  D  the  value  of  -^  vanishes,  whilst 

at  the  cuspidal  points  E,  F,  -^  becomes  infinite.     The 

positions  of  maxima  and  minima  ordinates  are  therefore 
given  by  the  roots  of  the  equations 

0X^)=()  I 

(f)  That  ;7^  =  0,   or  -^  =  oo,   are   not  in   themselves 

sufficient  conditions  for  the  existence  of  a  maximum  or 
minimum  value  is  clear  from  observing  the  points  Q,  H 
of  Fig.  83,  at  which  the  tangent  is  parallel  to  one  of  the 
co-ordinate  axes,  but  at  which  the  ordinate  has  not  a 
maximum  or  minimum  value.  But  in  passing  a  moM- 
mum  value  of  the  ordinate  the  angle  yjr  which  the 
tangent  makes  with  OX  changes  from  acute  to  obtuse  (Fig. 
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85),  and  therefore  tan  yjr,  or  ^,  changes  from  positive  to 

negative ;  while  in  passing  a  wAnimurri  value  yfr  changes 

from  obtuse  to  acute  (Fig.  86),  and  therefore  -^  changes 
from  negative  to  positive. 


Fig.  86. 

We  can  therefore  make   the  following  rule   for   the 
detection   and   discrimination    of   maxima   and    minima 

values.     First  find  -^  and  by  equating  it  to  zero  find 

for    what    values    of   x   it   vanishes;    also   observe   if 
any  values  of  x  will  make  it  become  infinite.      Then 

test  for  each  of  these  values  whether  the   sign   of  -~ 

CbX 

changes  from  +  to  —  or  from  —  to  +  a»Q  x  increases 
through  that  value.  If  the  former  be  the  case  y  has  a 
maximum  value  for  that  value  of  x ;  but  if  the  latter,  a 
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minimum.  If  no  change  of  sign  take  place  the  point  is  a 
point  of  inflezion  at  which  the  tangent  is  parallel  to  one 
of  the  co-ordinate  axes. 

349.  Criteria  for  the  discrimination  of  Maxima  and  Minima 
Values.    Another  Method  of  Investigation. 

The  same  criteria  may  be  deduced  at  once  from  the 

aspect  of  -V-  as  a  rate-measurer.    For  -j-  is  positive  or 

negative  according  as  y  is  an  increasing  or  a  decreasing 
function.     Novr,  if  y  have  a  maximum  value  it  is  ceasing 

to  increase  and  beginning  to  decrease,  and  therefore  -^ 

must  be  changing  from  positive  to  negative;  and  if  y 
have  a  minimum  value  it  is  ceasing  to  decrease  and 

beginning  to  increase,  and  therefore  -^  must  be  changing 

from  negative  to  positive.     Moreover,  since  a  change  from 

positive  to  negative,  or  vice  versa,  can  only  occur  by 

passing  through  one  of  the  values  zero  or  infinity,  we 

must  search   for  the  maximum  and  minimum   values 

among  those  corresponding  to  the  values  of  x  given  by 

<ti\x)  =  0  or  by  <{>{x)  =  oo . 

du 
Further,  since  -p  must  be  increasing  when  it  changes 

from  negative  to  positive,  -t4  must  then  be  positive ;  and 

du  d^u 

similarly,  when  -,-  changes  from  positive  to  negative  -^ 

must  be  negative,  so  we  arrive  at  another  form  of  the 
criterion  for  maxima  and  minima  values,  viz.,  that  there 
will  be  a  maximum  or  minimum  according  as  the  value 
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of  X  which  makes  -^  zero  or  infinite  gives  ^^  a  negative 
or  a  positive  sign. 

Examples. 
1.  Find  the  maximum  and  minimum  values  oiy  where 

Here  ^=(.r-2)2+2(a?-l)(d?-2) 

ax 

=  (a?-2)(3a?-4). 

Putting  this  expression  =0  we  obtain  for  the  values  of  x  which 

give  possible  maxima  or  minima  values 

:r=2  and  ^=-. 
3 

To  test  these  :  we  have, 

if  ^  be  a  little  less  than  2,  ^'^ =(—)(  +  ) = negative, 

CLX 

if  07  be  a  little  greater  than  2,  -^=(  +  )(+)=positive. 

dx 

Hence  there  is  a  change  of  sign,  viz.,  from  negative  to  positive  as  x 

passes  through  the  value  2,  and  therefore  x=2  gives  y  a  minimum 

value. 

Again,  if  j?  be  a  little  less  than  -,         ^=(  — )(  —  )= positive, 

3         dx 

and  if  ^  be  a  little  greater  than  -,  ^'?=(— )(  +  )= negative, 

o  ctx 

showing  that  there  is  a  change  of  sign  in  ^,  viz.,  from  positive  to 

CLX 

negative,  and  therefore  x=-  gives  a  maximum  value  for  y. 

Otherwise :  ^^ = (^  -  2)  (3.r  -  4), 

dx 

dti  4 

so  that  when  ^  is  put  =0  we  obtain  x—2ov    . 

And  5^=6^-10, 


so  that,  when  a: =2,       -^^=2, 
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a  positive  quantity,  showing  that,  when  a7=2,  y  assumes  a  minimum 

value,  whilst,  when         ^=^,      ^=  "-2, 

i^hich  is  negative,  showing  that,  for  this  value  of  a?,  y  assumes  a 
maximum  value. 

2.  If  ^=(.'r-a)*»(^-6)*^+S 

where  n  and  jt?  are  positive  integers,  show  that  x=^a  gives  neither 

maximum  nor  minimum  values  of  y,  but  that  x=^h  gives  a  minimum. 

It  will  be  clear  from  this  example  that  neither  maxivrui  rwr  minima 

valttes  can  arise  from  the  vanishing  of  such  factors  of  -^  as  have  even 
indices, 

3.  Show  that Z     has  a  maximum  value  when  x=4  and  a 

^-10 

minimum  when  ^=16. 

show  that  ^=0  gives  a  maximum  value  to  y 

and  07=3  gives  a  minimum. 

6.  To  show  that  a  triangle  of  maximum  area  inscribed  in  any 
oval  curve  is  such  that  the  tangent  at  each  angular  point  is  paraUd  to 
the  opposite  side. 

If  PQR  be  a  maximum  triangle  inscribed  in  the  oval,  its  vertex 
P  lies  between  the  vertices  Z,  M  of  two  equal  triangles  LQRy  MQR 
inscribed  in  the  ovaL     Now,  the  chord  LM  is  parallel  to  QR  and 

L 


Fig.  87. 

the  tangent  at  P  is  the  limiting  position  of  the  chord  LM^  which 
proves  the  proposition. 

It  follows  that,  if  the  oval  be  an  ellipse,  the  medians  of  the 
triangle  are  diameters  of  the  curve,  and  therefore  the  centre  of 
gravity  of  the  triangle  is  at  the  centre  of  the  ellipse. 
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6.  Show  that  the  Bides  of  a  triangle  of  minimum  area  circum- 
scribing any  oval  curve  are  bisected  at  the  points  of  contact ;  and 
hence  that,  if  the  oval  be  an  ellipse,  the  centre  of  gravity  of  such  a 
triangle  coincides  with  the  centre  of  the  ellipse. 

7.  To  find  the  path  of  a  ray  of  light  from  a  point  A  in  one  medium 
to  a  point  B  in  another  medium  supposing  the  path  to  be  such  that  the 
least  possible  time  is  occupied  in  passing  from  A  to  B,  and  that  the 
velocity  of  propagation  of  light  changes  from  v  to  v'  on  passing  the 
boundary  separating  the  media.  [Fermat's  Problem.] 

We  shall,  for  simplicity,  consider  A  and  B  to  lie  in  the  plane  of 
the  paper,  and  the  separating  surface  of  the  media  to  be  cylindrical 
with  its  generators  perpendicular  to  the  plane  of  the  paper. 

Let  OPP'  be  the  section  of  the  separating  surface  by  the  plane  of 
the  paper,  and  let  APBy  AP'B  be  two  contiguous  paths  from  A  toB. 


Fig.  88. 
Then,  if  the  times  in  these  two  paths  be  equal,  the  quickest  path 
lies  between  them.    Let  fall  perpendiculars  P'n^  P'n'  from  P'  upon 
A  P  and  BP^  and  draw  the  normal  ZPZ'  at  the  point  P. 
Then,  since  the  time  in  APB=^\Sm&  in  AP'B, 


or  in  the  limit 


AP    PB^AP'    BP' 

V         v'  V  v'  ^ 

PnPn' 

V  "    v'' 


,  y^^ixinPZ      T^Pn      V 

wnence  Lt—, — tttw = J^i~Fr~i  —  ~i  > 

sm  n  PZ         Pn     v 

and  therefore,  if  in  the  limit  the  incident  ray  AP  and  the  refracted 

ray  PB  make  angles  i,  i'  respectively  with  the  normal  at  P,  we  obtain 

sin  t  _  V 

Sin  %      v' 
thus  proving  Snell's  well  known  law  of  refraction. 
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350.  Analytical  Investigation. 

We  now  proceed  to  investigate  the  conditions  for  the 
existence  of  maxima  and  minima  values  from  a  purely 
analytical  point  of  view. 

It  appears  from  the  definition  given  of  maxima  and 
miuima  values  that  as  x  increases  or  decreases  from  the 
value  a  through  any  small  but  finite  interval  h,  if  ^{x)  be 
always  less  than  ^(a),  then  ^(a)  is  a  maximum  value  of 
<f>(x)  ;  and  that  if  ij>(x)  be  always  greater  than  <f>{a)y  then 
<^(a)  is  a  minimum  value  of  (/>(x). 

We  shall  assume  in  the  present  article  that  none  of  the 
derived  functions  we  find  it  necessary  to  employ  become 
infinite  or  discontinuous  for  the  particular  values  dis- 
cussed of  the  independent  variable.  We  then  have  by 
Lagrange's  modification  of  Taylor's  Theorem 


<t>{x+h)"  i>{x)  =  h<t>\x)  +  ^^^<tj!\x + dh) 
and      </>{x  -  h)  -  ^(x)  =  -  hif>Xx)  +  ^^<t>\x  -  Oh) 


(A) 


And  when  h  is  made  sufficiently  small  the  sign  of  the 
right-hand  side  of  each  equation,  and  therefore  also  of 
the  left-hand  side,  is  ultimately  dependent  upon  that  of 
h(f>{x),  that  being  the  term  of  lowest  degree  in  h. 

Hence  (f>{x +h)'-  <j>{x)  \ 

and  <l>{x — A)  —  ^(ic)  J 

have  in  general  opposite  signs. 

For  a  maximum  or  minimum  value,  however,  it  has 
been  explained  above  that  these  expressions  must,  when 
h  is  taken  small  enough,  have  the  same  sign.  It  is 
therefore  necessary  that  (f/{x)  should  vanish,  so  that  the 
lowest  terms  of  the  right-hand  sides  of  the  equations  (a) 
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should  depend  upon  an  even  power  of  A.  0'(^)  =  O  is 
therefore  an  essential  condition  for  the  occurrence  of  a 
maximum  or  minimum  value.  Let  the  roots  of  this 
equation  be  a,  6,  c,  .... 

Consider  the  root  x  =  a. 

We  may  now  replace  equations  (a)  by  the  two  equations 

0(a + h)  -  4>{a)  =  ^y  (a) + ^f\a + Oji) ) 

It  is  obvious  now  as  before  that  the  term  -^^<l>"{o)y  being 

that  of  lowest  degree,  governs  the  sign  of  the  right  and 
therefore  also  of  the  left  side  of  each  of  equations  (b)  ; 
i.e.,  in  general  the  signs  of 

0(a+;i)-0(a)) 
and  0(a — A)  —  0(a)  J 

are  the  same  as  that  of  0"(a).  Hence  if  0"(a)  be  negative 
<l>(€i+h)  and  (f>{a  —  k)  are  both  <  0(a),  and  therefore  0(a) 
is  a  maximum  value  of  0(aj) ;  while  if  <f>Xa)  be  positive 
both  (f>(a+h)  and  ([^{a'-h)  are  >0(a),  and  therefore  0(a) 
is  a  TYiinimum  value  of  0(a;).  But  if  it  should  happen 
that  0"(a)  vanishes,  equations  (b)  are  replaced  by 

^(a + /, )  -  0(a)  =  ^y'\a) + ~f"{a + BJi) 


0(a  -  A)  -  0(a)  =  -  J,0-(a)  +  V>  -  OJi) 


(0) 


3r   '^  '  4! 
and  therefore  when  h  is  sufficiently  small 

0(a+/i)-0(a)) 

0(a— A)  — 0(a)  I 
are  of  opposite  signs,  and  therefore  there  cannot  be  a 
maximum  or  minimum  value  of  <f>{x)  when  aj  =  a  unless 
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<t>'\cC)  also  vanish,  in  which  case  the  sign  of  the  right  side 
of  each  equation  depends  upon  that  of  0""(^).  And,  as 
before,  if  this  be  negative  we  have  a  maximum  value  and 
if  positive  a  minimum. 

Similarly,  if  several  successive  differential  coefficients 
vanish  when  x  is  put  equal  to  a,  it  appears  that  for  a 
maximum  or  minimum  value  it  is  essential  that  the  first 
not  vanishing  should  be  of  an  even  order,  and  that  if  that 
differential  coefficient  be  negative  when  a;= a  a  maodmum 
value  of  </>(x)  is  indicated,  but  if  positive  a  niinimuTn. 

Examples. 
1.  Determine  for  what  values  of  x  the  function 

acquires  maximum  or  minimum  values. 

Here  <t>'{po) = 60(:f*  -  S^t^ + 2^). 

Putting  this  =0  we  obtain  ^=0,  07=1,  ^=2. 

Again  4>"{x) = 60(4ar3  _  Qx^  +  4r). 

If  a?=l,  0"(a?)  is  negative  and  therefore  we  have  a  maximum  value ; 
if  ar=2,  i>\x)  is  positive  and  therefore  this  value  of  x  gives  a 
minimum  value  for  4*{^)*  If  a'=0,  <I>"{x)  vanishes,  so  we  must  pro- 
ceed further. 

Now  0'"(^)=6O(l2;r2_]8:P+4), 

which  does  not  vanish  when  ^=0,  so  a:s=0  gives  neither  a  maximum 
nor  a  minimum. 

2.  Show  that  ^=0  gives  a  maximum  value,  and  07=  1  a  minimum, 

for  the  function  •=-  —  -x-« 

3      2 

3.  Show  that  07=0  gives  a  maximum  and  07=1  a  minimum  for 

x^    x^ 

4.  Show  that    the   expression    sin^dcosd  attains  a  maximum 
value  when  ^=60°. 

5.  Illustrate  geometrically  the  statement  of  Art.  350  that  in 
general  ^(or+A)  — ^(a?)  and  4*{x  -  h)  —  </>{x)  are  of  opposite  sign. 
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Implicit  Functions. 

351.  In  the  case  in  which  the  quantity  y,  "whose 
maximum  and  minimum  values  are  the  subject  of  in- 
vestigation, appears  as  an  implicit  function  of  x,  and 
cannot  readily  be  expressed  explicitly,  we  may  proceed 
as  follows : — 

Let  the  connecting  relation  between  x  and  y  be 

0(^,2/)  =  O, (1) 

then  |^+|^#  =  0 (2) 

dx     dy  dx  ^  ^ 

dv 
But  for  a  maximum  or  minimum  value  of  y,  -^  =  0,  and 

therefore  — -  =  0. 

ox 


The  values  of  y  deduced  from  the  equations 

<t>{x,y)  =  ()\ 
30 


'dx 


(3) 


therefore  include  the  required  maxima  and  minima. 
Differentiating  equation  (2)  we  have 

^4>    3*^  Ay    (^<f>    9V  Ay\dy,-d±  d^_ 

da-^^Zxdy' dx^Kdxdy'^-dy^' dxjdx'^dy'  da^~   '"'  ^  ' 
and,  remembering  that  jt^  =  0,  this  reduces  to 


dx 
d^n        'dx^ 


(5) 


dx^         30' 
32/ 
Substituting  the  values  of  x  and  y  derived  from  equa- 

d^y 
tions  (3)  we  can  test  the  sign  of  ^,  and   thus   dis- 
criminate between  the  maxima  and  minima  values. 
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The  case  in  which  this  test  fails,  viz.,  when  - -^  =  0  for 

the  values  of  x  and  y  deduced  by  equations  (3),  is  com- 
plicated owing  to  the  complex  nature   of  the  general 

formulae  for  -,—  and  -r-^. 

Ex.  Find  the  maximum  and  minimum  ordinates  of  the  curve 

Here  (^-ay)+(y^-a^)^^=0, (1) 

and  ^=0  gives  oi^—ay. 

dx 

Combining  this  with  the  equation  to  the  curve  we  obtain 

I.e.,  y = 0  or  ^2 = 2flwr. 

y=0  gives  ^=0, 

whilsty»=2cu;)    .  ^  .^4^,^ 

and      x^=ay    ) 
which  presents  the  additional  solution 

y=ay% 

x=ay% 
Hence  the  points  at  which  maxima  or  minima  ordinates  may  exist 
have  for  their  co-ordinates  (0,  0)  and  {a\l%  aX/4). 

Now  ?t=6a7  and  |^=3(y2-aa7), 

00^  oy 

and  therefore  at  the  point  x^aXJ^, 

y^ailA, 

<py_  Jd^^        2jp     ^       -2aV2      ^  _2 
dx^~     3^"~    y^-ax    ^a^XJ^-a^XI^."     a' 
'dy 
and  is  negative,  and  therefore  at  this  point  y  has  a  maximum  value. 

At  the  point  :f=0,  y=0,  the  formulae  for  -^  and  -j^y  both 

become   indeterminate,  and  we  have  to  investigate    their    true 
values. 
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Differentiating  equation  (1)  we  have 

And  when  x  and  y  both  vanish  these  give 


^=0  aud  ^=  2, 
dx  dx^    3a 

showing  that  the  ordinate  y  has  for  this  point  a  minimum  value. 

Several  Dependent  Variables. 

352.  Suppose  the  quantity  u,  whose  maxima  and 
minima  values  are  the  subject  of  investigation,  to  be  a 
function  of  n  variables  03,  y,  z^  etc.,  but  that  by  viiiiue  of 
ti  — 1  relations  between  them  there  is  but  one  variable 
independent,  say  x.  We  may  now,  from  the  ti.  — 1  equa- 
tions, theoretically  find  the  ti  — 1  dependent  variables  y, 
Zy  ...  in  terms  of  a;,  and  suppose  that  by  substitution  u  is 
expressed  as  a  function  of  the  one  independent  variable 
X,  The  methods  of  the  preceding  articles  can  now  be 
applied.  It  is  often,  however,  inconvenient,  even  if 
possible,  actually  to  eliminate  the  72.-1  dependent  vari- 
ables y,  z^  etc.,  and  it  is  not  necessary  that  this  should  be 
immediately  done. 

Suppose,  for  instance,        u  =  (j>{XyyyZ) 
a  function  such  as  the  one  discussed,  x  the  independent 
variable,  y  and  z  dependent  variables  connected  with  x 
and  y  by  the  relations 

F^{x,  y,  z)  =  0, 
F^{x,y,z)  =  0, 

UAL 

Then,  putting  -t-  =  <)  for  a  maximum  or  minimum,  we 
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have 


dvj _d^    Z(l>  dy    d(f>  dz_  ^  . 

dx     dx     dy'dx     dz'dx"  * 

Zx  "^  ?>y  'dar  -dz  '  dx      ' ^  ' 


■dF^^ZF^ 


^1+5^.^^  =  0 


"dx      dy  ' dx     'dz  'dx 
and  eliminatins:  -/  and    ,-, 


.(3) 


dx 


dx' 

'd<f>    'd(f>    'd</) 
dx*   'dy*    dz 

dx*  dy*  dz 
dF^  dF^  dF^ 


=  0, 


(4) 


dx*  dy*  dz 

an  equation  in  x,  y,  z  which,  with  u  =  0(a?,  y,  z),  F^  =  0, 
and  F^  =  Q,  will  serve  to  find  x,  y,  z  and  u. 

Again,  by  difierentiating  equations  (1),  (2),  (3),  and 

eliminating  -r^,  -y-,  ~^,  -=-^  we  may  deduce  the  value  of 
^-j  and  test  its  sign  for  the  values  of  x,  y,  z  found. 

Ex.  A  Norman  window  consists  of  a  rectangle  surmounted  by  a 
semicircle.  Given  the  perimeter,  show  that,  when  the  quantity  of 
light  admitted  is  a  maximum,  the  radius  of  the  semicircle  must 
equal  the  height  of  the  rectangle. 

[Todhunter's  Diff.  Calc,  p.  214,  Ex.  30.] 
Let  y  be  the  height  and  2^  the  breadth  of  the  rectangle,  then  the 
area  of  the  window  is  given  by 

A  =j7r^  +  2^,y, 
and  this  is  to  be  a  maximum. 
For  the  perimeter  we  have 

P  —  ^y-\r'^-\nrx— constant. 
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Choose  ^  to  be  the  independent  variable.     Then  we  have,  since 

-4  is  a  maximum,  -=~  =  0 = t^  +  2y  +  S^-ii, 

ax  dx 

and  since  P  is  constant 

dx  dx 

Eliminating  -^  we  have 

QiX 

P 

or  ^=y=_^ 

and  therefore  the  radius  of  the  semicircle  is  equal  to  the  height  of 
the  rectangle. 

To  test  whether  this  result  gives  a  maximum  value  to  A  we  have 

^  =  ,+4  +  2^g, 
and  ^P-Q-J'^. 

therefore  -;-s^=ir  +  2(-2-ir)= -ir-4, 

dx^ 

and  is  therefore  negative. 

Hence  the  relation  found,  viz.,  x=y,  indicates  a  maximum  value 

of  the  area. 

353.  In  the  solution  of  such  questions  as  the  foregoing 
it  is  frequently  unnecessary  to  employ  any  test  for  the 
discrimination  between  the  maxima  and  minima,  since  it 
is  often  sufficiently  obvious  from  geometrical  considera- 
tions which  results  give  the  maxima  values  and  which 
give  the  minima. 

354.  Function  of  a  Function. 

Suppose  z=f(x),  where  x  is  capable  of  assuming  all 
possible  values,  and  let  y  =  F(z);   then  it  appears  that 
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the   vanishing  of  either  of  the   factors  fXx)   or  FX^) 

will  give  -f  =0,  and  therefore  y  may  have  maxima  or 

minima  either  for  solutions  of  F'^z)  =  0  or  for  such  values 
of  a;  as  make  f\x)  =  0,  and  which  therefore  make  z  a 
maximum  or  minin^um.  Moreover,  if  z  he  not  capahle  of 
assuming  all  possible  values,  it  may  happen  that  some  of 
the  roots  of  F\z)  =  0  are  excluded  by  reason  of  their  not 
lying  within  the  limits  to  which  z  is  restricted.  Several 
such  problems  have  been  discussed  at  length  in  the 
"  Cambridge  Mathematical  Journal,"  Vol.  III.,  p.  237. 

Ex.  1.  To  find  the  maxima  and  minima  values  of  the  perpendicular 
from  the  centre  of  an  ellipse  upon  a  tangent. 

If  r  and  r'  be  conjugate  semi-diameters,  a  and  b  the  semi-axes, 
and  p  the  perpendicular  from  the  centre  on  the  tangent  at  the  point 
whose  radius  vector  is  r,  we  have 

pr'=aby 

giving  *!Lr-=a2-i-62-r2. 

P 

Differentiating  with  respect  to  r 

a^b^dp_ 
p^   dr    ^' 

and  putting  ^=0, 

dr 

we  obtain  r=0, 

a  result  which  is  inadmissible,  since  r  is  restricted  to  lie  between 
the  limits  a  and  b.  It  appears  therefore  at  first  sight  as  if  the 
ordinary  criteria  had  failed  to  determine  the  true  maxima  aud 
minima  values  of  r.  We  should  remember,  however,  that  since  r  is 
restricted  to  lie  between  certain  values  it  will  not  do  for  an  inde- 
pendent variable,  and  we  should  therefore  have  substituted  the 
value  of  r  from  the  equation  of  the  curve  in  terms  of  ^,  which  is 

2c 
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susceptible  of  all  values  and  therefore  suitable  for  an  independent 
variable.    We  should  thus  have 

a^l^  dp__  dr 

and  the  vanishing  of  -j-  indicates  that  the  maximum  and  TnTnimuni 

dB 

values  of  p  are  to  be  sought  at  the  same  values  of  6  for  'which  the 

maximum  and  minimum  values  of  r  occur;  i.&,  obviously  w^hen  r=^a 

and  when  r=6.     This  result  was  of  course  apparent  a  priori  from 

the  form  of  the  relation  between  p  and  r. 

Ex.  2.  The  orbits  of  the  earth  and  Venus  being  assumed  circular 
and  co-planar^  to  investigate  in  what  position  Venus  appears 
biightest. 

The  brightness  of  a  planet  varies  directly  as  the  area  of  its 
phase,  and  inversely  as  the  square  of  the  distance  of  the  planet 
from  the  earth. 

Let  E  and  8  be  the  earth  and  the  sun  and  F  the  centre  of  Venus, 
the  plane  of  the  paper  being  the  plane  of  motion. 

Let  FVF\  QVQ'  be  diametral  planes  of  the  planet,  perpendicular 
to  the  lines  £V  and  JS  F,  and  let  ZVZ'  be  the  diameter  perpendicu- 
lar to  the  plane  of  motion.  Draw  QN  at  right  angles  to  PP'.  Let 
c  be  the  planet's  radius  and  a:,  a,  r  the  lengths  of  JSVy  £JS,  ajad  SV 


Fig.  89. 

respectively.  The  hemispherical  portion  QPQ^  is  illuminated  by 
the  sun's  rays,  whilst  FQP'  is  the  portion  exposed  to  view  from  the 
earth.  The  illuminated  portion  visible  is  therefore  bounded  by  the 
line  ZQZTZy  whose  projection  upon  the  plane  PZP'Z'  is  a  crescent- 
shaped  area  bounded  by  a  semicircle  and  a  semi-ellipse,  the  greatest 
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breadth  being  PN,    The  area  of  this  crescent  is 

^irc2  -  \vc .  c  cosN  VQ, 
and  therefore  x  1  -  cos  NVQ, 

The  brightness  therefore  «    ~     ^^ — -  or  — = — • 

Now  cos^F/Sr=^±^^^, 

» 

whence  brightness  a  - — —\ or  -  +-sH ?— . 

This  expression  has  its  maximum  and  minimum  values, 

(1)  when  07  is  a  maximum  or  a  minimimi, 
I. e.,  when  x—aiLr; 

(2)  when  _^-+p+^-^=0. 

This  second  relation  gives 

:c2  +  4r^+3(r2-a2)=0, 

or  ^  =  N/Sa^ + r*  -  2r, 

the  negative  root  being  inadmissible. 

"We  have  now  to  inquire  whether  this  value  of  x  lies  between  the 
greatest  and  least  of  the  admissible  values  of  x^  viz.,  aiLr. 

Now  \/3a2  +  r2-2r>a-r 

if  r  <  a, 

and  >/3aM^-2r<a+r 

if  ^>i« 

4 

For  the  inferior  planets,  Venus  and  Mercury,  whose  mean  dis- 
tances from  the  sun  are  respectively  *7a  and  *39a  roughly,  r 
obviously  lies  within  the  prescribed  limits.  To  distinguish  be- 
tween the  maxima  and  minima,  we  observe  that  when  the  earth 
and  planet  are  in  conjunction,  i.e.,  when  x—a  —  r,  the  brightness =0, 

and  is  obviously  a  minimum.    Hence  x—  *JZq^^'^  —  ^r  gives  a 
maximum,  and  x=^a-\-r  a  minimum.    It  is  easy  to  deduce  hence 

that,  for  the  position  of  maximum  brightness, 

y 
2tan£'=tan-^, 
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an  equation  due  to  Halley,  and 

3a  cos2^+  4r  cos  ^-  4a = 0, 
which  determines  the  angle  E, 

[See  Godfrat's  Astronomy,  2nd  JEd.,  p.  287.J 

355.  Other  Maxima  and  Minima;  Singularities. 

The  accompanying  figure  (Fig.  90)  is  intended  to 
illustrate  some  points  with  regard  to  maxima  and  minima 
which  we  have  not  at  present  considered. 


Fig.  90. 

At  S  there  is  an  asymptote  parallel  to  the  ^-axis. 
The  curve  y  =  (f>{x)  approaches  the  asymptote  at  each 
side  towards  the   same  extremity.      Here    y  =  oo    and 

-p=oo,  but  -p  changes  sign  in  crossing  the  asymptote, 

and  there  is  an  infinite  mcLximum  ordinate  at  S. 

At  T  there  is  another  asymptote  parallel  to  the  y-sxis, 
but  in  crossing  the  asymptote  the  curve  reappears  at  the 

opposite  extremity  and  -j-  does  not  change  sign ;  there  is 

therefore  neither  a  maximum  nor  a  minimum  at  T. 
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At  M  there  is  a  "point  saiUant "  giving  a  discontinuity 

in  the  value  of  -,-.     The  ordinate  at  such  a  point  is  a 

maximum  or  a  minimum.    In  the  case  in  the  figure  we 

have  a  maximum  ordinate. 

At  R  the  curve  has  a  "point  d* arret "  and  a  maximum 

diJ 
ordinate,  though  -~  does  not  vanish  or  become  infinite. 

At  N  there  is  a  cusp,  but  -^  is  neither  zero  nor  infinite. 

Yet  the  ordinate  at  N  is  the  smallest  in  its  immediate 

neighbourhood,  and  therefore  a  minimum.     It  is  to  be 

noticed,  however,  that  in  travelling  along  the  branch  MN 

the  value  of  x  does  not  pass  through  0  TT,  and  therefore 

the  ordinary  theory  does  not  apply. 

dv 
At  such  points  as  Q,  -r^  =  oo  and  changes  sign,  and  yet 

obviously  the  value  of  y  is  not  a  maximum  or  minimum. 
As  in  the  last  case,  it  should  be  observed  that  in  travel- 
ling along  the  branch  NQR  the  value  of  x  does  not  pa^s 
through  the  value  OV,  but  recedes  to  it  from  W  to  V  and 
then  increases  again.     We   notice,   however,   that  this 

dx  dx 

result  may  be  written  as  ;7-  =  0,  a^d  that  -r-  changes 

sign  at  Q,  indicating  a  mxiximum  or  minimum  value 
of  the  abscissa  x. 

For  further  information  upon  this  subject  the  student 
is  referred  to  Professor  De  Morgan's  "DiflT.  and  Int. 
Calculus." 


406  MAXIMA  AND  MINIMA. 


EXAMPLES. 

1.  Find  the  maximum  and  minimum  values  of 

2.  Show  that  the  expression 

{x  -  2){x  -  3)2 . 

7 
has  a  maximum  value  when  a:  =«  -,  and  a  minimum  value  when 

3.  Show  algebraically  that  the  greatest  value  of 

x{a  -  x) 

a* 
is  — ,  and  illustrate  the  result  geometrically. 

4.  Show  that  the  expression 

a;»-3a^  +  6a;  +  3 
has  neither  a  maximum  nor  a  minimum  value. 

5.  Investigate  the  maximum  and  minimum  values  of  the 
expression  3a3^  -  2ba?  +  60a;. 

6.  For  a  certain  curve 

^^{x-\){x'  2)\x  -  ^f{x  -  4)*; 
dx 

discuss  the  character  of  the  curve  at  the  points  ic=l,  a =2, 

a;  =  3,  a;  =  4. 

7.  Find  the  positions  of  the  maximum   and  minimum  or- 
dinates  of  the  curve  for  which 

^  =  (a;  -  2)3(2a:  -  2)\Zx  -  4)5(4a:  -  5)«. 
dx 

8.  Find  for  what  values  of  x  the  expression 

(aj-l)4(a;  +  3)5 
has  maximum  or  minimum  values. 
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9.  Find  algebraically  the  limits  between  which  the  expression 

ax-¥~ 

X 

must  or  must  not  lie  for  real  values  of  x.     Illustrate  your 

result  by  a  sketch  of  the  curve 

h 
y-ax  +  -. 

X 

10.  Investigate  algebraically  the  maximum  and  minimum 
values  of  the  expression     — ^ — ~ 

for  real  values  of  x.     Illustrate  your  answer  geometrically. 

11.  Investigate  the  maximum  and  minimum  values  of  the 
expression  2ix^-2la^  +  60a;  +  30. 

1 2.  Find  the  minimum  ordinate  and  the  point  of  inflexion  on 
the  curve  jc*  -  axy  +  6'  =  0. 

13.  Find  the  maximum  and  minimum  ordinates  of  the  curve 

(y  -  cY  =  (x-  a)^{x  -  b). 

14.  Show  that  the  curve         y^xe'^ 
has  a  minimum  ordinate  where  x—  -\. 

15.  Show  that  the  values  of  x  for  which  e*»*°*  has  maximum 
or  minimum  values  may  be  determined  graphically  as  the 
abscissae  of  the  points  of  intersection  of  the  straight  line 

y=  -x, 
with  the  curve  of  tangents     y  =  tan  x, 

16.  Show  that  the  expression 

has  a  minimum  value  when  a;  =  6. 

# 

17.  Find  the  minimum  value  of 


sin^a;     cos^a; 
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18.  Show  that  sin^^cos'^ 

attains  a  maximum  value  when 


-4 


^  =  tan-^ 

\^ 

19.  Show  that  the  function 

X  sin  X  +  cos  X  +  cos^a; 

continually  diminishes  as  x  increases  from  0  to  -. 

20.  Show  that  ^/e  is  a  maximum  value  of  |- j  . 

21.  Show  trigonometrically  that  the  greatest  and  least  values 
of  the  expression  a  sin  a:  +  6  cos  x 

are  Ja"  +  b^  and  -  n/^TP. 

22.  Show  by  trigonometry  that  the  greatest  and  least  values 
of  the  function     a  cos,^6  +  2h  sin  ^  cos  6  +  h  sin*^ 

are  respectively         — -—  ±  /v/(  — o~ I  +  ^^• 

23.  Find  in  an   elementary   manner  the   maximum    and 
minimum  values  of  the  expression 

(a  sin  ^  +  6  cos  6)  (a  cos  O  +  bsin  6), 


24.  If  y  =  2x-  tan-^a;  -  log  {a;  +  Jl+x^}y 

show  that  y  continually  increases  as  x  changes  from  zero  to 
positive  infinity. 

25.  If  z  =  —  +  —, 

X     y 

where  x-\-y  —  a^ 

show  that  z  has  a  minimum  value  when 


X  — 


a" 


a  +  b' 


and  a  maximum  when        x  = 


a-b 
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26.  Given  that  -  +  ?=1, 

a     0 

nh 

show  that  the  maximum  value  of  o;^  is  — -  and  that  the  mini- 

4 

mum  value  of  cc*  +  ^^  is 


a2  +  62' 

27.  Show  that  the  area  of  the  greatest  rectangle  inscribed  in 
a  given  ellipse  and  having  its  sides  parallel  to  the  axes  of  the 
ellipse  is  to  that  of  the  ellipse  as  2  :  tt. 

28.  Show  that  the  maximum  and  minimum  values  of 

where  aa^  +  ^h/xy  +  hy^  =  1 

are  given  by  the  roots  of  the  quadratic 

Hence   find    the   area    of    the    conic    denoted   by   the   first 
equation. 

29.  FSF^  QSQ'  are  focal  chords  of  a  conic  intersecting  at 
right  angles.  Find  the  positions  of  the  chords  when  FF*  +  QQ* 
has  a  maximum  or  minimum  value. 

30.  Divide  a  given  number  a  into  two  parts,  such  that  the 
product  of  the  jol^  power  of  one  and  the  q*^  power  of  the  other 
shall  be  as  great  as  possible. 

31.  Show  that  if  a  number  be  divided  into  two  factors,  such 
that  the  sum  of  their  squares  is  a  minimum,  the  factors  are  each 
equal  to  the  square  root  of  the  given  number. 

32.  Into  how  many  equal  parts  must  the  number  ne  be 
divided  so  that  their  continued  product  may  be  a  maximum ;  n 
being  a  positive  integer  and  e  the  base  of  the  Napierian 
Logarithms  1 

33.  What  fraction  exceeds  its  p^  power  by  the  greatest 
number  possible  ? 
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34.  Given  the  length  of  an  arc  of  a  circle,  find  the  radius  of 
the  circle  when  the  corresponding  segment  has  a  maximum  or 
minimum  area.  [Pappus  Alexakdrinus.] 

35.  The  centres  of  two  spheres,  radii  r^,  r^  are  at  the  ex- 
tremities of  a  straight  line  of  length  2a,  on  which  a  circle  is 
described.  Find  a  point  in  the  circumference  from  whicH  the 
greatest  amount  of  spherical  surfsLce  is  visible. 

36.  In  the  line  joining  the  centres  of  two  spheres  find  a  point 
such  that  the  sum  of  the  spherical  surfaces  visible  therefrom 
may  be  a  maximum.  [EducationaIi  Times.] 

37.  AG  and  BD  are  parallel  straight  lines,  and  AD  is  drawn. 
Show  how  to  draw  a  straight  line  COE,  cutting  AD  and  BD  in 
0  and  E  respectively,  so  that  the  sum  of  the  triangles  EOD, 
COA  may  be  a  minimum.  [Viviani.] 

38.  A  person  wishes  to  divide  a  triangular  field  into  two 
equal  parts  by  a  straight  fence.  Show  how  it  is  to  be  done 
so  that  the  fence  may  be  of  the  least  expense. 

39.  If  four  straight  rods  be  freely  hinged  at  their  extrei^ities 
the  greatest  quadrilateral  they  can  form  is  inscribable  in  a 
circle. 

40.  A  tree  in  the  form  of  a  frustum  of  a  cone  is  n  feet  long, 
and  its  greater  and  less  diameters  are  a  and  h  feet  respectively. 
Show  that  the  greatest  beam  of  square  section  that  can  be  cut 

out  of  it  is  — —  feet  long. 

o(a  —  0) 

41.  If  the  polar  diameter  of  the  earth  be  to  the  equatorial 
as  229 :  230,  show  that  the  greatest  angle  made  by  a  body 
falling  to  the  earth  with  a  perpendicular  to  the  surfeice  is  about 
14'  59",  and  that  the  latitude  is  45"  7'  29". 

42.  The  resistance  to  a  steamer's  motion  in  still  water  varies 
as  the  n^  power  of  the  velocity.     Find  the  rate  at  which  the 
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steamer  must  be  propelled  against  a  tide  running  at  a  knots  ai^ 
liour  so  as  to  consume  the  least  amount  of  fuel  in  a  given 
journey. 

43.  Show  that  the  volume  of  the  greatest  cylinder  which  can^ 
be  inscribed  in  a  cone  of  height  h  and  semivertical  angle  a  is- 

-— -irJ^tan^a. 
27 

44.  Show  that  the  height  of  the  cone  of  greatest  convex 
surface  which  can  be  inscribed  in  a  given  sphere  is  to  the  radius, 
of  the  sphere  as  4  :  3. 

45.  Show  that  the  chord  of  a  given  curve  which  passes- 
through  a  given  point  and  cuts  off  a  maximum  or  minimum 
area  is  bisected  at  the  point. 

46.  Two  particles  move  uniformly  along  the  axes  of  x  and  y 
with  velocities  u  and  v  respectively.  They  are  initially  at 
distances  a  and  b  respectively  from  the  origin,  and  the  axes  ar& 
inclined  at  an  angle  to.     Show  that  the  least  distance  between 

the  particles  is  (av_zJ^)  sin  o> 

(tr  +  if-  2uv  cos  o))4 

47.  Find  the  area  of  the  greatest  triangle  which  can  be- 
inscribed  in  a  given  parabolic  segment  having  for  its  base  the 
bounding  chord  of  the  segment. 

48.  For  a  maximum  or  minimum  parabola  circumscribing  a 
given  triangle  ABC,  show  that  the  sum  of  the  perpendiculars, 
from  ABC  upon  the  axis  is  algebraically  zero. 

49.  In  a  submarine  telegraph  cable  the  speed  of  signalling 
varies  as  oj^log  -  where  x  is  the  ratio  of  the  radius  of  the  core^ 

X 

to  that  of  the  covering.      Show  that   the  gi*eatest  speed  m 
attained  when  this  ratio  is  1 :  Je. 
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50.  /S^  is  the  focus  of  an  ellipse  of  eccentricity  e,  and  ^  is  a 

fixed  point  on  the  major  axis,  and  P  is  any  point  on  the  curve. 

SE 
Show  that  when  PE  is  a  minimum  SP=  — . 

e 

51.  Find  the  maximum  value  of 

/         \2/       i\   f  (1)  whena>6. 
(x  -  arix  -ou  <  ^  ^ 

^         ^^        ^M(2)  whena<5. 
What  happens  if  a  =  6  ?     Illustrate  your  answers  by  diagrams 
of  the  curve  y  =  (x-  af{x  -  h) 

in  the  three  different  cases. 

52.  An  open  tank  is  to  be  constructed  with  a  square  base 
and  vertical  sides  so  as  to  contain  a  given  quantity  of  w-ater. 
Show  that  the  expense  of  lining  it  with  lead  will  be  least  if  the 
depth  is  made  half  of  the  width. 

53.  If  two  variables  x  and  y  are  connected  by  the  relation 
<ia^  +  by^  =^  ab,  show  that  the  maximum  and  minimum  values  of 
the  function  x^  +  y^  +  ocy  will  be  the  values  of  u  given  by  the 
equation  4(w  ~a)(u-b)  =  ab, 

54.  If  SP  and  SQ  be  two  focal  distances  in  an  ellipse  in- 
clined to  each  other  at  the  given  angle  2a,  find  the  greatest  and 
least  values  of  the  area  of  the  triangle  PSQ. 

55.  SQ  is  a  focal  radius  vector  in  a  given  ellipse  inclined  at 
a  given  angle  a  to  SA,  where  A  is  the  vertex  nearest  to  the 
focus  S,  Find  the  angle  ASP,  where  SP  is  another  focal  radius, 
fiuch  that  the  area  of  the  triangle  PSQ  may  be  a  maximum. 

56.  Find  the  point  P  on  the  parabola  \^—^asc  such  that  the 
perpendicular  on  the  tangent  at  P  from  a  given  point  on  the  axis 
distant  h  from  the  vertex  may  be  the  least  possible.  What  is 
the  geometrical  meaning  of  the  result  ? 

57.  Find  the  area  and  position  of  the  maximum  triangle 
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having  a  given  angle  which  can  be  inscribed  in  a  given  circle, 
and  prove  that  the  area  cannot  have  a  minimum  value. 

58.  From  a  fixed  point  A  on  the  circumference  of  a  circle  of 
radius  c  the  perpendicular  AY  ia  let  fall  on  the  tangent  at  P. 
Prove  that  the  maximum  area  of  the  triangle  APY  is 

59.  If  a  parallelogram  be  inscribed  in  an  ellipse  the  greatest 
possible  value  of  its  perimeter  is  equal  to  twice  the  diagonal  of 
the  rectangle  described  on  the  axes. 

60.  0  is  a  fixed  point  without  a  circle,  A  one  of  the  extremi- 
ties of  the  diameter  through  0,  OQQ'  a  chord  through  0.  Find 
its  position  when  the  area  of  the  triangle  QAQ'  is  a  maximum. 
Does  it  ever  become  a  minimum  1 

61.  Describe  the  equilateral  triangle  of  greatest  area,  each  of 
whose  sides  passes  through  a  given  fixed  point. 

62.  A  length  I  of  wire  is  cut  into  two  portions  which  are 
bent  into  the  shapes  of  a  circle  and  a  square  respectively. 
Show  that  if  the  sum  of  the  areas  be  the  least  possible  the  side 
of  the  square  is  double  the  radius  of  the  circle. 

63.  Find  the  least  isosceles  triangle  which  can  be  described 
about  an  ellipse  with  its  base  parallel  to  one  of  the  axes,  and 
show  that  its  sides  are  parallel  to  those  of  the  greatest  isosceles 
triangle  which  can  be  inscribed  in  the  same  ellipse  with  its 
vertex  at  one  extremity  of  the  other  axis. 

64.  Obtain  the  maximum  and  minimum  values  of  the  volume 
of  a  right  circular  cone  whose  vertex  is  at  a  given  point  and 
whose  base  is  a  plane  section  of  a  given  sphere ;  and  point  out 
the  difference  of  the  cases  of  the  point  being  within  or  without 
the  sphere. 

65.  Prove  that  a  chord  of  constant  inclination  to  the  arc  of 
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a  closed  curve  divides  the  area  most  unequally  when  it  is  a 
<5hord  of  curvature. 

^^.  Show  that  the  normal  chord  to  the  parabola  ^i/^^iax 

which  cuts  off  the  least  arc  is  normal  where  y  = — and 

■        V3 

2 
is  inclined  to  the  axis  at  an  angle  tan"^ — — . 

^  ^/3 

67.  When  the  product  of  two  perpendicular  radii  vectores  of 
a  curve  is  a  maximum  or  a  minimum,  show  that  they  make 
supplementary  angles  with  the  tangents  at  their  extremities. 

^%,  Two  perpendicular  lines  intersect  on  a  parabola,  one 
passing  through  the  focus.  Show  that  the  triangle  formed  by 
them  with  the  directrix  has  its  least  values  when  the  focal 
distances  of  the  right  angle  and  the  vertex  of  the  parabola 
include  an  angle  of  36°  or  of  108'. 

69.  Show  that  when  the  angle  between  the  tangent  to  a 
^urve  and  the  radius  vector  of  the  point  of  contact  has  a 
maximum  or  minimum  value  the  radius  of  curvature  at  that 

point  is  given  by  /o  =  — . 

P 

70.  Show  how  to  find  the  co-ordinates  of  the  points  on  a 
curve  given  in  Cartesians  at  which  the  curvature  is  a  maximum 
•or  a  minimum. 
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Geometrical  Properties  of  the  Cycloid. 


356.  Def.  When  a  circle  rolls  in  a  plane  along  a 
given  straight  line,  the  locus  traced  out  by  any  point 
on  the  circumference  of  the  rolling  circle  is  called  a 
cycloid. 

357.  Description  of  the  Curve. 

The  nature  of  the  motion  shows  that  there  is  an  infinite 
number  of  cusps  arranged  at  equal  distances  along  the 
given  straight  line.      It  is  usual  to  confine  the  name 


cycloid  to  the  portion  of  the  curve  lying  between  two 
consecutive  cusps. 


2d 
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Let  -4,  5  be  two  consecutive  cusps,  AGB    the   arc 
of   the   cycloid    lying    between   them.      The    line   AB 
along  which   the   circle  rolls   is   called  the   hose.      Let 
OPT  be  the  rolling  circle,  0  the  point  of  contact,  OT 
the    diameter   through    0,  and  P  the   point   attached 
to    the    circumference,    which    by    its    motion     traces 
the  cycloid.      The  circle  OPT  is  called  the  generating 
circle.      Let  C  be  the  point  of  the  curve  at  greatest 
distance  from  AB ;  this  point  is  called  the  vertex.     Let 
CX  be  the  tangent  at  C,  and  CY  the  normal,  obviously 
bisecting  the  base  -4jB  in  the  point  D.     We  shall  take 
these  lines  as  co-ordinate  axes.     It  is  clear  that  the  curve 
is  symmetrical  about  G  Y. 

358.  Tangent  and  Normal. 

Since  a  circle  may  be  considered  as  the  limit  of  an 
inscribed  regular  polygon  with  an  indefinitely  large 
number  of  sides,  the  circle  OPT  may  be  supposed  to  be 
for  the  instant  turning  about  an  angular  point  of  this 
polygon  situated  at  0.  Hence  the  motion  of  the  point  P 
is  instantaneously  perpendicular  to  the  line  PO,  which  is 
therefore  the  direction  of  the  normal  at  P.  Moreover, 
since  this  motion  is  in  the  direction  of  PT,  PT  is  the 
tangent  at  P  to  the  locus  of  P. 

359.  Equations  of  the  Cycloid. 

Let  DQG  be  the  circle  described  upon  DC  for  diameter 
and  let  0  be  its  centre.  Draw  PM,  PN  perpendicular  to 
CX  and  GY  respectively,  the  latter  cutting  the  circle 
DQG  in  Q.    Join  i)Q,  OQ,  CQ. 

Now,  since  the  circle  rolls  without  sliding  along  the 
line  ABy  every  point  of  the  circle  comes  successively  into 
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contact  with  the  straight  line,  so  that  the  length  of  AD 
is  half  of  the  circumference  of  the  circle,  and  the  portion 
GA  =  arc  OP = arc  DQ.  Hence  the  remainder  DO = arc  CQ. 
Now,  PQCT,  PQDO  are  parallelograms ;  whence,  if  a 
be  the  radius  of  the  generating  circle  and  6  the  angle 
OOQ,  PQ  =  DO  =  arc  CQ  =  aft 

Hence,  if  a;,  y  be  co-ordinates  of  P, 

x=GM=N'Q+QP=^aie+sme)  ]  .  . 

y  =  CN'  =  GO^NO  =  a(l^cose)i ^  ^ 

From  these  equations  the  Cartesian  equation  may  be 
at  once  obtained  by  eliminating  ft;  the  result  being 

x  =  avGvs-^-+s/2ay'-y^, (b) 

but  from  the  form  of  the  result  the  equation  is  not  so 
useful  as  the  two  equations  marked  (a). 

360.  Length  of  the  arc  OP. 
Since  x  =  a{6 + sin  ft)  1 

2/  =  a(l— COS0)/' 
we  obtain  dx  =  a(l  +  cos  6)dd\ 

dy  =  a  sin  Odd        y 
squaring  and  adding 

d8^=da?+dy^  =  2a2(l  +  cos  e)de^ 

=  ^a^coAde\ 

Q 

or  d8  =  2acos-cJ0, 

and  upon  integration 

s  =  4asin-,  (c) 

the  constant  of  integration  vanishing  if  s  be  measured 
from  0,  so  that  s  and  Q  vanish  together. 
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Again,  since 
we  have 
Further,  since 


9     •    ^ 
za  sm  ^, 


chord  CQ 

arcaP  =  2chordaQ (d) 


2/  =  2a  sin^- , 


8  =  4:a^^^  =  s/s^ (^) 


361.  Geometrical  Proofs. 

These  results  may  be  established  by  geometry  as 
follows : — 

Let  TPO  be  any  position  of  the  generating  circle,  G 
being  the  point  of  contact,  OT  the  diameter  through  G, 
and  P  the  tracing  point.  Let  the  circle  roll  through  an 
infinitesimal  distance  till  the  point  of  contact  comes  to 
0\  Let  the  circle  in  rolling  turn  through  an  infinitesimal 
angle  equal  to  POQ,  OQ  being  a  radius  of  the  circle,  and 
let  P  come  to  P'.  Then  QR  is  parallel  and  equal  to  0G\ 
and   therefore  to  the  arc  QP.     PP'  is  ultimately  the 

B  D  G  g'  A 


tangent  at  P  and  therefore  ultimately  in  a  straight  line 
with  TP,  Draw  Qn  at  right  angles  to  PP'\  then  Tn  and 
TQ  are  ultimately  equal  and  Pn  is  therefore  the  increase 


V^( 

o 

^ 

i 

C              1 

r          T' 

X 

] 

Fig.  92. 

i 
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in  the  chord  TP  in  rolling  from  0  to  0\  Moreover  PP' 
is  ultimately  the  increase  of  arc,  and  since  in  the  limit 
QP' = arc  QP= chord  QP,  and  Qn  is  drawn  perpendicu- 
larly to  PP\  n  is  the  middle  point  of  PP",  and  therefore 
the  rate  of  growth  of  the  arc  GP  is  double  that  of  the 
chord  TP,  and  they  begin  their  growth  together  at  C, 
Hence  arc  CP  =  2  chord  TP. 

362.  Intrinsic  Equation. 

Q 

If  in  Fig.  91  PTX=yfr,  we  have  ^  =  ^;  whence  the 
intrinsic  equation  of  the  cycloid  is  8 = 4a  sin  ^. 

363.  Badins  of  Curvature 
The  formula  of  Art.  270  gives 

p  =  -7-7- = 4>a  cos  ^  =  4a  cos  ^  =  2PG, 

i.e.y  radius  of  curvature  =  2 .  normal. 

364.  Evoluta 

By  Art.  292  the  intrinsic  equation  of  the  evolute  of 
the  curve  8=^f{\fr)  is        s=f{\lr). 

Applying  this,  we  have  for  the  evolute  of  the  above 
cycloid  «=4acos'^, 

which  clearly  represents  an  equal  cycloid  (see  Art.  294). 

365.  Geometrical  Proofb. 

These  results  may  also  be  established  geometrically  as 
follows : — 

Let  AD  be  half  the  base  and  CD  the  axis  of  a  given 
cycloid  A  PC.  Produce  CD  to  F,  making  DP  equal  to 
CZ),  and  through  P  draw  FE  parallel  to  DA.    Through 
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any  point  0  on  the  base  draw  TOO'  parallel  to  CD  and 
cutting  the  tangent  at  (7  in  T  and  the  line  FE  in  0'. 


Fig.  93. 


On  OT  and  O'O  as  diameters  describe  circles,  the  former 
cutting  the  cycloid  in  the  tracing  point  P.  Join  PT,  PO 
and  produce  PG  to  meet  the  circle  OP'O'  in  P'  and  join 
rO'.  Then  obviously  the  arc  G'P"  =  arc  PT=DG= FG\ 
and  therefore  the  point  P'  lies  on  a  cycloid,  equal  to  the 
original  cycloid,  with  cusp  at  F  and  vertex  at  A.  More- 
over P'G  is  a  tangent  to  this  cycloid  and  P'G'  a  normal. 
The  cycloid-  FA  is  therefore  the  envelope  of  the  normals 
of  the  cycloid  AC  and  therefore  its  evolute;  and  P"  is  the 
centre  of  curvature  corresponding  to  the  point  P  on  the 
original  cycloid. 

If,  therefore,  a  string  of  length  equal  to  the  arc 
FP'A  have  one  extremity  attached  to  a  fixed  point  at  F 
the  other  end,  when  the  string  is  unwound  from  the 
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curve  FP'Ay  will  trace  out  the  eycloidal  ai'c  APG,  Thus 
a  heavy  particle  may  be  made  to  oscillate  along  a 
cydoidal  arc,  by  allowing  the  suspending  string  to  wrap 
alternately  upon  two  rigid  eycloidal  cheeks  such  as 
FA,  FB. 

Moreover,  since  PP'  is  obviously  by  its  construction 
bisected  at  0,  the  radius  of  curvature  at  any  point  of  a 
cycloid  is  double  the  length  of  the  normal, 

366.  Area  bounded  by  the  Cycloid  and  its  Base. 

Let  POP",  QG'Q'  be  two  contiguous  normals.  Then 
(?,  G'  are  their  middle  points,  and  therefore  ultimately 
the  elementary  area  GPQG'  is  treble  the  elementary  area 
P'GG'Q'.     Hence,  summing  all  such  elements,  the  area 


Pig.  94. 


APCD  is  treble  the  area  ADFP';  i.e.,  the  area  of  the 
cycloid  is  three-fourths  of  the  circumscribing  rectangle, 
for  the  area  of  ADFP'  is  equal  to  the  area  CXAP. 
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Now  the  length  of  ^Z)=half  the  circumference  of  the 

circle 

Hence  the 

rectangle  AXCD  =  xa  .  2a  =  ^iro?, 
and  therefore  the 

semicycloidal  area  J.P(7D = f .  ^iro? = f  Tra^ 
and  the  area  bounded  by  the  whole  cycloid  and  its  base 
=  37ra^  and  is  therefore  three  times  the  area  of  the 
generating  circle. 
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Normals  are     F  =  +  -^  X  +  --a. 

y         ob 


'•{ 


r«-a2cos*^  +  62sin«d. 


For  an  ellipse, 

For  a  rectangular  hyperbola,  r^  =  a^cos  26. 

Page  192. 


I  1  /  Parallel  at  points  of  intersection  with  ax  +  hy  =  0. 

I  Perpendicular  at  points  of  intersection  with  hx  +  by  =  0. 

iP)  Parallel  where  (  -  -^,  ^^^ ) ;  perpendicular  where  a;  -  0. 

>     1/2         ^     '^ 


(7) 


{ 


Parallel  at 


V2 


Perpendicular  at  (0.  0),  (2a,  0). 

(a)  ax=±,hy. 

(/3)  ax'-±^J^-aY  3. 

(7)  a;  =  0  and  y  =  0. 

10.  Area-jVa^y- 


2. 


/s/aj'  +  y* 
11.  71=  -2;    n  =  l. 


21.   (o)- 


m  J.  a;  cos  d  .  t/  sin  0    ■« 

Tangent,  +^™^    - 1. 

0 


a 


Normal,  oa;  sec  ^  -  by  cosec  0  =  a^-I^. 
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B  a  fi 

Tangent,  x  sin  -  -  y  cos  ^ = ad  sin  ^. 

{^)\  0  6  0  6 

Normal,  a;  cos  -  +  y  sin  -  =  ad  cos  -  +  2a  sin  ^. 

Tangent,  x  ^m^^-^e  -  Y  cos  ^^^B  =•  (^  +  5)  sin  ^—^^ 
I   Normal,  a;cos-~_?^+ rsin'i-!^-(^-5)cos4^^^. 
28.   lu'^eooaO. 


CHAPTER  VIII. 

Page  224. 

I    x  +  v=—  6.  a;  =  2a.  12.  «=+«. 

3'  7.  x  +  y  +  a^O,  13.  a;  =  0. 

2.  x  +  y  =  0,  8.  «-0,    ^  =  0,  a;  +  y  =  0.  14.  x-a. 

3.  x  +  y  =  0.  9.  2/  =  0.  15.  a;=+l,    y=a;. 

5.   a;  =  0.  11.   a5  =  a,    y  =  a,     a;  =  y.  ' '^        \       2/ 

17.  a;  +  2y  =  0,    a;  +  y  =  1,  as  -  y  =  - 1.  21.  x  +  y^  ±2  V2,   a:  +  2y  +  2  •»  0. 

18.  a;  =  0,  x-y  =  0,  x-y  +  l^O.  22.  y ^ 3a; - 2a,  a;  +  3y  =  ±a. 

19.  y  =  0,   «  =  y,   a:  =  y±l.  23.  ^  =  0. 

20.  a:-2y-0,  x  +  22^  =  ±2.  24.  rsind  =  a 

25,   ?ir  sin/  d-    ~\-a  sec  Arir,  where  k  is  any  integer. 
26.  rsin^-a.  27.   rco8^  =  2a.  28.   ^  =  |,    rsin^-|. 

29.  r  sin  ( ^ -  —)  =  -,  where  k  is  any  integer. 

30.  w^  =  Ax,  where  A;  is  any  integer. 

34.   r  =  6.  35.   x  =  +a,   y  = «.     Above. 


).  j  In 


y'^x  +  at     y=  -x-a,    x<=a, 
36.  -j  In  the  first  quadrant  above  the  first.    In  the  fourth  quadrant  below 
the  second. 


40.  a;»-6a:V  +  lla;y^-63/»=a5.  42.  ~I+^  =  1. 

45.   hxy{x^-y')''a{a^-^^){^+y^-<^^)' 
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46.  {^-y^f^Ax^otT^-a^^Q. 

47.  2yV-y'')"3a^- 


CHAPTER  IX. 

Page  258. 

1.   (a)  ^  »  0.  38.   A  straight  line  and  a  point. 

(/3)  ax  =  hy»  40.   A  straight  line  and  a  conic. 


(7)  y-±a5. 

(^)  «  =  0,  yd. 
14.   x^a  and  x  =  2a.  43^ 


17.  O-t™-'^?. 
27.   a;  =  7anda;«l. 


fAt(0,a),     tan^»±^. 

At  (0,0),     tan^-±^|. 

2 

At  (2a,  a),    tan  ^  =  ±-/3- 


f  Tangents  at  origin,  y  =  0  and  y='±x, 
50.    ]  Single  cusp  of  first  species  at  origin, 
ix  +  ^'is  a  factor. 


CHAPTER  X. 

Page  279. 

1.  p  =  a;  p  =  aco8^;  p^asec^^. 


2. 

2{a  +  x)^           t/^ 

s 
.-          2r'            a                   «"• 

4. 

^    (a^sins^  +  62(5082^)^ 

6.   p  =  a^— ^^. 

OHAFrER  XL 
Page  322. 

1. 

256y8  +  27ic*  =  0. 

6.   Two  straight  lines. 

2. 

a*     6*     c* 
x^    y    a?* 

'(1)  V«+V2/=V*. 

n             n             n 

3. 
4 

r  (1)  4ff:8  +  27ay''  =  0. 
\  (2)  y3  =  4^(a  +  ^-a;). 

7.    -!    (2)    iB«+l  +  yn+l.;t«+l. 

^                    (m  +  n)"»+« 

8.   A  parabola  touching  the  axes. 

5. 

y^  +  4a(a;-2a)=0. 

9.   A  hyperbola. 
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(1)   a;^  +  y'  =  F.  15. 


14. 


m  m  f» 

2       2       2  I  (2)   a;2^i+i  +  2^2;M^i  =  A:2i^i. 

(2)  a5^  +  y^  =  A;Tf.  U3)   16a;y=ifc2, 

2w  2m  2m  2         8  2 

(3)  a;»»+2  +  ym+2  =  jfe^r;:2.  17.  a;''+y^=a^. 

'  (4)   %cy^B,  20.  r3=a2cog2^  +  52gin2^. 

46.  aPh^J-P^'kP^..  47.   A  conic. 


CHAPTER  XIII. 

Page  365. 
1.   logja.  8.   1.  14.   1. 

^'   5*  ^'  2'  15.    ^ 


3.   ^.  10.  f. 


a 


15 


19. 

1 
2' 

20. 

1. 

21. 

00. 

22. 

1. 

23. 

c-i. 

24. 

0. 

25. 

e-\ 

26. 

e\. 

n  2  16.    -y. 

4    i  11    2  ^ 

3-  17.   13. 

5.  4.  ^1  60 

6.  4.  6  2 

7.  2.  13.   1.  ^^-       3* 


1.  2.  10.  1.  2Q    1  29.  0. 

2.  I  (If  n>m,  00.         *  2*  ^  -n^:Vlan'2 

^  11     J  «    «,    ^       21.    -a.  2!     "*      • 

3    2  11.   j  n  =  ^,  -.      ^    ^  3^  ^ 

4.  I                           I  **<^'0.           •  3-  33.  l(i+v-3). 
2  12.  1.                          23.   0.  2'  -^       ' 

5.  _i,  2  24.    ^/a.  34.  Ooroo. 


35.    +- 


6-  4.  14.   e^.  1  -V^rye- 

7.  ^-4m«         15.  e2.  ^^-  ig'  36.  0  or  ±1. 

3  16.  aia^...an.  tyr       e  qq     4 

8   _!  17.    -1.  ^-    "2-  ^^-  15- 

9.  «.  19.   6, 0.  ^-       16^-  44.  6"i?. 

45.   1,  6«- 1(6  cos  6a;  -  sin  6aj)cos*6aj. 

46.    -|.  47.  ^.  48.   1. 

2  V2a 
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OHAPTEE  XIV. 

Page  406. 

1.  Maximmn  Value  -  34,    Minimum  -  33. 

5.  a;  -  -  2,    -1,   1,   2,  give  Maxima  and  Minima  alternately. 

TAtx-l,  ^-Maximum. 

6.  -<        OS -3,   2^ -Minimum. 

V  At  X  -  2  and  x  »  4  there  are  points  of  contrary  flexure. 

4 

7.  At  X  -  2,   y^  Minimum.     At  x  »  -,  y^  Maximum. 

7 

8.  ^  "  -  q  gives  a  Maximum,  x  - 1  gives  a  Minimum. 

9.  It  cannot  lie  between  +2  rjah. 

11.  X  "  2  gives  a  Maximum,   x  =  5  a  Minimum. 

h 

Atx«a,  y-c. 
13 


12.  Minimum  Ordinate  at  x  =  ,    .    A  point  of  inflexion  at  ( -  6.  0). 


r  Atx«a,  y-c. 

1  At  X  - — =— ,   y  =c±6*(  — =-  j  ,  a  being  supposed  greater  than  h. 

17.   (a  +  6)«. 

22    /  Maximum  Value  =  ^(a  +  6)*. 
1  Minimum  Value  =  -i(a  -  6^^ 


Minimum  Value  =  -J(a  -  6)^. 

A  Maximum  when  the  chords  coincide  with  the  transverse  axis  aod 
29.   •{  lat.  rectum. 

A  Minimum  when  the  chords  are  equally  inclined  to  the  transverse  axis. 


-{ 


30.  - 


ap        aq 


!>  +  «*    P  +  9' 

32.  n  parts.    Continued  product  ^  6". 

33.  -i-. 

o^    /A  Maximum  when  the  segment  is  a  semicircle, 
t  A  Mioimum  when  the  radius  is  infinite. 

35.  The  distances  of  the  point  from  the  extremities  of  the  line  are 

2ari  2ara 

36.  The  point  divides  the  line  of  centres  in  the  ratio  Vi    :  r^^  Vi  and  r«  being 

the  radii. 

37.  AO I  AD  ^li\J2. 
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38.    If  ^  be  the  smallest  angle  and  h,  c  the  adjacent  sides,  the  distance  of  each 

/he 
end  of  the  fence  from  A »  a/  ^,  and  the  length  of  the  fence 

-     -  >/2&c8in  o"* 

42.    ^^  a  knots  an  hour. 
n 

47.    Half  the  triangle  formed  by  the  chord  and  the  tangents  at  its  extremities, 
or  three  fourths  of  the  area  of  the  segment. 

a>6,  Maximum  if  a; -^^^^ — 

)  a  <6,  Maximum  if  ac  -  a. 
a  »  6  gives  a  point  of  inflexion. 

If  cosaboe,  Greatest  -  ^«^f^^^  Least  -  ^?^f^^,. 

(l-«cosa)*^  (1  +  6COSO)* 

54.  \  If  cos  a  be  <  e,  the  above  values  are  both  Minima,  and  there  are  two 
Maxima  each  equal  to  -^ — ^. 

55.  The  tangent  at  -P  must  be  parallel  to  SQ. 

/-  If  /t< 2a,  P  is  at  the  vertex. 

56.  4  If  A  >  2a,  the  abscissa  of  P  is  A  -  2a,  and  the  perpendicular  is  therefore 
I  the  normal  at  P. 

57.  Maximum  area  =  4r%in  a  cos'o,  where  r  is  the  radius  of  the  circle  and 
2a  the  given  angle. 

60.  sin^OQ  =  7^^>  ^  ^^  **^®  centre. 

63    The  height  is  three  times  the  semiaxis  to  which  the  base  is  perpendicular. 
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CLASSICS. 

ELEMENTARY    CLASSICS. 

iSmo,  Eighteenpence  each. 

This  Series  fall's  into  two  Classes — 

(i)  First  Reading  Books  for  Beginners,  provided  not 
only  with  Introductions  and  Notes,  but  with 
Vocabularies,  and  in  some  cases  with  Exercises 
based  upon  the  Text. 

(2)  Stepping-stones  to  the  study  of  particular  authors, 
intended  for  more  advanced  students  who  are  beginning 
to  read  such  authors  as  Terence,  Plato,  the  Attic  Dramatists, 
and  the  harder  parts  of  Cicero,  Horace,  Virgil,  and 
Thucydides. 

These  are  provided  with  Introductions  and  Notes,  but 
no  Vocabulary.  The  Publishers  have  been  led  to  pro- 
vide the  more  strictly  Elementary  Books  with  Vocabularies 
by  the  representations  of  many  teachers,  who  hold  that  be- 
ginners do  not  uuderstand  the  use  of  a  Dictionary,  and  of 
others  who,  in  the  case  of  middle-class  schools  where  the 
cost  of  books  is  a  serious  consideration,  advocate  the 
Vocabulary  system  on  grounds  of  economy.  It  is  hoped 
that  the  two  parts  of  the  Series,  fitting  into  one  another, 
may  together  fulfil  all  the  requirements  of  Elementary  and 
Preparatory  Schools,  and  the  Lower  Forms  of  Public 
Sehools. 

b  2 
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The  following  Elementary  Books,  with  Introductions, 
Notes,  and  Vocabularies,  and  in  some  cases  with 
Exercises,  are  either  ready  or  in  preparation: — 

AeSChyluS.—PROMETHEUS  VINCTUS.  Edited  by  Rev.  H. 
M.  Stephenson,  M.A.  [Ready, 

Caesar — the  gallic  war.    book  I.    Edited  by  A.  S. 

Walpole,  M.A.  [Ready, 

THE  INVASION  OF  BRITAIN.  Being  Selections  from  Books 
IV.  and  V.  of  the  "De  Bello  Gallico."  Adapted  for  the  use  of 
Beginners.  With  Notes,  Vocabulary,  and  Exercises,  by  W. 
Welch,  M.A.,  and  C.  G.  Duffield,  M.A.  [Ready, 

THE  GALLIC  WAR.  BOOKS  IL  and  IIL  Edited  by  the 
Rev.  W.  G.  Rutherford,  M.A.,  LL.D.,  Head-Master  of  West- 
minster School.  [Ready, 

THE  GALLIC  WAR.  BOOK  IV.  Edited  by  C.  Bryans,  M.  A., 
Assistant-Master  at  Dulwich  College.  [Ready, 

THE  GALLIC  WAR.  SCENES  FROM  BOOKS  V.  and  VL 
Edited  by  C.  Colbeck,  M.  A.,  Assistant-Master  at  Harrow ; 
formerly  Fellow  of  Trinity  College,  Cambridge.  [Ready, 

THE  GALLIC  WAR.  BOOKS  V.  and  VI.  (separately).  By 
the  same  Editor.  [In  preparation, 

Cicero. — de   SENECTUTE.    Edited  by  E.  S.    Shtjckburgh, 
M.A.,  late  Fellow  of  Emmanuel  College,  Cambridge.       [Ready, 
DE  AMICITIA.     By  the  same  Editor.  [Ready. 

STORIES  OF  ROMAN  HISTORY.  Adapted  for  the  Use  of 
Beginners.  With  Notes,  Vocabulary,  and  Exercises,  by  the  Rev. 
G.  E.  Jeans,  M.A.,  Fellow  of  Hertford  College,  Oxford,  and 
A.  V.  Jones,  M.A.,  Assistant-Masters  at  Haileybury  College. 

[Ready, 

EutrOpiuS. — Adapted  for  the  Use  of  Beginners.  With  Notes, 
Vocabulary,  and  Exercises,  by  William  Welch,  M.A.,  and  C. 
G.  Duffield,  M.A.,  Assistant-Masters  at  Surrey  County  School, 
Cranleigh.  [Ready, 

Homer. — ILIAP.    book  I.  Edited  by  Rev.  John  Bond,  M.A., 

and  A.  S.  Walpole,  M.A.  [Ready, 

ILIAD.     BOOK  XVIIL     THE  ARMS  OF  ACHILLES.  Edited 

by  S.  R.  James,  M.A.,  Assistant-Master  at  Eton  College.  [Ready, 

ODYSSEY.     BOOK  I.    Edited  by  Rev.  John  Bond,  M.A.    and 

A.  S.  Walpole,  M.A.  [Ready, 

Horace. — ODES.  BOOKS  I.— IV.  Edited  by  T.  E.  Page,  M.  A., 
late  Fellow  of  St.  John's  College,  Cambridge ;  Assistant- Kf aster 
at  the  Charterhouse.    Each  \s,  6^.  [Ready, 

Livy. — BOOK  I.  Edited  by  H.  M.  Stephenson,  M.A.,  Head 
Master  of  St.  Peter's  School,  York.  [Rtady, 


ELEMENTARY  CLASSICS. 


Livy. — THE  HANNIBALIAN  WAR.  Being  part  of  the  XXT- 
AND  XXII.  BOOKS  OF  LIVY,  adapted  for  the  use  of  beginners, 
by  G.  C.  Macaulay,  M.A.,  Assistant-Master  at  Rugby  ;  formerly 
Fellow  of  Trinity  College,  Cambridge.  [Ready, 

THE  SIEGE  OF  SYRACUSE.  Being  part  of  the  XXIV.  and 
XXV.  BOOKS  OF  LIVY,  adapted  for  the  use  of  beginners. 
"With  Notes,  Vocabulary,  and  Exercises,  by  George  Richards, 
M.A.y  and  A.  S.  Walpole,  M.A.  [Ready. 

Lucian.— EXTRA^CTS  FROM  LUC  IAN.  Edited,  with  Notes, 
Exercises,  and  Vocabulary,  by  Rev.  John  Bond,  M.A.,  and 
A.  S.  Walpole,  M.A.  [Ready. 

Nepos.— SELECT  LIVES  OF  CORNELIUS  NEPOS.  Edited 
for  the  use  of  beginners  with  Notes,  Vocabulary  and  Exercises, 
by  G.  S.  Farnell,  M.A.  [Nearly  ready, 

Ovid. — SELECTIONS.  Edited  by  E.  S.  Shuckburgh,  M.A. 
late  Fellow  and  Assistant-Tutor  of  Emmanuel  College,  Cambridge. 

[Ready. 

ELEGIAC  SELECTIONS.     Arranged  for  the  use  of  Beginners 

with  Notes,  Vocabulary,  and  Exercises,  by  H.  Wilkinson,  M.A. 

[In  preparation, 

Phsedrus.— SELECT  FABLES.  Adapted  for  the  Use  of  Be- 
ginners. With  Notes,  Exercises,  and  Vocabularies,  by  A.  S. 
Walpole,  M.A.  [Ready. 

Thucydides.— THE  RISE  OF  THE  ATHENIAN  EMPIRE. 
BOOK  L  cc.  LXXXIX.  —  CXVIL  and  CXXVIIL  — 
CXXXVIII.  Edited  with  Notes,  Vocabulary  and  Exercises,  by  F. 
H.  CoLSON,  M.A.,  Senior  Classical  Master  at  Bradford  Grammar 
School ;  Fellow  of  St.  John's  College,  Cambridge.  [Ready, 

Virgil.— ^NEID.     BOOK  L     Edited  by  A.  S.  Walpole,  M.A. 

[Ready, 

iENEID.   BOOK  V.   Edited  by  Rev.   A.  Calvert,  M.A.,  late 

Fellow  of  St.  John's  College,  Cambridge.  [Ready, 

SELECTIONS.     Edited  by  E.  S.  Shuckburgh,  M.A.      [Ready, 

Xenophon.^ANABASIS.      BOOK    L      Edited     by    A.     S. 

Walpole,  M.A.  [Ready, 

SELECTIONS    FROM    THE    CYROP^EDIA.      Edited,    with 

Notes,   Vocabulary,   and  Exercises,  by  A.   H.   Cooke,   M.A., 

Fellow  and  Lecturer  or  King's  College,  Cambridge.        [Ready, 

The  following  more  advanced  Books,  with  Introliuctions 

and  Notes,  but  no  Vocabulary,  are  either  ready,  or  in 

preparation : — 

Cicero. — SELECT  LETTERS.  Edited  by  Rev.  G.  E.  Jeans, 
M.A.,  Fellow  of  Hertford  College,  Oxford,  and  Assistant-Master 
at  Haileybury  College.  [Ready, 
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Euripides.-— HECUBA.    Edited  by  Rev.   John   Bond,   MA 
and  A.  S.  Walpole,  M.A.  ^  \^Ready, 

Herodotus,— SELECTIONS  FROM  BOOKS  VL  and  VII., 
THE  EXPEDITION  OF  XERXES.  Edited  by  A.  H.  Cooke, 
M.  A.,  FeHciW  and  Lecturer  of  King's  College,  Cambridge.   \_Ready. 

Horace.  —  selections    from   the   satires    and 

EPISTLES.  Edited  by  Rev.  W.  J.  V.  Baker,  M.  A.,  Fellow  oT 
St.  John's  College,  Cambridge  ;  Assistant-Master  in  Marlborough 
College.  •  [Ready. 

SELECT  EPODES  AND  ARS  POETICA.  Edited  by  H.  A. 
Dalton,  M.  a.,  formerly  Senior  Student  of  Christcharch ;  Afsistant- 
Master  in  Winchester  Collie.  [Ready. 

Plato.— EUTHYPHRO  AND  MENEXENUS.  Edited  by  C.  E. 
Graves,  M.A.,  Classical  Lecturer  and  late  Fellow  of  St.  John's 
College,  Cambridge.  {Ready. 

Terence, — scenes  from  the  ANDRIA.    Edited  by  f.  w. 

Cornish,  M.  A.,  Assistant-Master  at  Eton  College.  [Ready. 

The  Greek  Elegiac  Poets.— FROM  CALLINUS   TO 

CALLIMACHUS.  Selected  and  Edited  by  Rev.  Herbert 
Kynaston,  D.D.,  Principal  of  Cheltenham  College,  and  formerly 
Fellow  of  St.  John's  College,  Cambridge.  [Ready. 

Thucydides BOOK  IV.  Chs.  L— XLL     THE  CAPTURE 

OF  SPHACTERIA.     Edited  by  C.  E,  Graves,  M.A.     [Ready. 

Virgil. — GEORGICS.  BOOK  II.  Edited  by  Rev.  J.  H.  Skrine, 
M.A.,  late  Fellow  of  Merton  College,  Oxford;  Assistant-Master 
at  Uppingham.  [Ready, 

•#•  Other  Volumes  to  follow. 


CLASSICAL  SERIES 
FOR  COLLEGES  AND  SCHOOLS 

Fcap.  8va 

Being  select  portions  of  Greek  and  Latin  authors,  edited 

with  Introductions  and  Notes,  for  the  use  of  Middle  ^nd 

Upper  forms    of   Schools,   or    of   candidates   for    Public 

Examinations  at  the  Universities  and  elsewhere. 

^SChines. —  IN    CTESIPHONTEM.       Edited    by    Rev.    T. 
GWATKIN,  M.A.,  late  Fellow  of  St  Jo_hn's  College,  CambridgeL 

[/•  tkepretu 


CLASSICAL  SERIES. 


-ffischylus,  —  PERSiE.  Edited  by  A.  O.  Prickard,  M.A. 
Fellow  and  Tutor  of  New  College,  Oxford.     With  Map.     3^.  6d, 

Andocides.— DE  MYSTERIIS.  Edited  by  W.  J.  Hickie,  M.A., 
formerly  Assistant  Master  in  Denstone  College.     2s,  6d, 

Csesar.— THE  GALLIC  WAR.  Edited,  after  Kraner,  by  Rev. 
John  Bond,  M.A.,  and  A.  S.  Walpole,  M.A.         [In  the  press, 

Catullus,— SELECT  POEMS.  Edited  by  F.  P.  Simpson,  B.  A., 
late  Scholar  of  Balliol  College,  Oxford.  New  and  Revised 
Edition.  5^.  The  Text  of  this  Edition  is  carefully  adapted  to 
School  use. 

Cicero. — the  CATILINE  orations.  From  the  German 
of  Karl  Halm.  Edited,  with  Additions,  by  A.  S.  Wilkins, 
M.A.,  LL.D.,  Professor  of  Latin  at  the  Owens  College,  Manchester, 
Examiner  of  Classics  to  the  University  of  London.  New  Edition. 
ys,  6d, 

PRO  LEGE  MANILIA.  Edited,  after  Halm,  by  Professor  A.  S. 
Wilkins,  M.A.,  LL.D.    2s,  6d. 

THE  SECOND  PHILIPPIC  ORATION.  From  the  German 
of  Karl  Halm.  Edited,  with  Corrections  and  Additions, 
by  John  E.  B.  Mayor,  Professor  of  Latin  in  the  University  of 
Cambridge,  and  Fellow  of  St.  John's  College.  New  Edition, 
revised.     5J. 

PRO  ROSCIO  AMERINO.  Edited,  after  Halm,  by  E.  H.  Don- 
kin,  M.A.,  late  Scholar  of  Lincoln  College,  Oxford ;  Assistant- 
Master  at  Sherborne  School.    4s.  6d, 

PRO  P.  SESTIO.  Edited  by  Rev.  H.  A.  Holden,  M.A.,  LL.D., 
late  Fellow  of  Trinity  College,  Cambridge;  and  late  Classical 
Examiner  to  the  University  of  London.     $s, 

Demo8th(enes. — de  corona.    Edited  by  B.  Drake,  M.A., 
late  Fellow  of  King's  College,   Cambridge.      New  and  revised 
Edition.    4s.  6d, 
AD  VERSUS  LEPTINEM.     Edited  by  Rev.  J.  R.  King,  M.A., 
Fellow  and  Tutor  of  Oriel  College,  Oxford.     4s.  6</. 

THE  FIRST  PHILIPPIC.     Edited,  after  C.  Rehdantz,  by  Rev. 

T.  Gwatkin,  M.  a.,  late  Fellow  of  St.  John's  College,  Cambridge. 

2s,  6d. 
IN  MIDI  AM.     Edited   by    Prof.  A.    S.   Wilkins,    LL.D.,  and 

Herman  Hager,  Ph.D.,  of   the  Owens    College,  Manchester. 

[In  preparation, 

Euripides.-— HIPPOLYTUS.  Edited  by  J.  P.  Mahaffy,  M.  A., 
Fellow  and  Professor  of  Ancient  History  in  Trinity  College,  Dub- 
lin, and  J.  R  Bury,  Fellow  of  Trinity  Cc^lege,  Dublin.  3*.  6</. 
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Euripides.— MEDEA.       Edited    by  A.    W.   Verrall,    M.A., 
Fellow  and  Lecturer  of  Trinity  College,  Cambridge,     ys.  6d, 

IPHIGENIA  IN  TAURIS.     Edited  by  E.  B.  England,  M.A.. 
Lecturer  at  the  Owens  College,  Manchester.     4^.  6d, 

Herodotus.— BOOKS  VIL  and  VIIL     Edited  by  Rev.  A.  H. 
Cooks,  M.A.,  Fellow  of  King's  College,  Cambridge.       [In  prep. 

Homer. — iliad.   books  l,  ix.,  xl,  xvl— xxrv.  the 

STORY  OF  ACHILLES.  Edited  by  the  late  J.  H.  Pratt, 
M.A.,  and  Walter  Leaf,  M.A.,  Fellows  of  Trinity  Collie, 
Cambridge,    dr. 

ODYSSEY.       BOOK  IX.    Edited  by  Profc  John  E.  B.  Mayor. 
2J.  6d, 

ODYSSEY.  BOOKS  XXL— XXIV.  THE  TRIUMPH  OF 
ODYSSEUS.  Edited  by  S.  G.  Hamilton,  B.A.,  Fellow  of 
Hertford  College,  Oxford.     3J.  6d, 

Horace.-— THE  ODES.  Edited  by  T.  E.  Page,  M.A.,  formerly 
Fellow  of  St.  John's  College,  Cambridge ;  Assistant- Master  at 
Charterhouse,  dr.  (BOOKS  I.,  II.,  III.,  and  IV.  separately, 
2s.  each.) 

THE  SATIRES.  Edited  by  Arthur  Palmer,  M.A.,  Fellow  of 
Trinity  College,  Dublin ;  Professor  of  Latin  in  the  University  of 
Dublin,     dr. 

THE  EPISTLES  and  ARS  POETICA.  Edited  by  A  S. 
WiLKiNS,  M.A.,  LL.D.,  Professor  of  Latin  in  Owens  College, 
Manchester ;  Examiner  in  Classics  to  the  University  of 
London.     6s. 

Isaeos. — THE  ORATIOl^S.  Edited  by  William  Ridgbway, 
M.A.,  Fellow  of  Caius  Collie,  Cambridge;  and  Professor  of 
Greek  in  the  University  of  Cork.  [In  prepareUicn. 

Juvenal,     thirteen    satires.      Edited,   for  the    Use  of 
Schools,  by  E.  G.   Hardy,  M.A.,   Head  Master  of  Grantham 
Grammar  School ;  late  Fellow  of  Jesus  College,  Oxford.    5j. 
The  Text  of  this  Edition  is  carefully  adapted  to  School  use. 

SELECT  SATIRES.     Edited  by  Professor  John  E.  B.  Mayor. 
X.  AND  XL     3J.  6d,     XIL— XVI.     ^r.  6d. 

Livy. — BOOKS  II.  AND  III.  Edited  by  Rev.  H.  M.  Stephenson, 
M.A.,  Head-Master  of  St.  Peter's  School,  York.     5j. 

BOOKS  XXI.  AND  XXII.     Edited  by  the  Rev.  W.  W.  Capes. 
M.  A.,  Reader  in  Ancient  History  at  Oxford.     Maps.    51. 
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Livy. — BOOKS  XXIII  AND  XXIV.  Edited  by  G.  C.  Macauiay, 
M.  A.,  Assistant-Master  at  Rugby.     With  Maps.     5^. 

THE  LAST  TWO  KINGS  OF  MACEDON.  SCENES  FROM 
THE  LAST  DECADE  OF  LIVY.  Selected  and  Edited, 
with  Introduction  and  Notes,  by  F.  H.  Rawlins,  M.  A.,  Fellow  of 
King*s  College,  Cambridge;  and  Assistant-Master  at  Eton.  With 
Maps.     3J.  6d. 

Lucretius.  BOOKS  I.— HI.  Edited  by  J.  H.  Warburton 
Lee,  M.A.,  late  Scholar  of  Corpus  Christi  College,  Oxford,  and 
Assistant' Master  at  Rossall.     4^.  6d, 

Lysias select  orations.   Edited  by  E.  S.  Shuckburgh, 

M.A.,  late  Assistant-Master  at  Eton  College,  formerly  Fellow  and 
Assistant -Tutor  of  Emmanuel  College,  Cambridge.  New  Edition, 
revised.     6s, 

Martial.  —  SELECT  EPIGRAMS.  Edited* by  Rev.  H.  M. 
Stephenson,  M.A.    6s, 

Ovid.— FASTI.     Edited  by  G.  H.  Hallam,  M.A.,  Fellow  of  St. 

John's  College,    Cambridge,   and   Assistant-Master  at    Harrow. 

With  Maps,     ^s, 
HEROIDUM  EFISTULiE  XIIL  Edited  by  E.  S.  Shuckburgh, 

M.A.    4j,  6d, 
METAMORPHOSES.     BOOKS   XIIL   and   XIV.     Edited  by 

C.  Simmons,  M.A.  [Nearly  ready. 

Plato. — MENO.  Edited  by  E.  S.  Thompson,  M.A.,  Fellow  of 
Christ's  College,  Cambridge.  \In  preparation, 

APOLOGY  AND  CRITO.  Edited  by  F.  J.  H.  Jenkinson. 
M.A.,  Fellow  of  Trinity  College,  Cambridge.         [In  preparation. 

THE  REPUBLIC.  BOOKS  I.— V.  Edited  by  T.  H.  Warren, 
M.A.,  President  of  Magdalen  College,  Oxford.  [In  the  press, 

PlautUS.— MILES  GLORIOSUS.  Edited  by  R.  Y.  Tyrrell. 
M.  A.,  Fellow  of  Trinity  College,^and  Regius  Professor  of  Greek  in 
the  University  of  Dublin.     Second  Edition  Revised.     51. 

AMPHrrRUO.  Edited  by  Arthur  Palmer,  M,A.,  Fellow  of 
Trinity  College  and  Regius  Professor  of  Latin  in  ihe  University 
of  Dublin.  [In  preparation. 

CAPTIVI.  Edited  by  A.  Rhys  Smith,  late  Junior  Student  of 
Christ  Church,  Oxford.  [In  preparation. 

Pliny. — LETTERS.  BOOK  HI.  Edited  by  Professor  John  E.  B. 
.  Mayor.    With  Life  of  Pliny  by  G.  H.  Rendall,  M.A.     5/. 

Plutarch. — life  of  THEMISTOKLES.  Edited  by  Rev. 
H.  A.  Holden,  M.A.,  LL.D.     $s, 

PolybiuS.— HISTORY  OF  THE  ACHAEAN  LEAGUE.  Being 
Parts  of  Books  II.,  III.,  and  IV.  Edited  by  W.  W.  Capes. 
M.A.  [In  the  press. 
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Propertius.— SELECT  POEMS.  Edited  by  Professor  J.  P. 
PoSTGATE,  M.A.,  Fellow  of  Trinity  College,  Cambridge.  Second 
Edition,  revised.     6s, 

Sallust. — CATILINA  AND  JUGURTHA.  Edited  by  C.  Meri- 
VALE,  D.D.,  Dean  of  Ely,  New  Edition,  carefully  revi:ied  and 
enlarged,  4s,  6d,     Or  separately,  2s.  6d.  each. 

BELLUM  CATULINAE.     Edited  by  A.  M.  Cook,  M.A.,  Assist- 
ant Master  at  St.  Paul's  School.     4J.  6d,    . 

JUGURTHA.     By  the  same  Editor.  [In preparation, 

Sophocles. — ANTIGONE.  Edited  by  Rev.  John  Bond,  M.  A., 
and  A.  S.  Walpole,  M.A.  \In  preparation. 

Tacitus. — AGRICOLA  AND  GERMANIA.  Edited  by  A.  J. 
Church,  M.A.,  and  W.  J.  Brodribb,  M.A.,  Tran.«lators  of 
Tacitus.     New  Edition,  3J.  &l.     Or  separately,  2j.  each. 

THE  ANNALS.     BOOK  VI.     By  the  same  Editors.     2j.  ful, 

THE  HISTORY.  BOOKS  L  and  IL  Edited  by  A .  D.  Godley. 
M.A.  \In  preparation. 

THE  ANNALS.  BOOKS  L  and  IL  Edited  by  /.  S.  Reid. 
M.L.,  LiTT.D.  \In  preparation. 

Terence. — IIAUTON  TIMORUMENOS.  Edited  by  E.  S. 
Shuckburgh,  M.A.     3J.     With  Translation,  4^.  6^. 

PHORMIO.  Edited  by  Rev,  John  Bond,  M.A.,  and  A.  S. 
Walpole,  B.A.     4j.  6d, 

Thucydides.     book  IV.     Edited  by  C.  E.  Graves,   M.A., 

Classical    Lecturer,   and    late    Fellow    of    St.   John's    Collie, 

Cambridge.     5j. 

books  I.  II.  HI.  and  V.    By  the  ssmie  Editor.     To  be  poblished 

separately.  \In  preparation,   {Book  V,  in  the  press,) 

books  VI.  AND  VIL  THE  SICILIAN  EXPEDITION.  Edited 
by  the  Rev.  Percival  Frost,  M.  A.,  late  Fellow  of  St.  John's 
College,  Cambridge.  New  Edition,  revised  and  enlarged,  with 
Map.     $5, 

TibuUuS. — SELECT  POEMS.  Edited  by  Professor  J.  P. 
Postgate,  M.A.  \In  preparation. 

Virgil.— ^NEID.  BOOKS  IL  and  IIL  THE  NARRATIVE 
OF  -^NEAS.  Edited  by  E.  W.  HowsoN,  M.A.,  Fellow  of  Kmg's 
College,  Cambridge,  and  Assistant-Master  at  Harrow,     y, 

Xenophon. — HELLENIC  A,  BOOKS  L  and  IL  Edited  by 
H.  Hailstone,  B.A.,  late  Scholar  of  Peterhouse,  Cambridge. 
With  Map.     4J.  6rf. 
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Xenophon. — CYROP/EDIA.  BOOKS  VII.  AND  VIII.  Edited 
by  Alfred  Goodwin,  M.A.,  Professor  of  Greek  in  University 
College,   London.     5^. 

MEMORABILIA  SOCRATIS.  Edited  by  A.  R.  Cluer,  B.A., 
Balliol  College,  Oxford.     6s. 

THE  ANABASIS.  BOOKS  I.— IV.  Edited  by  Professors  W.  W. 
Goodwin  and  J,  W.  White.  Adapted  to  Goodwin's  Greek 
Grammar.     With  a  Map.     5^. 

HIERO.     Edited  by  Rev.  H.  A.  HoLDEN,  M.A.,  LL.D.     y.  6d. 

OECONOMICUS.  By  the  same  Editor.  With  Introduction, 
Explanatory  Notes,  Critical  Appendix,  and  lexicon,     dr. 

%*  0/Jifr  Volumes  will  follow. 


CLASSICAL  LIBRARY. 

(t)  Texts,* Edited  with  Introductions  and  Notes, 
for  the  use  of  Advanced  Students.  (2)  Commentaries 
and  Translations. 

/EschyluS.— THE  EUMENIDES.  The  Greek  Text,  with 
Introduction,  English  Notes,  and  Verse  Translation.  By  Bernard 
Drake,  M.A.,  late  Fellow  of  King's  College,  Cambridge. 
8vo.     5j. 

AGAMEMNON,  CHOEPHORCE,  AND  EUMENIDES.  Edited, 
with  Introduction  and  Notes,  by  A.  O.  Prickard',  M.A.,  Fellow 
and  Tutor  of  New  Coll^[e,  Oxford.     8vo.  \In  preparation, 

AGAMEMNO.  Emendavit  David  S.  Margoliouth,  Coll.  Nov. 
Ozon.  Soc.     Demy  8vo.     2f .  td. 

SEPTEM  CONTRA  THEBAS.  Edited,  with  Introduction  and 
Notes,  by  A.  W.  Verrall,  M.A,,  Fellow  of  Trinity  College, 
Cambridge.     8vo.  \ln  ihej^ress, 

Antoninus,   Marcus   Aurelius. — BOOK  IV.  OF  THE 

MEDITATIONS.  The  Text  Revised,  with  Translation  and 
Notes,  by  Hastings  Crossley,  M.A.,  Professor  of  Greek  in 
Queen's  CoUqje,  Belfast.     8vo.     6s, 

Aristotle.— THE  METAPHYSICS.     BOOK  I.     Translated  by 
a  Cambridge  Graduate.     8vo.     5J.  [Book  II,  in  preparation. 
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AristOtle.— THE  politics.  Edited,  after  Susemihl,  by 
R.  D.  Hicks,  M.A.,  Fellow  of  Trinity  College,  Cambridge.     8vo. 

[/«  the  pros. 

THE  POLITICS.  Translated  by  Rev.  J.  E.  C.  Welldon,  M.A., 
Fellow  of  King's  College,  Cambridge,  and  Head-Master  of 
Harrow  School.     Crown  8vo.     icj.  6^. 

THE  RHETORIC.      By  the  same  Translator.  [Tn  the  press. 

AN  INTRODUCTION  TO  ARISTOTLE'S  RHETORIC. 
With  Analysis,  Notes,  and  Appendices.  By  E.  M.  Cope,  Fellow 
and  Tutor  of  Trinity  College,  Cambridge.     8vo.     14^. 

THE  SOPHISTICI  ELENCHI.  With  Translation  and  Notes 
by  E.  PosTE,  M.A.,  Fellow  of  Oriel  CoUege,  Oxford.  8vo.  &r.  6^. 

Aristophanes. — the  birds.  Translated  into  English  Verse, 
with  Introduction,  Notes,  and  Appendices,  by  B.  H.  Kennedy, 
D.D.,  Regius  Professor  of  Greek  in  the  University  of  Cambridge. 
Crown  8vo.  6f.  Help  Notes  to  the  same,  for  the  use  of 
Students,  \s,  6d, 

Attic  Orators.— FROM  ANTIPHON  TO  ISAEOS.  By 
R.  C.  Jebb,  M.A.,  LL.D.,  Professor  of  Greek  in  the  University 
of  Glasgow.     2  vols.     8vo.     2$s, 

SELECTIONS  FROM  ANTIPHON,  ANDOKIDES,  LYSIAS, 
ISOKRATES,  AND  ISAEOS.     Edited,  with   Notes,  by  Pro- 
fessor Jebb.    Being  a  companion  volume  to  the  preceding  work. ' 
8vo.     1 2 J.  6d, 

Babrius. — Edited,  with  Introductory  Dissertations,  Critical  Notes, 
Commentary  and  Lexicon.  By  Rev.  W.  GuNiON  Rutherford, 
M.  A. ,  LL. D. ,  Head-Master  of  Westminster  School.    8yo.    i 2j.  6d. 

Cicero. — the  ACADEMICA.  The  Text  revised  and  explained 
by  J.  S.  Reid,  M.L.,  Litt.D.,  Fellow  of  Caius  College,  Cam- 
bridge.    8vo.     i$s, 

THE  ACADEMICS.    Translated  by  J.  S.  Reid,  M.L.   8vo.  5^.  6^ 

SELECT  LETTERS.  After  the  Edition  of  Albert  Watson, 
M.A.  Translated  by  G.  E.  Jeans,  M.A.,  Fellow  of  Hertford 
College,  Oxford,  and  Assistant-Master  at  Haileybury.  8vo. 
lOf.  6d, 

(See  also  Classical  Series,) 

Euripides. — MEDEA.  Edited,  with  Introduction  and  Notes,  by 
A.  W.  Verrall,  M.A.,  Fellow  and  Lecturer  of  Trinity  CoU^e, 
Cambridge.     8vo.     yj.  6d, 
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Euripides.— IPHIGENIA  IN  AULIS.  Edited,  with  Intr<Jduc- 
tion  and  Notes,  by  E.  B.  England,  M.  A.,  Lecturer  in  the  Owens 
College,  Manchester.     8vo.  [In  preparation, 

INTRODUCTION  TO  THE  STUDY  OF  EURIPIDES.  By 
Professor  J.  P.  Mahaffy.  Fcap.  8vo.  u.  6^.  (Classical  Writers 
Series.) 

(See  also  Classical  Series.) 

Herodotus.— BOOKS  I.— IIL  the  ancient  EMPIRES 
OF  THE  EAST.  Edited,  with  Notes,  Introductions,  and  Ap- 
pendices, by  A.  H.  Sayce,  Deputy-Professor  of  Comparative 
Philology,  Oxford;  Honorary  LL.D.,  Dublin.  Demy  8vo.  i6s, 
BOOKS  IV.— IX.  Edited  by  Reginald  W.  Macan,  M.A., 
Lecturer  in  Ancient  History  at  Brasenose  College,  Oxford.     8vo. 

[In  preparation* 

Homer. — the  ILIAD.  Edited,  with  Introduction  and  Notes, 
by  Walter  Leaf,  M.A.,  late  Fellow  of  Trinity  College,  Cam- 
bridge.    8vo.     Vol.  I.     Books  I. — XII.     141. 

THE  ILIAD.  Translated  into  English  Prose.  By  Andrew 
Lang,  M.A.,  Walter  Leaf,  M.A.,  and  Ernest  Myers,  M.A. 
Crown  8vo.     12s,  td. 

THE  ODYSSEY.  Done  into  English  by  S.  H.  Butcher,  M.A., 
Professor  of  Greek  in  the  University  of  Edinburgh,  and  Andrew 
Lang,  M.A.,  late  Fellow  of  Merton  College,  Oxford.  Fifth 
Edition,  revised  and  corrected.     Crown  8vo.     ioj.  6d. 

INTRODUCTION  TO  THE  STUDY  OF  HOMER.  By  the 
Right  Hon.  W.  E.  Gladstone,  M.P.*  i8mo.  ix.  {Literature 
Primers,) 

HOMERIC  DICTIONARY.  For  Use  in  Schools  and  Colleges. 
Translated  from  the  German  of  Dr.  G.  Autenrieth,  with  Addi- 
tions and  Corrections,  by  R.  P.  Keep,  Ph.  D.  With  numerous 
Illustrations.    Crown  8vo.     6s, 

(See  also  Classical  Series,) 

Horace.— THE  WORKS  OF  HORACE  RENDERED  INTO 
ENGLISH  PROSE.  With  Introductions,  Running  Analysis, 
Notes,  &c.  By  J.  Lonsdale,  M.  A.,  and  S.  Lee,  M.A.  {Gloie 
Edition.)  3^.  6d. 
STUDIES,  LITERARY  AND  HISTORICAL,  IN  THE  ODES 
OF  HORACE.  By  A.  W.  Verrall,  Fellow  of  Trinity  College^ 
Cambridge.     Demy  8vo.     8j.  6d, 

(See  aho  Classical  Series.) 

Juvenal.— THIRTEEN  SATIRES  OF  JUVENAL.  With  a 
Commentary.  By  John  £.  B.  Mayor,  M.  A.»  Professor  of  Latin 
in  the  University  of  Cambridge.  Second  Edition,  enlarged* 
Crown  8vo.     Vol.  I.     Js,  6d.    Vol.  11.     ioj.  6./. 
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Juvenal.— THIRTEEN  SATIRES.  Translated  into  EngBfOi 
after  the  Text  of  J.  E.  B.  Mayor  by  Alexander  Leeper, 
M.A.,  Warden  of  Trinity  College,  in  the  University  of  Melbourne. 
Cro\vn  8vo.    3/.  6ci. 

(Sec  also  Classical  Series.'\ 

Livy. — BOOKS  I.— IV.  Translated  by  Rev.  H.  M.  Stephenson, 
M.  A. ,  Head  Master  of  St.  Peter's  School,  York.  [In  preparation. 
BOOKS  XXI.— XXV.  Translated  by  Alfred  John  Church, 
M.A.,  of  Lincoln  College,  Oxford,  Professor  of  Latin,  University 
College,  London,  and  Wiluam  Jackson  Brodrirr,  M.A.»late 
Fellow  of  St.  John's  College,  Cambridge.  Cr.  8vo.  *js,  6d, 
INTRODUCTION  TO  THE  STUDY  OF  LIVY.  By  Rev. 
W.  W.  Cai'ES,  Reader  in  Ancient  History  at  Oxford.  Fcap.  8vo. 
IS,  6d,     {Classical  IVriters  Series.) 

(See  also  Classical  Series.) 

Martial.— BOOKS  I.  and  II.  of  the  epigrams.  Edited, 
with  Introduction  and  Notes,  by  Professor  J.  E.  B.  Mayor,  M.  A. 
8vo.  [In  ike  press. 

(See  also  Classical  Se*ies  ^ 

Pausanias.— DESCRIPTION  of  Greece.  Translated  by 
J,  G.  Frazer,  M.A.,  Fellow  of  Trinity  College,  Cambridge. 

[In  preparation. 

PhrynlchuS.— THE  NEW  PHRYNICHUS ;  being  a  Revised 
Text  of  the  Eclo^a  of  the  Granamarian  Phrynichus.  With  Intro- 
duction and  Commentary  by  Rev.  W.  Gunion  Rutherford, 
M.A..  LL.D.,  Head  Master  of  Westminster  School.  8vo.  iZs. 
Pindar. — THE  EXTANT  ODES  OF  PINDAR.  Translated 
into  English,  with  an  Introduction  and  short  Notes,  by  Ernest 
Myers,  M.A.,  late  Fellow  of  Wadham  College,  Oxford.  Second 
Edition.     Crown  8vo.     5J. 

THE  OLYMPIAN  AND  PYTHIAN  ODES.  Edited,  with  an 
Introductory  Essay,  Notes,  and  Indexes,  by  Basil  Gildersleeve, 
Professor  of  Greek  in  the  Johns  Hopkins  University,  Baltimore. 
Crown  8vo.  ^s.  6d. 
Plato. — ^PH^DO.  Edited,  with  Introduction,  Notes,  and  Appen- 
dices, by  R.  D.  Archer-Hind,  M.A.,  Fellow  of  Trinity  Collie. 
Cambridge.    8vo.    8f.  6d, 

TIMiEUS. — Edited,  with  Introduction  and  Notes,  by  the  same 
Editor.     8vo.  [/«  thepress. 

PHiEDO.  Edited,  with  Introduction  and  Notes^  by  W.  D.  Geddes, 
LL.D.,  Principal  of  the  University  of  Aberdeen.  Second  Edition. 
Demy  8vo.     %s.  td. 

PHILeBUS.  Edited,  with  Intfodnctioft  and  Note«>  by  Henry 
Jackson,  M.A.,  Felfow  of  Trinity  College,  Cambridge.     8vo. 

\ln  preparation. 
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Plato. — THE  REPUBLIC— Edited,  with  Introduction  and  Notes, 
by  H.  C.  GooDHART,  M.A.,  Fellow  of  Trinity  College,  Cam- 
bridge. 8vo  [In  preparation, 
THE  REPUBLIC  OF  PLATO.  Translated  into  English,  with  an 
Analysis  and  Notes,  by  J.  Ll.  Davies,  M.A.,  and  D.  J.  Vaughan, 
M.A.  i8mo.  4f.  6</. 
EUTHYPHRO,  APOLOGY,  CRITO,  AND  PH^DO.  Trans- 
lated  by  F.  J.  CHURCH.     i8mo.     4J.'  6</. 

(See  also  Classical  Series.) 
PlautUS. — THE  MOSTELLARIA  OF  PLAUTUS.  With  Notes, 
Prolegomena,  and  Excursus.  By  William  Ramsay,  M.A., 
formerly  Professor  of  Humanity  in  the  University  of  Glasgow. 
Edited  by  Professor  George  G.  Ramsay,  M.A.,  of  the  University 
of  Glasgow.     8vo.     14J. 

(See  also  Classical  Series,) 

PolybiuS. — THE  HISTORIES.     Translated,  with  Introduction 

and  Notes,  by  E.  S.  Shuckburgh,  M.A.  8vo.     \ln preparation. 

SalluSt. — CATILINE    and    JUGURTHA.      Translated,   with 

Introductory  Essays,  by  A.  W.  Pollard,  B.A.     Crowp  8vo.    6j. 

THE  CATILINE  (separately).     Crown  8vo.     3J. 

(See  also  Classical  Series.) 

Studia  Scenica. — Part  L,  Section  I.  Introductory  Study  on 
the  Text  of  the  Greek  Dramas.  The  Text  of  SOPHOCLES' 
TRACHINIAE,  1-300.  By  David  S.  Margoliouth,  Fellow 
of  New  College,  Oxford.     Demy  8vo.     2s.  6</. 

Tacitus. — ^THE  ANNALS,  Edited,  with  Introductions  and 
Notes,  by  G.  O.  Holbrooke,  M.A.,  Professor  of  Latin  in  Trinity 
College,  Hartford,  U.^.A.     With  Maps.     8vo.     \6s, 

THE  ANNALS.  Translated  by  A.  J.  Church,  M.A.,  and  W.J. 
Brodribb,  M.A.  With  Notes  and  Maps.  New  Edition.  Cr.  8vo. 
7j.  6d, 

THE  HISTORIES.  Edited,  with  Introduction  and  Notes,  by 
Rev.  W.  A.  Spooner,  M.A.,  Fellow  of  New  College,  and 
H.  M.  Spooner,  M.A.,  formerly  Fellow  of  Magdalen  College, 
Oxford.     8vo.  [In  preparation. 

THE    HISTORY.     Translated  by  A.  I.  Church,  M.  A.,  and  W. 

J,  Brodribb,  M.A.     With  Notes  and  a  Map.     Crown  8vo.     6s. 
THE  AGRICOLA  AND  GERMANY,  WITH  THE  DIALOGUE 

ON  ORATORY.      Translated  by  A.  J.  Church,  M.A.,  and 

W.  J.  Brodribb,   M.A.     With  Notes  and  Maps.     New  and 

Revised  Edition.     Crown  8vo.    4J.  6d. 

INTRODUCTION  TO  THE  STUDY  OF  TACITUS.  By 
A.  J.  Church,  M.A.  and  W.  J.  Brodribb,  M.A.  Fcap.  8vo. 
IS.  6d,     {Classical  Writers  Series.) 
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Theocritus,  Bion,  and  MoSChuS.    Rendered  into  Elfish 
Prose  with  Introductory  Essay  by  A.  Lang,  M.A.     Crown  8vo.  6s. 

Virgil.— THE  WORKS  OF  VIRGIL  RENDERED  INTO 
ENGLISH  PROSE,  with  Notes,  Introductions,  Running  Analysis, 
and  an  Index,  by  James  Lonsdale,  M.A.,  and  Samusi.  Lsb, 
M.A,  New  Edition.  Globe  8vo.  y.  6d. 
THE  i^NEID.  Translated  by  J.  W.  Mackail,  M.A.,  FeUo^  of 
Balliol  College,  Oxford.     Crown  8vo.     *js»  6d, 


GRAMMAR,  COMPOSITION,  &  PHILOLOGY. 

Belcher.— SHORT  exercises  in  latin  prose  com- 
position AND  EXAMINATION  PAPERS  IN  LATIN 
GRAMMAR,  to  which  is  prefixe<J  a  Chapter  on  Analysis  of 
Sentences.  By  the  Rev.  H.  Belcher,  M.A.,  Rector  of  the  High 
School,  Donedin,  N.Z.     New  Edition.     i8mo.     u.  6d, 

KEY  TO  THE  ABOVE  (for  Teachers  only).     3^.  6d. 

SHORT  EXERCISES  IN  LATIN  PROSE  COMPOSITION. 
Part  II.,  On  the  Syntax  of  Sentences,  with  an  Appendix,  inclnd* 
ing  EXERCISES  IN  LATIN  IDIOMS,  &c.     i8mo.     us. 

KEY  TO  THE  ABOVE  (for  Teachers  only).     3^. 

Blackie. — greek  and  English  dialogues  for  use 

IN  SCHOOLS  and  COLLEGES.  By  John  Stuart  Blackie, 
Emeritus  Professor  of  Greek  in  the  University  of  Edinburgh. 
New  Edition.     Fcap.  8vo.     2s.  6d, 

Bryans.— LATIN  prose  exercises  based  UPON 

CAESAR'S  GALLIC  WAR.  With  a  Classification  of  Caesar's 
Chief  Phrases  and  Grammatical  Notes  on  Caesar's  Usages.  By 
Clement  Bryans,  M.A.,  Assistant- Master  in  Dulwich  Collie. 
Extra  fcap.  8vo.     2j.  6d, 

KEY  TO  THE  ABOVE  (for  Teachers  only).     Jj.  6d. 

GREEK  PROSE  EXERCISES  based  upon  Thucydides.  By  the 
same  Author.     Extra  fcap.  8vo.  [fn preparaiion, 

Colson. — A  FIRST  GREEK  READER.  By  F.  H.  Colson, 
M.A.,  Fellow  of  St.  John's  College,  Cambridge,  and  Senior 
Classical  Master  at  Bradford  Grammar  School.    Globe  8vo. 

[In  preparation. 

Eicke. — FIRST  LESSONS  IN  LATIN.  By  K.  M.  EiCKE,  B.A., 
Assistant-Master  in  Oundle  School.     Globe  8vo.     2J. 

Ellis.— PRACTICAL  HINTS  ON  THE  QUANTITATIVE 
PRONUNCIATION  OF  LATIN,  for  the  use  of  Classical 
Teachers  and  Liriguists.  By  A.  J.  Ellis,  B.A.,  F.R.S.  Extra 
fcap.  8vo.     4J.  6d. 
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England— EXERCISES  ON  latin  syntax  and  idiom 

ARRANGED  WITH  REFERENCE  TO  ROBY'S  SCHOOL 
LATIN  GRAMMAR.  By  E.  B.  England,  M.A.,  Assistant 
Lecturer  at  the  Owens  CoUege,  Manchester.  Crown  8vo.  2j.  6d. 
Key  for  Teachers  only,  2s,  ^, 

Goodwin* — Works,  by  W.  W.  Goodwin,  LL.D.,  Professor  of 

Greek  in  Harvard  University,  U.S.A. 
SYNTAX  OF  THE  MOODS  AND  TENSES  OF  THE  GREEK 

VERB.     New  Edition,  revised.     Crown  8vo.     6j.  6d, 
A  GREEK  GRAMMAR.     New  Edition,  revised.     Crown  8vo.    6s. 
**It    is  the  best   Greek    Grammar  of  its   sixe   in   the    English   langiiage.*'-- 

A  GREEK  GRAMMAR  FOR  SCHOOLS.     Crown  Svo.    3J.  6d. 

Greenwood— THE  elements  of  greek  grammar, 

including  Accidence,  Irregular  Verbs,  and  Principles  of  Deriva- 
tion and  Composition ;  adapted  to  the  System  of  Crude  Forms. 
By  J.  G.  Greenwood,  Principal  of  Owens  College,  Manchester. 
New  Edition.    Crown  Svo.     $s,  6d. 

Hadley    and    Allen. — a     greek    grammar    for 

SCHOOLS  AND  COLLEGES.  By  James  Hadley,  late 
Professor  in  Yale  CoUege.  Revised  and  in  part  Rewritten  by 
Frederic  de  Forest  Allen,  Professor  in  Harvard  College. 
Crown  Svo.     6s, 

Hodgson. — MYTHOLOGY  FOR  LATIN  VERSIFICATION. 
A  brief  Sketch  of  the  Fables  of  the  Ancients,  prepared  to  be 
rendered  into  Latin  Verse  for  Schools.  By  F.  Hodgson,  B.D., 
late  Provost  of  Eton.  New  Edition,  revised  by  F.  C.  Hodgson, 
M.A.    iSmo.    y. 

Jackson. — FIRST  STEPS  TO  GREEK  PROSE  COMPOSI- 
TION. By  Blomfield  Jackson,  M.A.,  Assistant-Master  in 
King's  College  School,  ILondon.  New  Edition,  revised  and 
enlarged.     iSmo.     is.  6d, 

KEY  TO  FIRST  STEPS  (for  Teachers  only).     iSmo.     3J.  6</. 

SECOND  STEPS  TO  GREEK  PROSE  COMPOSITION,  with 
Miscellaneous  Idioms,  Aids  to  Accentuation,  and  Examination 
Papers  ia  Greek  Scholarship.     iSmo.     2s,  6d. 

KEY  TO  SECOND  STEPS  (for  Teachers  only).     iSmo.    5*.  6d. 

Kynaston.— EXERCISES  IN  THE  COMPOSITION  OF 
GREEK  IAMBIC  VERSE  by  Translations  from  English  Dra- 
matists. By  Rev.  H.  Kynaston,  D.D.,  Principal  of  Cheltenham 
College.  With  Introduction,  Vocabulary,  &c.  New  Edition, 
revis^  and  enlarged.  Extra  fcap.  Svo.  5^. 
KEYTOTliE  SAME  (for  Teachers  only).    Extra  fcap.  Svo.  4f.  6d, 
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Lupton.— AN  INTRODUCTION  TO  LATIN  ELEGIAC 
VERSE  COMPOSITION.  By  J.  H.  Lupton,  M.  A.,  Sur-Master 
of  St.  Paul's  Sdiool,  and  formerfy  Fellow  of  St.  John's  College, 
Cambridge.  2s.  6d, 
LATIN  RENDERING  OF  THE  EXERCISES  IN  PART  IL 
(XXV..C.).     3j.6flr. 

Mackie.— PARALLEL  PASSAGES  FOR  TRANSLATION 
IWTO  GREEK  AND  ENGLISH.  CaitfiiUy  graduated  for  the 
use  of  Colleges  and  Schools.  With  Indexes.  By  Rev.  Ellis  C. 
Mackie,  Classical  Ma>ter  at  Heversham  Grammar  SchooL  Globe 
8vo.     4J.  6if. 

Macmillan. — first  latin  grammar.    By  m.  c.  Mac- 

MIL.LAN,  M.A.,  late  Scholar  of  Christ's  College,  Cambridge; 
sometime  Assistant- Master  in  St.  Paul's  School.  New  Edition, 
enlarged.  Fcap.  8vo.  is.  6d.  A  Short  Syntax  is  in  prepara- 
tion to  follow  the  Accidence. 

Macmillan's  Latin  Course,    first  part.    By  a.  m. 

CcoR,  M.A.,  Assistant- Master  at  St.  Paul's  SchooL  Glebe  Svo, 
2s.  6d,         *^^TA£  Second  Part  is  in  proration 

Macmillan's  Shorter  Latin  Course.     By  A.  M.  Cook, 

M.A.,  Assistant-Master  at  St. Paul's  School.  Being  an  'abridgment 
of  **  Macmillan's  Latin  Course,"  First  Year.     Globe  Svo.     u.  6/. 

Marshall. — a  table  of  irregular  greek  verbs, 

classified  according  to  the  arrangement  of  Curtius's  Greek  Grammar. 
By  J.  M.  Marshall,  M.A.,  Head  Master  of  the  Grammar 
School,  Durham.     New  Edition.     Svo.     \s. 

Mayor  (John  E.  B.) — first  greek  reader.    Edited 

after  Karl  Halm,  with  Con-ections  and  large  Additions  by  Pro- 
fessor John  E.  B.  Mayor,  M.A.,  Fellow  of  St.  John's  College, 
Cambridge.     New  Edition,  revised.     Fcap.  Svo.     4?.  6</. 

Mayor  (Joseph  B.)— greek  FOR  BEGINNERS.  By  the 
Rev.  J.  B.  Mayor,  M.A.,  Professor  of  Classical  Literature  in 
King's  College,  London.  Part  I.,  with  Vocabulary,  i/.  dd. 
Parts  IL  and  III.,  with  Vocabulary  and  Index,  3X.  6</.  Complete 
in  one  Vol.  fcap.  Svo,     4J.  6</. 

Nixon. — PARALLEL  EXTRACTS,  Arranged  for  Translation  into 
English  and  Latin,  with  Notes  on  Idioms.  By  J.  E.  Nixon, 
M.  A.,  Fellow  and  Classical  Lecturer,  King's  College,  Cambridge. 
Part  L— Historical  and  Epistolary.  New  Edition,  revisM  ^nd 
enlarged.  Crown  Svo.  3^.  td. 
PROSE  EXTRACTS,  Arranged  for  Translation  into  English  and 
Latin,  with  General  and  Special  Prefaces  on  Style  ftnd  Idiom. 
I.  Oratorical  IL  Historical.  III.  Philosophical  and  Miscella- 
neous.    By  the  same  Author.     Crown  Svo.     y.  6</. 
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Peile. — ^A  PRIMER  OF  PHILOLOGY.      By  J.   Peile,  M.A., 
Fellow  and  Tutor  of  Christ's  College,  Cambridge.     i8mo.     ij. 

Postgate  .and   Vince. — a   dictionary  of  latin 

ETYMOLOGY.    By  J.  P.  Postgate,  M.A.,  and  C.  A.  Vince, 
M.A.  \In  preparation. 

Potts  (A.  W.) — Works  by    Alexander    W.   Potts,    M.A., 

LL.D.,  late  Fellow  of  St.  John's  College,    Cambridge;    Head 

Master  of  the  Fettes  College,  Edinburgh. 
HINTS  TOWARDS  LATIN  PROSE  COMPOSITION.     New 

Edition.     Extra  fcap.  8vo.     3^ 
PASSAGES  FOR  TRANSLATION   INTO  LATIN  PROSE. 

Edited  with  Notes  and  References  to  the  above.     New  Edition. 

Extra  fcap.  8vo.     2j.  dd, 
LATIN  VERSIONS   OF  PASSAGES  FOR  TRANSLATION 

INTO  LATIN  PROSE  (for  Teachers  only).     2j.  dd, 

Rcid.— A  GRAMMAR  OF  TACITUS.     By  J.  S.  Reid,   M.L., 
Fellow  of  Caius  College,  Cambridge.  \In  preparation. 

A   GRAMMAR    OF   VERGIL.     By  the  same  Author. 

\In  preparation 
*^*  Similar  Grammars  to  other  Classical  Authors  wiU probably  follow^ 

Roby. — A  GRAMMAR   OF  THE  LATIN  LANGUAGE,  from 

Plautus  to  Suetonius.    By  H.  J.  Roby,  M.A.,  late  Fellow  of  St. 

John's  College,   Cambridge.      In  Two   Parts.      Third   Edition. 

Part  I.  containing: — Book   I.    Sounds.      Book  II.    Inflexions. 

Book  HI.    Word-formation.     Appendices.     Crown  8vo.  8j.  6</. 

Part  II,  Syntax,  Prepositions,  &c.     Crown  8vo.     loj.  6</. 
'*  Marked  by  the  clear  and  practised  insight  of  a  master  in  his  art.    A  book  that 
would  do  honour  to  any  country." — ATHBNiKUM. 
SCHOOL  LATIN  GRAMMAR.     By  the  same  Author.     Crown 

8vo.     5j. 

Rush. — SYNTHETIC  LATIN  DELECTUS.  A  First  Latin 
Construing  Book  airanged  on  the  Principles  of  Grammatical 
Analysis.  With  Notes  and  Vocabulary.  By  E.  Rush,  B.A. 
With  Preface  by  the  Rev.  W.  F.  Moulton,  M.A.,  D.D.  New 
and  Enlarged  Edition.     Extra  fcap.  8vo.     2j.  6d. 

Rust — FIRST  STEPS  TO  LATINi  PROSE  COMPOSITION. 
•     By  the  Rev.   G.   Rust,    M.A.,  of  Pembroke  College,  Oxford, 
Master  of  the  Lower  School,  King's  College,  London.     New 
Edition.     i8mo.     \s.  6d, 
KEY  TO  THE  ABOVE.     By  W.  M.  Yates,  Assistant-Master  in 
the  High  School,  Sale.     i8mo.     3J.  6d. 
Rutherford. — Works  by  the  Rev.  W.  GuNiON  Rutherford, 
M.  A.,  LL.D.,  Head-Master  of  Westminster  School. 
A  FIRST  GREEK  GRAMMAR.     New  Edition,  enlarged.   Extra 
fcap.  8yo.     is,  6d, 
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Rutherford. — Works  by  the  Rev.  W.  G.  Rutherford,  M.A., 
(continued) —  * 
REX  LEX.      A  Short  Digest  of  the  principal  Relations  between 
Latin,  Greek,  and  Anglo-Saxon  Sounds.     Svo.       [In preparation. 

THE  NEW  PHRYNICHUS ;  being  a  Revised  Text  of  the 
Ecloga  of  the  Grammarian  Phrynichus.  With  Introduction  and 
Commentary.    8vo.     iSj. 

Simpson.— LATIN  prose  after  THE  BEST  AUTHORS. 
By  F.  P.  Simpson,  B.A.,  late  Scholar  of  Balliol  College,  Oxford. 
Part  I.     CAESARIAN  PROSE.     Extra  fcap.  8vo.     2j.  6d, 

KEY  TO  THE  ABOVE,  for  Teachers  only.     Extra  fcap.    8vo.   5/. 

Thring. — Works  by  the  Rev.  E.  Thring,  M.A.,  Head-Master  of 
Uppingham  School. 

A  LATIN  GRADUAL.  A  First  Latin  Construing  Book  for 
Beginners.  New  Edition,  enlarged,  with  Coloured  Sentence 
Maps.     Fcap.  8vo.     2s,  Sd, 

A  MANUAL  OF  MOOD  CONSTRUCTIONS.  Fcap.8vo.   u,6d. 

White.— FIRST  LESSONS  IN  GREEK.  Adapted  to  GOOD- 
WIN'S GREEK  GRAMMAR,  and  designed  as  an  introductieii 
to  the  ANABASIS  OF  XENOPHON.  By  John  Williams 
White,  Ph.D.,  Assistant- Professor  of  Greek  in  Harvard  Univer- 
sity.   Crown  8vo.    4r.  6d, 

Wright.— Works  by  J.   Wright,   M.A.,   late  Head  Master  of 
Sutton  Coldfield  School. 
A  HELP  TO  LATIN  GRAMMAR ;  or.  The  Form  and  Use  of 
Words  in  Latin,  with  Progressive  Exercises.    Crown  8vo.    4J.  6d. 

THE  SEVEN  KINGS  OF  ROME.  An  Easy  Narrative,  abridged 
from  the  First  Book  of  Livy  by  the  omission  of  Difficult  Passages '; 
being  a  First  Latin  Reading  Book,  with  Grammatical  Notes  and 
Vocabulary.     New  and  revised  Edition.     Fcap.  8vo.     3^.  6d, 

FIRST  LATIN  STEPS  ;  OR,  AN  INTRODUCTION  BY  A 
SERIES  OF  EXAMPLES  TO  THE  STUDY  OF  THE 
LATIN  LANGUAGE.     Crown  8vo.     3J. 

ATTIC  PRIMER.  Arranged  for  the  Use  of  Banners.  Exb-a 
fcap.  8vo.    2j.  6d. 

A  COMPLETE  LATIN  COURSE,  comprising  Rules  with 
Examples,  Exercises,  both  Latin  and  English,  on  each  Rule,  and 
Vocabularies.     Crown  8vo.     2j.  6d, 

Wright  (H.  C.)— EXERCISES  ON  THE  LATIN  SYNTAX. 
By  Rev.  H.  C.  Wright,  B.A.,  Assistant- Master  at  Haileybur}'. 
College.     i8ino.  [In  preparation. 


CLASSICAL  PUBLICATIONS.  21 


ANTIQUITIES,   ANCIENT   HISTORY,  AND 

PHILOSOPHY. 

Arnold.— Works  by  W.  T.  Arnold,  M.  A. 

A  HANDBOOK  OF  LATIN  EPIGRAPHY.       [fn  preparation. 

THE  ROMAN  SYSTEM  OF  PROVINCIAL  ADMINISTRA- 
TION TO  THE  ACCESSION  OF  CONSTANTINE  THE 
GREAT.     Crown  8vo.     6x. 

Arnold  (T.)— the  SECOND  PUNIC  WAR.  Being  Chapters  of 
THE  HISTORY  OF  ROME.  By  the  late  Thomas  Arnold, 
D.D.,  formerly  Head  Master  of  Rugby  School,  and  Regius  Professor 
of  Modem  History  in  the  University  of  Oxford.  Edited,  with  Notes, 
by  W.  T.  Arnold,  M.A.     With  8  Maps.     Crown  8vo.     8j.  6d, 

Beesly.— STORIES  FROM  THE  HISTORY  OF  ROME. 
By  Mrs.  Beesly.    Fcap.  8vo.    2j.  6d, 

Classical  Writers. — Edited  by  John  Richard  Green,  M.A., 

LL.D.    Fcap.  8vo.     is,  6d.  each. 
EURIPIDES.     By  Professor  MAHAFpy. 
MILTON.     By  the  Rev.  Stopford  A.  Brooke,  M.A. 
LIVY.     By  the  Rev.  W.  W.  Capes,  M.A. 
VIRGIL.     By  Professor  Nettleship,  M.A. 
SOPHOCLES.    By  Professor  L.  Campbell,  M.A. 
DEMOSTHENES.     By  Professor  S.  H.  Butcher,  M.A. 
TACITUS.      By  Professor  A.  J.   Church,   M.A.,  and  W.  J. 

Brodribb,  M.A. 

Freeman.— HISTORY  OF  ROME.  By  Edward  A.  Free- 
man, D.C.L.,  LL.D.,  Hon.  Fellow  of  Trinity  College,  Oxford, 
Regius  Professor  of  Modem  History  in  the  University  of  Oxford. 
(Historical  Course  for  Schools.)     i8mo.  \_In  preparation, 

A   SCHOOL    HISTORY   OF   ROME.      By  the  same  Author. 
Crown  8vo.  [In  preparation, 

HISTORICAL   ESSAYS.     Second  Series.     [Greek  and  Roman 
History.]    By  the  same  Author.     8vo.   los.  6d. 

Geddes.  —  the  problem  of  the  Homeric  poems. 

By  W.   D.   Geddes,   Principal  of  the  University  of  Aberdeen. 
8vo.    14X. 

Gladstone.—iVorks  by  the  Rt.  Hon.  W.  E.  Gladstone,  M.P. 

the  time  and  place  of  homer.     Crown  8vo.     6s.  6d. 

A  PRIMER  OF  HOMER.     i8mo.     is. 

Jackson.— A  MANUAL   OF   GREEK    PHILOSOPHY.       By 

Henry  Jackson,  M.A.,  Litt.D.,  Fellow  and  Prselector  in  Ancient 

Philosophy,  Trinity  College,  Cambridge.  [In  preparation. 
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Jebb. — Works  by  R.  C.   Jebb,  M.A.,  LL.D.,  Professor  of  Greek 
in  the  University  of  Glasgow. 

THE  ATTIC  ORATORS  FROM  ANTIPHON  TO  ISAEOS. 
2  vols.     8vo.     25  J. 

SELECTIONS  FROM  THE  ATTIC  ORATORS,  ANTIPHON, 
ANDOKIDES,  LYSIAS,  ISOKRATES,  AND  ISAEOS. 
Edited,  with  Notes.  Being  a  companion  volume  to  the  preceding 
work.     8vo.     I2S.  6d. 

A  PRIMER  OF  GREEK  LITERATURE.     i8mo.     is. 

Kiepert.— MANUAL  OF  ANCIENT  GEOGRAPHY,  Trans- 
lated  from  the  German  of  Dr.  Heinrich  Kiepert.  Crown  8vo.  $s, 

Mahaffy. — Works  by  J.  P.  Maiiaffy,  M.A.,  Fellow  and  Professor 
of  Ancient  History  in  Trinity  College,  Dublin,  and  Hon.  Fellow 
of  Queen's  College,  Oxford. 

SOCIAL   LIFE    IN    GREECE;    from    Homer    to    Menander. 

Fifth  Edition,  revised  and  enlarged.     Crown  8vo.     9^. 

RAMBLES  AND  STUDIES  IN  GIvEl!:CE.     With  Illustrations. 
Second  Edition.     With  Map.     Crown  8vo.     loj-.  6/. 

A  PRIMER  OF  GREEK  ANTIQUITIES.     With  Illustratjoas. 
i8mo.     is. 

EURIPIDES.     i8mo.     is.  6d.     {Classical  Wrifers  Series.) 

Mayor  (J.  E.  B.)— bibliographical  clue  to  latin 

LITERATURE.  Edited  after  HObner,  with  large  Additions 
by  Professor  John  E.  B.  Mayor.     Crown  8vo.     los.  6d. 

Newton. — essays  in  art  and  archeology.     By 

C.  T.  Newton,  C.B.,  D.C.L.,  Professor  of  Archaeology  in 
University  College,  London,  and  Keeper  of  Greek  and  Roman 
Antiquities  at  the  British  Museum.     8vo.     izs,  6d. 

Ramsay.— A  SCHOOL  HISTORY  OF  ROME.  By  G.  G. 
Ramsay,  M.A.,  Professor  of  Humanity  in  the  University  oi 
Glasgow.     With  Maps.     Crown  8vo.  \In  preparcUion. 

Sayce. — the  ancient  empires  of  the  east.     By 

A.  H.  Sayce,  Deputy-Professor  of  Comparative  Philosophy, 
Oxford,  Hon.  LL.D.  Dublin.     Crown  8vo.     6j. 

Wilkins.— A  PRIMER  OF  ROMAN  ANTIQUITIES.  .  ^j 
Professor  WiLKlNS,  M.A.,  LL.D.     Illustrated.     i8mo.     \s. 
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MATHEMATICS. 

(i)  Arithmetic  and  Mensuration,  (2)  Algebra, 
(3)  Euclid  and  Elementary  Geometry,  (4)  Trigo- 
nometry, (5)  Higher  Mathematics. 

ARITHMETIC  AND  MENSURATION. 

Aldis.— THE  GREAT  GIANT  ARITHMOS.  A  most  Elementary 
Arithmetic  for  Childn  n.  By  Mary  Steadman  Aldis.  With 
Illustrations.     Globe  8vo.     2s.  6d, 

Brook- Smith  (J.).— ARITHMETIC  IN  THEORY  AND 
PRACTICE.  By  J.  Brook-Smith,  M.A.,  LL.B.,  St.  John's 
College,  Cambridge ;  Barrister-at-Law ;  one  of  the  Masters  of 
Cheltenham  College.    New  Edition,  revised.    Crown  Svo.    4?.  6d. 

Candler. — HELP  TO  ARITHMETIC.  Designed  for  the  use  of 
Schooh.  By  H.  Candler,  M.A.,  Mathematical  Master  of 
Uppingham  School.     Second  Edition.     Extra  fcap.  8vo.     zs,  6d, 

Dalton.— RULES  AND  EXAMPLES  IN  ARITHMETIC.  By 
the  Rev.  T.  Dalton,  M.A.,  Assistant-Master  in  Eton  College. 
New  Edition.     i8mo.     2s,  6d, 

[Answers  to  the  Examples  arf  appended. 

Lock. — ARITHMETIC  FOR  SCHOOLS.  By  Rev.  J.  B.  Lock, 
M.A.,  Senior  Fellow,  Assistant  Tutor,  and  Lecturer  of  Caius 
College,  Cambridge,  formerly  Assistant-Master  at  Eton.  With 
Answers  and  looo  additional  Examples  for  Exercises.  Globe  8vo. 
4J.  6d.  Or  in  Two  Parts  : — Part  I.  Up  to  and  including  Practice, 
with  Answers.  Globe  8vo.  2x.  Part  11.  With  Answers  and 
1000  additional  Examples  for  Exercise.     Globe  8vo.     3J. 

*#*  Tlie  complete  book  afid  both  parts  can  also  be  obtained  without 
answers  at  the  sanu  price^  though  in  different  binding.  But  the  edition 
with  answers  will  always  be  supplied  unless  the  other  is  specially  asked  for. 

Pedley. — ^EXERCISES    IN    ARITHMETIC    for    the    Use    of 
Schools.      Containing  more  than  7,000  original  Examples.     By 
S.  Pedley,  late  of  Tamworth  Grammar  School   Crown  8vo.    5j. 
Also  in  Two  Parts  2s,  6d,  each. 
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Smith. — Works  by  the  Rev.  Barnard  Smith,  M.A.,  late  Rector 
of  Glaston,  Rutland,  and  Fellow  and  Senior  Bursar  of  S.  Peter's 
College,  Cambridge, 

ARITHMETIC  AND  ALGEBRA,  in  their  Principles  and  AppH- 
cation ;  with  numerous  systematically  arranged  Examples  taken 
from  the  Cambridge  Examination  Papers,  with  especial  reference 
to  the  Ordinary  Examination  for  the  B.A.  Degree.  New  Edition, 
carefully  Revised.  Crown  8vo.  lar.  6d, 
ARITHMETIC  FOR  SCHOOLS.  New  Edition.  Cr.  8V0.4J.  6d. 
A   KEY    TO    THE  ARITHMETIC   FOR  SCHOOLS.      New 

Edition.    Crown  8vo.    8j.  6d. 
EXERCISES  IN  ARITHMETIC.     Crown  8vo,  limp  cloth,  2s. 

With  Answers,  2s.  6d.     Answers  separately,  6d, 
SCHOOL  CLASS-BOOK  OF  ARITHMETIC.    i8mo,   cloth,   y. 

Or  sold  separately,  in  Three  Parts,  \s.  each. 
KEYS    TO    SCHOOL    CLASS-BOOK    OF   ARITHMETIC. 

Parts  I.,  II.,  and  III.,  2s,  6d.  each. 
SHILLING    BOOK    OF    ARITHMETIC    FOR   NATIONAL 
AND  ELEMENTARY  SCHOOLS.      i8mo,  dotli.      Or  sepa- 
rately, Part  I.  2d,  ;  Part  II.  3^/. ;  Part  III.  jd.     Answers,  6d. 
THE  SAME,  with  Answers  complete.     i8mo,  cloth,     is.  6d. 
KEY  TO  SHILLING  BOOK  OF  ARITHMETIC.    i8mo.  4s.  6d. 
EXAMINATION  PAPERS  IN  ARITHMETIC.     iSmo.     is.  6d. 

The  same,  with  Answers,  i8mo,  2s.     Answers,  6d. 
KEY    TO    EXAMINATION    PAPERS    IN    ARltHMETIC. 

i8mo.    4f.  6d, 
THE   METRIC    SYSTEM    OF   ARITHMETIC,   ITS    PRIN- 
CIPLES   AND    APPLICATIONS,  with  numerous  Example<, 
written  expressly  for  Standard  V.   in  National  Schools.     New 
Edition.     i8mo,  cloth,  sewed.     3^. 
A  CHART  OF  THE  METRIC  SYSTEM,  on  a  Sheet,  size  42  in. 
by  34  in.  on    Roller,    mounted   and   varnished.     New   Edition. 
Price  3J.  6d. 
Also  a  Small  Chart  on  a  Card,  price  id. 

EASY  LESSONS   IN  ARITHMETIC,  combining  Exercises  in 
Reading,  Writing,  Spelling,  and  Dictation.     Part  I.  for  Standard 
I.  in  National  Schools.     Crown  8vo.     gd. 
EXAMINATION  CARDS  IN  ARITHMETIC.     (Dedicated  to 

Lord  Sandon.)    With  Answers  and  Hints. 
Standards  I.  and  II.  in  box,  is.     Standards  III.,  IV.,  and  V.,  in 
boxes,  IS.  each.     Standard  VI.  in  Two  Parts,  in  boxes,  is.  each. 
A  and  B  papei's,  of  nearly  the  same  difficulty,  are  given  so  as  to 
prevent  copying,  and  the  colours  of  the  A  and  B  papers  differ  in  each 
Standard,  and  from  those  of  every  other  Standard,  so  that  a  master 
or  mistress  can  see  at  a  glance  whether  the  children  have  the  proper 
papers. 
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Todhunter.— MENSURATION  FOR  BEGINNERS.  By  1. 
ToDHUNTER,  M.A.,  F.R.S.,  D.Sc,  late  of  St.  John's  College, 
Cambridge.  With  Examples.  New  Edition.  i8mo.  2s.  6d. 
KEY  TO  MENSURATION  FOR  BEGINNERS.  By  the  Rev. 
Fr.  Lawrence  McCarthy,  Professor  of  Mathematics  in  St. 
Peter's  College,  Agra.     Crown  8/0.     ys,  6d, 

ALGEBRA. 

Dalton.— RULES  AND  EXAMPLES  IN  ALGEBRA.     By  the 
Rev.    T.   Dalton,    M.A.,   Assistant-Master   of    Eton   College. 
Part  I.     New  Edition.     i8mo.     2s,     Part  II.     i8mo.     2s,  6d, 
*J^  A  Key  to  Part  I.  for  Teachers  only,  *Js,  6d, 

Jones  and  Cheyne.— algebraical  exercises.  Pro- 
gressively Arranged.  By  the  Rev.  C.  A.  Jones,  M.A.,  and  C. 
H.  Cheyne,  M.A.,  F.R.A.S.,  Mathematical  Masters  of  West- 
minster School.     New  Edition.     i8mo.     2s,  6d, 

Hall  and  Knight. — ELEMENTARY  ALGEBRA  FOR 
SCHOOLS.  By  H.  S.  Hall,  M.A.,  formerly  Scholar  of  Christ's 
College,  Cambridge,  Master  of  the  Military  and  Engineering  Side, 
Clifton  College;  and  S.  R.  Knight,  B.A.,  formerly  Scholar  of 
Trinity  College,  Cambridge,  late  Assistant-Master  at  Marlborough 
College.  Second  Edition,  Revised  and  Corrected.  Globe  8yo, 
bound  in  maroon  coloured  cloth,  3^.  6d, ;  with  Answers,  bound  in 
green  coloured  cloth,  4s.  6d. 

ALGEBRAICAL  EXERCISES  and  EXAMINATION  PAPERS. 
To  accompany  ELEMENTARY  ALGEBRA.  By  the  same 
Authors.    Globe  8vo.     2j.  6d, 

HIGHER  ALGEBRA.  A  Sequel  to  "ELEMENTARY 
ALGEBRA  FOR  SCHOOLS.'*^  By  the  same  Authors. 
Crown  8vo.  [In  preparation. 

Smith  (Barnard) — arithmetic  and  algebra,  in  their 
Principles  and  Application ;  with  numerous  systematically  arranged 
Examples  taken  from  the  Cambridge  Examination  Papers,  with 
especial  reference  to  the  Ordinary  Examination  for  the  B.  A.  Degree. 
By  the  Rev.  Barnard  Smith,  M.A.,  late  Rector  of  Glaston,  Rut- 
land, and  Fellow  and  Senior  Bursar  of  St.  Peter's  College,  Cam- 
bridge.    New  Edition,  carefully  Revised.     Crown  8vo.     lar.  6rf. 

Smith  (Charles).— Works  by  Charles  Smith,  M.A.,  Fellow 
and  Tutor  of  Sidney  Sussex  College,  Cambridge. 

ELEMENTARY  ALGEBRA.     Globe  8vo.     4r.  6d. 

In  this  work  die  author  has  endeavoured  to  explain  the  principles  of  Algebra  in  as 
nrople  a  manner  as  possible  for  the  benefit  of  beginners,  bestowing  great  care  upon 
the  explanations  and  proofs  of  the  fundamental  operations  and  rules. 

ALGEBRA  FOR  SCHOOLS  AND  COLLEGES.      [In  ike  press. 
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Todhunter. — Works  by  L  Todhunter,  M.A.,  F.R.S.,  D.Sc, 
late  of  St.  John's  College,  Cambridge. 
"  Mr.  Todhunter  is  chiefly  known  to  Students  of  Mathematics  as  the  author  of  a 
series  ot  admirable  mathematical  text-books,  which  possess  the  rare  qualities  of  being 
clear  in  style  and  absolutely  free  from  mistakes,  typographical  or  other."— Saturday 
Rhvibw* 

ALGEBRA    FOR    BEGINNERS.     With    numerous    Examples. 

New  Edition.     i8mo.     2s.  6d, 
KEY  TO  ALGEBRA  FOR  BEGINNERS.    Crown  8vo.    6j.  6d. 
ALGEBRA.     For  the  Use  of  Colleges  and  Schools.     New  Edition, 

Crown  Svo.     Js,  6d, 
KEY  TO  ALGEBRA  FOR  THE  USE  OF  COLLEGES  AND 

SCHOOLS.     Crown  8vo.     lew.  6d. 


EUCLID,  &  ELEMENTARY  GEOMETRY. 

Constable. — geometrical  exercises  for  be- 
ginners.   By  Samuel  Constable.    Crown  8vo.    y.  6</. 

CuthbertSOn. — EUCLIDIAN  GEOMETRY.  By  Francis 
CUTHBERTSON,  M.A.,  LL.D.,  Head  Mathematical  Master  of  the 
City  of  London  School.     Extra  fcap.  8vo.     41.  6d, 

DodgSOn. — Works  by  CHARLES  L.  Dodgson,  M.  A.,  Student  and 
late  Mathematical  Lecturer  of  Christ  Church,  Oxford. 
EUCLID.    BOOKS  I.  and  II.     Fourth  Edition,  with  words  sub- 
stituted for  the  Algebraical   Symbols  used  in  the  First  Edition. 
Crown  8vo.     2s. 
%*  The  text  of  this  Edition  has  been  ascertained,  by  counting  the  words,  to  be 

le^s  than  five-sevenths  of  that  contained  in  the  ordinary  editions. 

EUCLID    AND  HIS    MODERN   RIVALS.     Second    Edition. 
Crown  8vo.     dr. 

Eagles. — CONSTRUCTIVE  GEOMETRY  OF  PLANE 
CURVES.  By  T.  H.  Eagles,  M.A.,  Instructor  in  Geometrical 
Drawing,  and  Lecturer  in  Architecture  at  the  Royal  Indian  En- 
gineering College,  Cooper's  Hill.  With  numerous  Examples. 
Crown  8vo.     \7.s. 

Hall    and    Stevens.— a  text  BOOK  OF   EUCLID'S 

ELEMENTS.  Including  alternative  Proofs,  together  with  additional 
Theorems  and    Exercises,  classified  and   arranged.      By  H.  S. 
Hall,  M.A.,  and  F.   H.   Stevens,  M.A.,  Assistant-Masters  in 
Clifton  College.     Globe  8vo. 
•^j*  Part  /.,  containing  Books  /.  and  II. ,  ivill  be  published  before  the  end 

of  the  year.     Price  2s. 

Halsted.— THE  elements  of  geometry.  By  George 
Bruce  Halsted,  Professor  of  Pure  and  Applied  Mathematics 
m  the  University  of  Texas.    8yo.     lar.  6d. 
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Kitchener.— A  GEOMETRICAL  NOTE-BOOK,  containing 
Easy  Problems  in  Geometrical  Drawing  preparatory  to  the  Study 
of  Geometry.  For  the  Use  of  Schools.  By  F.  E.  Kitchenek, 
M.A.,  Head-Master  of  the  Grammar  School,  Newcastle,  Stafford- 
shire.    New  Edition.     4to.     2s, 

Mault.— NATURAL     GEOMETRY:    an    Introduction    to    the 
Logical    Study  of   Mathematics.     For    Schools    and    Technical 
Classes.     With  Explanatory  Models,   based    upon    the    Tachy- 
metrical  works  of  Ed.  Lagout.     By  A.  Mault.     i8mo.     is. 
Models  to  Illustrate  the  above,  in  Box,  12s,  6d, 

Snowball. — the  elements  of  plane  and  spheri- 
cal TRIGONOMETRY.  By  J.  C.  Snowball,  M.A,  Four- 
teeenth  Edition.     Crown  8vo.     7^.  6d, 

Syllabus  of  Plane  Geometry  (corresponding  to  EucUd, 

Books  I. — ^VI.).     Prepared  by  the  Association  for  the  Improve- 
ment of  Geometrical  Teaching,     New  Edition.    .  Crown  8vo.     is, 

Todhunter.— THE  ELEMENTS  OF  EUCLID.     For  the  Use 
of  Colleges  and  Schools.  By  I.  Todhunter,  M.A.,  F.R.S.,  D.Sc, 
of  St.  John's  Collegq,  Cambridge.    New  Edition.    i8mo.     y  6d, 
KEY  TO  EXERCISES  IN  EUCLID.     Crown  8vo.     Ss,  6d. 

Wilson  (J.  M.). — ELEMENTARY  GEOMETRY.  BOOKS 
I. — V.  Containing  the  Subjects  of  Euclid's  first  Six  Books.  Fol- 
lowing the  Syllabus  of  the  Geometrical  Association.  By  the  Rev. 
J.  M.  Wilson,  M.A.,  Head  Master  of  Clifto«  College.  New 
Edition.     Extra  fcap.  8vo.    4^.  6d. 

TRIGONOMETRY. 

Beaslev.— AN  elementary  treatise  on  plane 

TRIGONOMETRY.     With  Examples.      By  R.  D.  Beasley, 
M.A.     Ninth  Edition,  revised  and  enlarged.    Crown  8vo.   ^.6d, 

Lock. — Works  by  Rev.  J.  B.  Lock,  M.A.,  Senior  Fellow,  Assistant 
Tutor  and  Lecturer  in  Mathematics,  of  Gronvilleand  Caius  College, 
Cambridge  ;  late  Assistant-Master  at  Eton. 
TRIGONOMETRY  FOR  BEGINNERS,  as  far  as  the  Solution  of 

Triangles.     Globe  8vo.     2s.  6d, 
ELEMENTARY  TRIGONOMETRY.      Fourth  Edition  (in  this 
edition  the  chapter  on  logarithms  has  been  carefully  revised). 
Globe  8vo.     4f.  6d, 
Mr.  E.  J.  RouTH  writes: — "It is  an  able  treatise.    It  takes  the  difEculties  of  the 
subject  one  at  a  time,  and  so  leads  the  young  student  easily  along." 

HIGHER  TRIGONOMETRY.     Globe  8vo.     4^ .  ed. 
Both  Parts  complete  in  One  Volume.     Globe  8vo.     7^.  6(L 

(See  also  under  Arithm€ik,) 
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McClelland  and  Preston — a  treatise  ON  spherical 

TRIGONOMETRY.  With  numerous  Examples.  By  William 
J.  M'Clelland,  Sch.B.A.,  Principal  of  the  Incorporated  Society's 
School,  Santry,  Dublin,  and  Thomas  Preston,  Sch.B.A.  Id 
Two  Parts.  Crown  8vo.  Part  I.  To  the  End  of  Solution  of 
Triangles,  4/.  6d,     Part  II.,  $s, 

Todhunter. — Works  by  I.  Todhiwter,  M.A.,  F.R.S.,  D.Sc, 

late  of  St.  John's  College,  Cambridge. 
TRIGONOMETRY     FOR     BEGINNERS.       With      numerous 

Examples.     New  Edition.     i8mo.     2J.  6d, 
KEY  TO  TRIGONOMETRY  FOR  BEGINNERS.     Crown  8va 

%s,ed. 
PLANE  TRIGONOMETRY.      For  Schools  and  Colleges.      New 

Edition.     Crown  8vo.     5^. 
KEY  TO  PLANE  TRIGONOMETRY.     Crown  8vo.     lo*.  6d. 
A  TREATISE  ON   SPHERICAL  TRIGONOMETRY.     New 

Edition,  enlarged.     Crown  8vo.     41.  6d. 
(See  also  under  Arithmetic  and  Mensuration^  Algebra^  and  Higher 

Mathematics,) 

HIGHER  MATHEMATICS. 

Airy. — Worksby  Sir G. B.  Airy, K.C.B.,  formerly  Astronomer- Royal. 

ELEMENTARY  TREATISE  ON  PARTIAL  DIFFERENTIAL 
EQUATIONS.  Designed  for  the  Use  of  Students  in  the  Univer- 
sities.    With  Diagrams.     Second  Edition.     Crown  8vo.     5J.  &/. 

ON  THE  ALGEBRAICAL  AND  NUMERICAL  THEORY 
OF  ERRORS  OF  OBSERVATIONS  AND  THE  COMBI- 
NATION OF  OBSERVATIONS.  Second  Edition,  revised. 
Crown  8vo.     6j.  dd, 

Alexander  (T.).— ELEMENTARY  APPLIED  MECHANICS. 
Being  the  simpler  and  more  practical  Cases  of  Stress  and  Strain 
wrought  out  individually  from  first  principles  by  means  of  Elemen- 
tary Mathematics.  By  T.  Alexander,  C.E.,  Professor  of  Civil 
Engineering  in  the  Imperial  Collie  of  Engineering,  Tokei, 
Japan.     Part  I.     Crown  8vo.     4/.  6</. 

Alexander  and  Thomson. — ELEMENTARY  APPLIED 

MECHANICS.  By  Thomas  Alexander,  C.E.,  Professor  of 
Engineering  in  the  Imperial  College  of  Engineering,  Tokei,  Japan ; 
and  Arthur  Watson  Thomson,  C.E.,  B.Sc,  Professor  of 
Engineering  at  the  Royal  College,  Cirencester.  Part  IL  Trans- 
verse Stress.  Crown  8vo.  loj.  6^. 
Boole. — THE  CALCULUS  OF  FINITE  DIFFERENCR^. 
By  G.  Boole,  D.C.L.,  F.R.S.,  late  Professor  of  Mathematics  in 
the  Queen's  University,  Ireland.  Third  Edition,  revised  by 
T.  F.  MouLTON.     Crown  8vo.     iw.  6e/. 
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Cambridge  Senate-House  Problems  and   Riders, 
with  Solutions: — 

1875— PROBLEMS   AND   RIDERS.      By  A.   G.    Greenhill, 
M.A,     Crown  8vo.     %s,  6d, 

--^878— SOLUTIONS  OF  SENATE-HOUSE  PROBLEMS.     By 
^"^^sthe  Mathematical  Moderators  and  Examiners.    Edited  by  J.  W.  L. 

Glaisher,  M.A.,  Fellow  of  Trinity  College,  Cambridge.  12s. 
Carll. — A  TREATISE  ON  THE  CALCULUS  OF  VARIA- 
TIONS. Arranged  with  the  purpose  of  Introducing,  as  well  as 
Illustrating,  its  Principles  to  the  Reader  by  means  of  Problems, 
and  Designed  to  present  in  all  Important  Particulars  a  Complete 
View  of  the  Present  State  of  the  Science.  By  Lewis  Buffett 
Carll,  A.M.     Demy  8vo.     21s, 

Cheyne.— AN  elementary  treatise  on  the  plan- 
etary THEORY.  By  C.  H.  H.  Cheyne,  M.A.,  F.R.A.S. 
With  a  Collection  of  Problems.  Third  Edition.  Edited  by  B^ev. 
A.  Freeman,  M.A.,  F.R.A.S.     Crown  8vo.     *js.  6d. 

hristie.— A  collection  of  elementary  test- 
questions  IN  pure  and  mixed  mathematics  ; 
with  Answers  and  Appendices  on  Synthetic  Divisjion,  and  on  the 
Solution  of  Numerical  Equations  by  Homer's  Method.  By  James 
R.  ChriSI'IE,  F.R,S.,  Royal  Military  Academy,  Woolwich. 
Crown  8vo.     %s.  6d, 

ClausiuS. — MECHANICAL  THEORY  OF  HEAT.  By  R. 
Clausiws.  Translated  by  Walter  R.  Browne,  M.A.,  late 
Fellow  of  Trinity  College,  Cambridge.     Crown  8vo.     i<w.  6d, 

Clifford. — ^THE  ELEMENTS  OF  DYNAMIC.  An  Introduction 
to  the  Study  of  Motion  and  Rest  in  Solid  and  Fluid  Bodies.  By  W. 
K.  Clifford,  F.R.S.,  late  Professor  of  Applied  Mathematics  and 
Mechanicsat  University  CoUege,  London.  Part  I.— KINEMATIC. 
Crown  8vo.     is,  6d, 

Cockshott  and  Walters. — a  TREATISE  ON  GEOMETRI- 
CAL CONIC  SECTIONS.  By  Arthur  Cockshott,  M.A., 
Assistant-Master  at  Eton,  and  F.  B.  Walters,  M.A.,  Principal 
of  King  William's  College,  Isle  of  Man.    Crown  8vo. 

[In  preparation, 

Cotterill. — applied  mechanics  :  an  Elementary  General 
Introduction  to  the  Theory  of  Structures  and  Machines.  By 
James  H.  Cotterill,  F.R.S.,  Associate  Member  of  the  Council 
of  the  Institution  of  Naval  Architects,  Associate  Member  of  the 
Institution  of  Civil  Engineers,  Professor  of  Applied  Mechanics  in 
the  Royal  Naval  College,  Greenwich.     Medium  8vo.     i8j. 

Day  (R.  E.)  —electric  light  arithmetic.    By  R.  E. 

Day,  M.A.,  Evening  Lecturer  in  Experimental  Physics  at  King's 
Collie,  London.     Pott  8vo.    2s, 
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Drew.— GEOMETRICAL  TREATISE  ON  CONIC  SECTIONS. 
By  W.  H.  Drew,  M,A.,  St.  John's  College,  Cambridge.  New 
Edition,  enlarged.     Crown  8vo.     5^. 

Dyer.— EXERCISES  IN  analytical  GEOMETRY.      Com- 

Siled  and  arranged  by  J.  M.  Dyer,  M.A.,  Senior  Mathematical 
Taster  in  the  Classical  Department  of  Cheltenham  Collegia.    With 
Illustrations.     Crown  8vo.    41.  6^. 

Eagles.— CONSTRUCTIVE  GEOMETRY  OF  PLANE 
CURVES.  ByT.  H.  Eagles,  M.A.,  Instructor  in  Geometrical 
Drawing,  and  Lecturer  in  Architecture  at  the  Royal  Indian  En- 
gineering College,  Cooper's  Hill.  With  numerous  Examples. 
Crown  8vo.     12.;. 

Edgar  (J.  H.)  and  Pritchard  (G.  S.). — ^note-book  ON 

PRACTICAL  SOLID  OR  DESCRIPTIVE  GEOMETRY. 
Containing  Problems  with  help  for  Solutions.  By  J.  H.  Eogar, 
M.A.,  Lecturer  on  Mechanical  Drawing  at  the  Royal  School  of 
Mines,  and  G.  S.  Pritchard,  Fourth  Edition,  rerised  by 
Arthur  Mebze.    Globe  8vo.    4^.  6(/. 

Edwards.— AN  elementary  treatise  on  the  dif- 
ferential CALCULUS.  With  Applications  and  numerons 
Examples.  By  Joseph  Edwards,  M.A.,  formerly  Fellow  of 
Sidney  Sussex  College,  Cambridge.     Crown  8vd.       [/«  the  press. 

Ferrers. — Works  by  the  Rev.  N.  M.  Ferrers,  M.A.,  Master  of 
Gonville  and  Caius  College,  Cambridge. 

AN  ELEMENTARY  TREATISE  ON  TRILINEAR  CO- 
ORDINATES, the  Method  of  Reciprocal  Polars,  and  the  Theory 
of  Projectors.     New  Edition,  revised.     Crown  8vo.     6j.  (>d, 

ATSr  ELEMENTARY  TREATISE  ON  SPHERICAL  HAR- 
MONICS, AND  SUBJECTS  CONNECTED  WITH 
THEM.     Crown  8vo.     7^.  dd, 

Forsyth,— A  TREATISE  ON  DIFFERENTIAL  EQUA- 
TIONS. By  Andrew  Russell  Forsyth,  M.A.,  F.R.S.,  Fellow 
and  Assistant  Tutor  of  Trinity  College,  Cambridge.     8vo.     14X. 

Frost. — Works  by  Percival  Frost,  M.A.,  D.Sc,  formerly  Fellow 
of  St.  John's   College,    Cambridge  ;    Mathematical  Lecturer  at 
King's  College. 
AN  ELEMENTARY  TREATISE  ON  CURVE  TRACING.    By 

Percival  Frost,  M.  A.     8vo.     i2» 
SOLID  GEOMETRY.     Third  Edition.     Demy  8vo.     i6j. 

Greaves. — a  treatise  on  elementary  statics.  By 

John  Greaves,  M.A.,    Fellow  and  Mathematical    Leotorer  of 
Christ's  College,  Cambridge.     Crown  8vo.     6f.  6^1 
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^  Grcenhill.— DIFFERENTIAL  AND  INTEGRAL  CAL- 
CULUS. With  Applications.  By  A.  G.  Greenhill,  M.A., 
Professor  of  Mathematics  to  the  Senior  Class  of  Artillery  Officers, 
Woolwich,  and  Examiner  in  Mathematics  to  the  University  of 
London.     Crown  8vo.     7^.  6d, 

Hemming. — an   elementary   treatise   on  the 

r  differential  and  integral  calculus,   for  the 

Use  of  Colleges  and  Schools.  By  G.  W.  Hemming,  M.A., 
Fellow  of  St.  John's  College,  Cambridge.  Second  Edition,  with 
Corrections  and  Additions.    8vo.     9j. 

IbbetSOn.— THE    MATHEMATICAL    THEORY   OF    PER. 

FECTLY  ELASTIC    SOLIDS,  with  a  short  account  of  Viscous 

Fluids.  An  Elementary  Treatise.    By  William  JohnTbbetson, 

B.A.,  F.R.A.S.,  Senior  Scholar  of  Clare  College,  Cambridge. 

8vo.  [In  the  press, 

Jellet  (John  H.).— a  TREATISE   ON  THE  THEORY  OF 

FRICTION.     By  John  H.  Jellet,  B.D.,  Provost  of  Trinity 

College,  Dublin;  President  of  the  Royal  Irish  Academy.     8vo. 

8j.  6//. 
Johnson, — Works  by  William  Woolsey  Johnson,  Professor  of 

Mathematics  at  the  U.S.  Naval  Academy,  Annopolis,  Maryland. 
/INTEGRAL    CALCULUS,    an    Elementary  Treatise     on    the; 

Founded  on  the  Method  of  Rates  or  P  luxions.     Demy  8vo.     8j. 
CURVE    TRACING    IN     CARTESIAN    CO-ORDINATES. 

Crown  8vo.     4^.  6d, 

Kelland  and  Tait. — INTRODUCTION  TO  QUATER- 
NIONS, with  numerous  examples.  By  P.  Keli^nd,  M.A., 
F.  R.S.,  and  P.  G.  Tait,  M.A.,  Professors  in  the  Department  of 
Mathematics  in  the  University  of  Edinburgh.  Second  Edition. 
Crown  8vo.     *js.  6d. 

Kempe.— HOW  to  draw  a  straight  line  :  a  Lecture 
on  Linkages.    By  A.  B.  Kempe.    With  Illustrations.    Crown  8vo. 
.  15.  6d.     {Nature  Series,) 

Kennedy.— THE  MECHANICS  OF  MACHINERY.  By  A. 
B.  W.  Kennedy,  M.Inst.C.E.,  Professor  of  Engineering  and 
Mechanical  Technology  in  University  College,  London.  With 
Illustrations.     Crown  8vo.  [Nearly  ready. 

Knox,— DIFFERENTIAL  CALCULUS  FOR  BEGINNERS. 
By  Alexander  Knox.     Fcap.  8vo.     y.  6d, 

Lock. — DYNAMICS  FOR  BEGINNERS.  By  the  Rev.  J.  B. 
Lock,  M.A.,  Author  of  "Trigonometry,*'  ** Arithmetic  for 
Schools,"  &c.     Globe  8vo.  [In  the  press. 

Lupton. — CHEMICAL  ARITHMETIC.  With  1,200  Examples. 
By  SvbNEY  LuPTON,  M.A.,  F.C.S*,  F.i.C,  formerly  Assistant 
Master  in  Harrow  School.     Seccmd  Edition.     Fcap.  8vo.    4r.  6^. 
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Macfarlanc— PHYSICAL  arithmetic.  By  Alexander 
Macfarlanb,  M.A.,  D.Sc.,  F.R.S.E.,  Examiner  in  Mathematics 
to  the  University  of  Edinburgh.     Crown  Svo.     ^s.  6d, 

MacGregor.— KINEMATICS  and  dynamics.  An  Ele- 
mentary Treatise.  By  J.  G.  MacGregor,  Professor  of  Mathe- 
matics in  Dalhousie  College,  Halifax,  Nova  Scotia.     Crown  Svo. 

\In  the  press. 

Merriman.— ATEXTBOOK  of  the  method  of  least 

SQUARES.  By  Mansfield  Merriman,  Professor  of  Civil 
Engineering  at  Lehigh  University,  Member  of  the  American 
Philosophical  Society,  American  Association  for  the  Advancement 
of  Science,  &c.     Demy  Svo.     Sj-.  6^. 

Millar.— ELEMENTS  OF  DESCRIPTIVE  GEOMETRY.  By 
J.B.  Millar,  C.E.,  Assistant  Lecturer  in  Engineering  in  Owens 
College,  Manchester.     Crown  Svo.     dr. 

Milne.— WEEKLY  problem  PAPERS.  With  Notes  intended 
for  the  use  of  students  preparing  for  Mathematical  Scholarships, 
and  for  the  Junior  Members  of  the  Universities  who  are  reading 
for  Mathematical  Honours,  ^y  the  Rev.  John  J.  Milne,  M.A., 
late  Second  Master  of  Heversham  Grammar  School.     Pott  Svo. 

SOLUTIONS   TO   WEEKLY  PROBLEM  PAPERS.      By  the 

same  Author.     Crown  Svo.     ioj.  6^. 
COMPANION    TO   "WEEJCLY   PROBLEM    PAPERS."     By 

the  same  Author.     Crown  Svo.  \In  the  press, 

Muir. — A  TREATISE  ON  THE  THEORY  OF  DETERMI- 
NANTS. With  graduated  sets  of  Examples.  For  use  in 
Colleges  and  Schools.  By  Thos.  Muir,  M.A.,  F.R.S.E., 
Mathematical  Master  in  the  High  School  of  Glasgow.  Crown 
Svo.     7J.  6i/. 

Parkinson.— AN  ELEMENTARY  TREATISE  ON  ME- 
CHANICS. For  the  Use  of  the  Junior  Classes  at  the  University 
and  the  Higher  Classes  in  Schools.  By  S.  Parkinson,  D.D., 
F.R.S.,  Tutor  and  Praelector  of  St.  John's  College,  Cambridge. 
With  a  Collection  of  Examples.  Sixth  Edition,  revised.  Crown 
Svo.    9J.  6^. 

Pirie. — LESSONS  ON  RIGID  DYNAMICS.  By  the  Rev.  G. 
PiRiE,  M.A.,  late  Fellow  and  Tutor  of  Queen's  College,  Cam- 
bridge ;  Professor  of  Mathematics  in  the  University  of  Aberdeen. 
Crown  Svo.     6j. 

Puckle.— AN  ELEMENTARY  TREATISE  ON  CONIC  SEC- 
TIONS AND  ALGEBRAIC  GEOMETRY.  With  Numerous 
Examples  and  Hints  for  their  Solution ;  especially  designed  for  the 
Use  of  Beginners.  By  G.  H.  Puckle,  M.A.  Fifth  Edition, 
revised  and  enlarged.     Crown  Svo.     is,  6e 
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Reuleaux.— THE  kinematics  of  machinery.    Out- 

lines  of  a  Theory  of  Machines.  By  Professor  F.  Reuleaux. 
Translated  and  Edited  by  Professor  A.  B.  W.  Kennedy,  C.E. 
"With  450  Illustrations.     Medium  8vo.    21s. 

Rice  and  Johnson — differential   calculus,  an 

Elementary  Treatise  on  the  ;  Founded  on  the  Method  of  Rates  or 
Fluxions.  By  John  Minot  Rice,  Professor  of  Mathematics  in 
the  United  States  Navy,  and  William  Woolsey  Johnson,  Pro- 
fessor of  Mathematics  at  the  United  States  Naval  Academy. 
Third  Edition,  Revised  and  Corrected.  Demy  8vo.  idr. 
Abridged  Edition,  &r. 

Robinson.— TREATISE  ON  MARINE  SURVEYING.     Pre- 
pared for  the  use  of  younger  Naval  Officers.     With  Questions  for 
Examinations  and  Exercises  principally  trom  the  Papers  of  the 
Royal  Naval  College.     With  the  results.     By  Rev.   John  L. 
Robinson,  Chaplain  and  Instructor  in  the  Royal  Naval  College, 
Greenwich.     With  Illustrations.     Crown  8vo.    Js,  6d, 
CoNTSNTS. — Sinnbols  used  in  Charts  and  Surveying— The  Construction  and  Use 
of  Scales — Laying  off  Angles — Fixing  Positions  by  Angles  —  Charts  and  Chart- 
Drawing— Instruments  and  Observing  —  Base    Lines — Triangulation — ^Levelling— 
Tides   and    Tidal  ^  Observations— Soundings — Chronometers — Meridian    Distances 
— Method  of  Plotting  a  Survey— MiscelUmeous  Exercises — Index: 

Routh. — Works  by  Edward  John  Routh,  D.Sc,  LL.D., 
F.R.S.,  Fellow  of  the  University  of  London,  Hon.  Fellow  of  St. 
Peter's  College,  Cambridge. 

A  TREATISE  ON  THE  DYNAMICS  OF  THE  SYSTEM  OF 
RIGID  BODIES.  With  numerous  Examples.  Fourth  and 
enlarged  Edition.  Two  Vols.  8vo.  VoL  I. — Elementary  Parts. 
14J.     Vol.  II. — The  Advanced  Parts.     14?. 

STABILITY  OF  A  GIVEN  STATE  OF  MOTION,  PAR- 
TICULARLY STEADY  MOTION.  Adams*  Prize  Essay  for 
1877.     8vo.    8j.  6d, 

Smith  (C). — Works  by  Charles  Smith,    M.A.,  Fellow  and 

Tutor  of  Sidney  Sussex  College,  Cambridge. 
CONIC  SECTIONS.    Fourth  Edition.     Crown  8vo.     ^s,  6d, 
AN  ELEMENTARY  TREATISE  ON  SOLID  GEOMETRY. 

Second  Edition.     Crown  8vo.     gs.  $d,     (See  also  under  ^/^(f3r«.) 

Tait  and  Steele.— a  treatise  on  dynamics  of  a 

PARTICLE.  With  numerous  Examples.  By  Professor  Tait 
and  Mr.  Steele.     Fifth  Edition,  revised.    Crown  8vo.     I2J. 

Thomson. — a  treatise  on  the  motion  of  vortex 

RINGS.  An  Essay  to  which  the  Adams  Prize  was  adjudged  in 
1882  in  the  University  of  Cambridge.  By  J.  J.  Thomson,  Fellow 
of  Trinity  College,  Cambridge,  and  Professor  of  Experimental 
Physics  in  the  University.     With  Diagrams.    8vo.     dr. 
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Todhunter — Works  by  1.  TODHUNTER,  M,A.,  r.R.S..  D.Sa, 

late  of  St.  John's  College,  Cambridge. 

"  Mr.  Todhunter  is  chiefly  known  to  students  of  Mathematics  as  the  author  of  a 

series  of  admirable  mathematical  text-books,  which  possess  the  rare  qualities  of  bein;; 

clear  in  style    and    absolutely  free   from  mistakes,  typographical  and    otber." — 

Saturday  Review 

MECHANICS  FOR  BEGINNERS.      With  numerous  Examples. 

New  Edition.     i8mo.     4s.  6d, 
KEY  TO  MECHANICS  FOR  BEGINNERS.  Crown  8vo.  es.6d, 
AN   ELEMENTARY   TREATISE    ON   THE   THEORY    OF 

EQUATIONS.     New  Edition,  revised.     Crown  8vo.     js,  6d. 
PLANE  CO-ORDINATE  GEOMETRY,  as  applied  to  the  Straight 

Line  and  the  Coaic  Sections.     With  numerous  Examples.      New 

Edition,  revised  and  enlarged.     Crown  8vo.     75.  6d, 
A  TREATISE  ON  THE  DIFFERENTIAL  CALCULUS.     With 

numerous  Examples.     New  Edition.     Crown  8vo.     iQf.  6^. 
A  TREATISE  ON  THE  INTEGRAL  CALCULUS  AND  ITS 

APPLICATIONS.     With  numerous  Examples.      New  Edition, 

revised  and  enlarged.     Crown  8vo.     lor.  td, 
EXAMPLES   OF   ANALYTICAL  GEOMETRY   OF   THREE 

DIMENSIONS.     New  Edition,  revised.     Crown  8vo.     4J. 
A  HISTORY   OF    THE   MATHEMATICAL   THEORY    OF 

PROBABILITY,  from  the  time  of  Pascal   to  that  of  Laplace. 

8vo*     i8j. 
A  HISTORY  OF  THE  MATHEMATICAL  THEORIES  OF 

ATTRACTION,  AND  THE  FIGURE  OF  THE  EARTH, 

from  the  time  of  Newton  to  that  of  Laplace.     2  vols.     8vo.     24J, 
AN  ELEMENTARY  TREATISE  ON  LAPLACE'S,  LAME'S, 

AND  BESSEL'S  FUNCTIONS.     Crown  8vo.     loj.  M. 

(See  also  under  Arithmetic  and  Mensuration,  Algebra^  and  Trigonometry. ) 

Wilson  (J.  M.). — SOLID  GEOMETRY  AND  CONIC  SEC- 
TIONS. With  Appendices  on  Transversals  and  Harmonic  Division. 
For  the  Use  of  Schools.  By  Rev.  J.  M.  Wilson,  M.A.  Head 
Master  of  Clifton  College.    New  Edition.  Extra  fcap.  Svo.  3j.  d</. 

Woolwich   Mathematical   Papers,  for  Admission  into 

the  Royal  Military  Academy,  Woolwich,  i38o — 1884  inclusive. 
Crown  Svo.     3^.  6d. 

^SVolstenholme. — mathematical  problems,  on  Sub- 
jects included  in  the  First  and  Second  Divisions  of  the  Schedule  of 
subjects  for  the  Cambridge  Mathematical  Tripos  Examination. 
Devised  and  arranged  by  Joseph  Wolstenholme,  D.Sc,  late 
Fellow  of  Christ's  Coll^;e,  sometime  Fellow  of  St.  John's  College, 
and  Professor  of  Mathematics  in  the  Royal  Indian  Engineering 
College.  New  Edition,  greatly  enlarged.  Svo.  18*. 
EXAMPLES  FOR  PRACTICE  IN  THE  USE  OF  SEVEN  -' 
FIGURE  LOGARITHMS.  By  the  same  Author.  \Ih  prepar<Uion.  ' 
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SCIENCE. 

(t)  Natural  Philosophy,  (2)  Astronomy,  (3) 
Chemistry,  (4)  Biology,  (5)  Medicine,  (6)  Anthro- 
pology, (7)  Physical  Geography  and  Geology,  (8) 
Agriculture,  (9)  Political  Economy,  (10)  Mental 
and  Moral  Philosophy. 


NATURAL  PHILOSOPHY. 

Airy. — \Vorl<s  by  Sir  G.  B.  Airy,  K.C.B.,  formerly  Astronomer- 
Royal. 

ON  bOUND  AND  ATMOSPHERIC  VIBRATIONS.  With 
the  Mathematical  Elements  of  Music.  Designed  for  the  Use  of 
Students  in  the  University.  Second  Edition,  revised  and  enlarged. 
Crown  8vo      gs 

A  TREATISE  ON  MAGNETISM.  Designed  for  the  Use  of 
Students  in  the  University,     Crown  8vo.     9;.  6</. 

GRAVITATION:  an  Elementary  Explanation  of  the  Principal 
Perturbations  in  the  Solar  System.     Second  Edition.     Crown  8vo. 

Alexander  (T.).— ELEMENTARY  APPLIED  MECHANICS. 
Being  the  simpler  and  more  practical  Cases  of  Stress  and  Strain 
wrought  out  individually  from  first  principles  by  means  of  Ele- 
mentary Mathematics.  By  T.  Alexander,  C.E.,  Professor  of 
Civil  Engineering  in  the  Imperial  College  of  Engineering,  Tokei, 
Japan.     Crown  8vo.     Part  I.     4s,  6d. 

Alexander  —  Thomson.  —  ELEMENTARY    applied 

MECHANICS.  By  Thomas  Alexander,  C.E.,  Professor  of 
Engineering  in  the  Imperial  College  of  Engineering,  Tokei,  Japan  : 
and  Arthur  Watson  Thomson,  C.E.,  B.Sc,  Professor  of 
Engineering  at  the  Royal  College,  Cirencester.  Part  11.  Trans- 
verse Stress  ;  upwards  of  150  Diagrams,  and  200  Examples 
carefully  worked  out ;  new  and  complete  method  for  finding,  at 
every  point  of  a  beam,  the  amount  of  the  greatest  bending 
moment  and  shearing  force  during  the  transit  of  any  set  of  leads 
fixed  relatively  to  one  another — g.^.,  the  wheels  of  a  locomotive  ; 
continuous  beams,  &c.,  &c.     Crown  8vo.     10s.  6d. 

Ball  (R.  S.). — EXPERIMENTAL  MECHANICS.  A  Course  of 
lectures  delivered  at  the  Royal  College  of  Science  for  Ireland. 
By  Sir  R.  S.  I^all,  M.A.,  Astronomer  Royal  for  Ireland. 
Cheaper  Issue.     Koyal  8vo.     los,  6d, 

d2 
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Chisholm.  —  THE  SCIENCE  OF  WEIGHING  AND 
MEASURING,  AND  THE  STANDARDS  OF  MEASURE 
AND  WEIGHT.  By  H.W.  Chisholm,  Warden  of  the  Standards. 
With  numerous  Illustrations.   Crown  8vo.   4?.  6d,  {Nature  Series). 

Clausius. — MECHANICAL  THEORY  OF  HEAT.  By  R. 
Clausius.  Translated  by  Walter  R.  Browne,  M.A.,  late 
Fellow  of  Trinity  College,  Cambridge.     Crown  8vo.     loj.  6^. 

Cotterill. — APPLIED  MECHANICS  :  an  Elementary  General 
Introduction  to  the  Theory  of  Structures  and  Machines.  By 
James  H.  Cotterill,  F.R.S.,  Associate  Member  of  the  Council 
of  the  Institution  of  Naval  Architects,  Associate  Member  of  the 
Institution  of  Civil  Engineers,  Professor  of  Applied  Mechanics  in 
the  Royal  Naval  College,  Greenwich.     Medium  8vo.     i&r. 

Gumming.— AN  INTRODUCTION  TO  THE  THEORY  OF 
ELECTRICITY.  By  LiNNiEus  Gumming,  M.A.,  one  Qi  the 
Masters  of   Rugby   School.      With   Illustrations.      Crown   %yo. 

Danieli. — a    text-book    of  the  principles    of 

PHYSICS.  By  Alfred  Daniell,  M.A.,  LL.B.,  D.Sc, 
F.R.S.E.,  late  Lecturer  on  Physics  in  the  Sdiool  of  Medicine, 
Edinburgh.  With  Illustrations.  Second  Edition.  Revised  and 
Enlaiged.     Medium  8vo.     2ix. 

Day.— ELECTRIC  LIGHT  ARITHMETIC.  By  R.  E.  Day, 
M.A.,  Evening  Lecturer  in  Experimental  Physics  at  King's 
College,  London.     Pott  8vo.     2s, 

Everett. — units  and  physical  constants.  By  J.  D. 

Everett,  M.A.,  D.C.L.,  F.R.S.,  F.R.S.E.,  Professor  of 
Natural  Philosophy,  Queen's  College,  Belfast.  Second  Edition. 
Extra  fcap.  8vo.     Ss. 

Gray — ^ABSOLUTE  MEASUREMENTS  IN  ELECTRICITY 
AND  MAGNETISM.  By  Andrew  Gray,  M.A,  F.R.S.E., 
Professor  of  Physics  in  the  University  College  of  North  Wales. 
Crown  8vo.  [Nkv  Edition  in  the  press. 

Grove.— -A  DICTIONARY  OF  MUSIC   AND   MUSICIANS. 
(a.d.  1450 — 1886).     By  Eminent  Writers,  English  and  Foreign. 
Edited  by  Sir  George  Grove,  D.C.L.,  Director  of  the  Royal 
College  of  Music,  &c.     Demy  8vo. 
Vols.  I.,  II.,  and  III.     Price  21s.  each. 

Vol.  I.  A  to  IMPROMPTU.  Vol.  II.  IMPROPERIA  to 
PLAIN  SONG.  Vol.  III.  PLANCHE  TO  SUMER  IS 
ICUMEN  IN.  Demy  8vo.  cloth,  with  Illustrations  in  Music 
T3^e  and  Woodcut.  Also  published  in  Parts.  Parts  I.  to  XIV., 
Parts  XIX — XXL,  price  3^.  6d.  each.  Parts  XV.,  XVI.,  price  Js. 
Parts  XVII.,  XVIIL,  price  ^s. 
**  Dr.  Grove's  Dictionary  will  be  a  boon  to  every  intelligent  lover  of  mmic.*'-' 
Saturday  Review. 
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Huxley.— INTRODUCTORY  PRIMER  OF  SCIENCE.  By  T. 
H.  Huxley,  F.R.S.,  &c.     i8mo.    is, 

Ibbetson. — the  mathematical  theory  of  per- 
fectly ELASTIC  SOLIDS,  with  a  Short  Account  of  Viscous 
Fluids.  An  Elementary  Treatise.  By  William  John  Ibbetson, 
B.A.,  F.R.A.S.,  Senior  Scholar  of  Clare  College,  Cambridge.  8vo. 

[jn  the prtss, 

Kempe.— HOW  to  draw  a  straight  line  ;  a  Lecture 
on  Linkages.  'By  A.  B.  Kempe.  With  Illustrations.  Crown 
8vo.     I  J.  ddf.     {Nature  Series. ) 

Kennedy. — ^the  MECHANICS  OF  machinery.  By  A.  B. 

W.  Kennedy,  M.lnst.C.E.,  Professorof  Engineering  and  Mechani- 
cal Technology  in  University  College,  London.  With  numerous 
Illustrations.     Crown  8vo.  [Shortly^ 

Lang.— EXPERIMENTAL  PHYSICS.  By  P.  R.  Scott  Lang, 
M.A.,  Professor  of  Mathematics  in  the  University  of  St.  Andrews. 
With  Illustrations.     Crown  8vo.  [In  the  press, 

Lupton.— NUMERICAL  TABLES  AND  CONSTANTS  IN 
ELEMENTARY  SCIENCE.  By  Sydney  Lupton,  M.A., 
F.C.S.,  F.I.C.,  Assistant  Master  at  Harrow  School.  Extra  fcap^ 
8vo.     2s,  6d. 

Macfarlane, — physical  arithmetic.  By  Alexander 
Macfarlane,  D.Sc,  Examiner  in  Mathematics  in  the  University 
of  Edinburgh.    Crown  8vo.    ^s,  6d, 

Mayer. — SOUND  :  a  Series  of  Simple,  Entertaining,  and  Inex- 
pensive Experiments  in  the  Phenomena  of  Sound,  for  the  Use  of 
Students  of  every  age.  By  A.  M.  Mayer,  Professor  of  Physics 
in  the  Stevens  Institute  of  Technology,  &c.  With  numerous 
Illustrations.     Crown  8vo.     2s,  6d,     {Nature  Series.) 

Mayer  and   Barnard. — LIGHT :  a  Series  of  Simple,  Enter- 
taining, and  Inexpensive  Experiments  in  the  Phenomena  of  Light, 
for  the  Use  of  Students  of  every  age.     By  A.  M.  Mayer  and  C. 
Barnard.     With  numerous  Illustrations.     Crown  8vo.     2s,  6d, 
{Nature  Series.) 

Newton. — PRINCIPIA.  Edited  by  Professor  Sir  W.  Thomson 
and  Professor  Blackburne.  4to,  cloth.  31^.  6d, 
THE  FIRST  THREE  SECTIONS  OF  NEWTON'S  PRIN- 
CIPIA. With  Notes  and  Illustrations.  Also  a  Collection  of 
Problems,  principally  intended  as  Examples  of  Newton's  Methods. 
By  Percival  Frost,  M.A.     Third  Edition.     8vo.     12s, 

Parkinson. — A  TREATISE  ON  OPTICS.  By  S.  Parkinson, 
D.D.,  F.R.S.,  Tutor  and  Prselector  of  St.  John's  College,  Cam- 
bridge. Fourth  Eldition,  revised  and  enlarged.  Crown  8vo.  \os.  td. 
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Perry.  —  STEAM,     an  elementary  treatise.     By 

John  Perry,  C.E.,  Whitworth  Scholar,  Fellow  of  the  Chemical 
Society,  Professor  of  Mechanical  Engineering  and  Applied  Mech- 
anics at  the  Technical  College,  Finsbury.  With  numerous  Wood- 
cuts and  Numerical  Examples  and  Exercises.     iSmo.    4s.  6^. 

Ramsay.— EXPERIMENTAL  PROOFS  OF  CHEMICAL 
THEORY  FOR  BEGINNERS.  By  William  Ramsay,  Ph.D, 
Professor  of  Chemistry  in  University  College,  Bristol.  Pott  Svo. 
2s.  6d, 

Rayleigh.— THE  THEORY  OF  SOUND.  By  Lord  Rayleigh, 
M.A.,  F.R.S.,  formerly  Fellow  of  Trinity  College,  Cambridge, 
Svo.     Vol.  I.  12^.  6d.     Vol.  II.  I2J.  6t/.      [Vai,  III.  in  the  press. 

Reuleaux.— THE  kinematics  of  machinery.  Out- 
lines of  a  Theory  of  Machines.  By  Professor  F.  ReRjlkaux. 
Translated  and  Edited  by  Professor  A.  B.  W.  Kennedy,  C.E. 
With  450  Illustrations.     Medium  Svo.     2ix. 

Roscoe  and  Schuster — SPECTRUM  ANALYSIS.  Lecturei? 

delivered  in  1868  before  the  Society  of  Apothecaries  of  London. 
By  Sir  Henry  E.  Roscoi^  LL.D.,  F.R.S.,  Professor  of  Chemistry 
in  the  Owens  College,  Victoria  University,  Manchester.  Fourth 
Edition,  revised  and  considerably  enlarged  by  the  Author  and 
by  Arthur  Schuster,  F.R.S.,  Ph.D.,  Professor  of  Applied 
Mathematics  in  the  Owens  College,  Victoria  University. 
With  Appendices,  numerous  Illustrations,  and  Plates.  Medium 
Svo.  2\S, 

Shann. — AN  elementary  treatise  on  heat,  in 

RELATION  TO  STEAM  AND  THE  STEAM-ENGINE. 
By  G.  Shann,  M.  A.     With  Illustrations.     Crown  Svo.     45*.  6^. 

SpOttisWOOde.— POLARISATION  OF  LIGHT.  By  the*  late 
W.  SPOTTISWOODE,  F.R.S.  With,  many  Illustrations.  New 
Edition.     Crown  Svo.     3^.  6</.     {Nature  Series,) 

Stewart  (Balfour). — Works  by  Balfour  Stewart,  F.R.S., 

Professor  of  Natural  Philosophy  in  the   Owens  College,  Victoria 

Universitv    I^anchester 
PRIMER  OF   PHYSICS.     With  numerous  Illustrations.      New 

Edition,  with  Questions.     iSmo.     is,     {Science  Primers,) 
LESSONS   IN   ELEMENTARY   PHYSICS.       With  numerous 

Illustrations  and  Chromolitho  of  the  Spectra  of  the  Son,  Stars, 

and  Nebulae.     New  Edition.     Fcap.  Svo.     4?.  6d, 
QUESTIONS  ON  BALFOUR  STEWART'S  ELEMENTARY 

LESSONS  IN  PHYSICS.     By  Prof.  Thomas  H.  Core,  Owens 

College,  Manchester.     Fcap.  Svo.     2j, 
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Stewart  and  Gee. — ELEMENTARY  PRACTICAL  PHY- 
SICS,  LESSONS  IN.  By  Professor  Balfour  Stewart,  F.R.S., 
and  W,  H  ALDANE  Gee,  B.  Sc.    Crown  8vo. 

Part  I.— GENERAL  PHYSICAL  PROCESSES.    6s. 
Part  IL— ELECTRICITY  AND  MAGNETISM.         [/»  the  press. 
Part  III.— OPTICS,  HEAT,  AND  SOUND.  Un preparation. 

A  SCHOOL  COURSE  OF  PRACTICAL  PHYSICS.     By  the 
same  Authors.  \^In  preparation. 

Stokes. — ON  LIGHT.  Being  the  Burnett  Lectures,  delivered  in 
Aberdeen  in  188371884.  By  GsoRGB  Gabriel  Stokes,  M.A., 
P.R.S.,  &a.  Fellow  of  Pembroke  College,  and  Luca^^ian  Professor 
of  Mathematics  in  the  University  of  Cambridge.  First  Course. 
On  the  Nature  of  Light.— Second  Course.  On  Light  as 
A  Means  of  Investigation.    Crown  8vo.     2^.  dd.  each. 

\Tkird  Course  in  the  press. 

Stone.— AN  ELEMENTARY  TREATISE  ON  SOUND.  By 
W.  H.    Stone,  M.D.     With  Illustrations.     i8mo.     y.  6d. 

Tait. — HEAT.  By  P.  G.  Tait,  M.A.,  Sec.  R.S.E.,  formerly 
Fellow  of  St  Peter's  College,  Cambridge,  Professor  of  Natural 
Philosophy  in  the  University  of  Edinburgh.     Crown  8vo.     6s. 

Thompson. — elementary  LESSONS  in  ELECTRICITY 
AND  MAGNETISM.  By  SiLVANUs  P.  Thompson,  Principal 
and  Professor  of  Physics  in  the  Technical  College,  Finsbury.  With 
Illustrations.     New  Edition.     Fcap.  8vo.    4J.  6d. 

Thomson. — EI^ECTROSTATICS  AND  MAGNETISM,  RE- 
PRINTS OF  PAPERS  ON.  By  Sir  William  Thomson, 
D.C.L.,  LL.D.,  F.R.S.,  F.R.S.E.,  Fellow  of  St.  Peter's  College, 
Cambridge,  and  Professor  of  Natural  Philosophy  in  the  University 
of  Glasgow.  Second  Edition.  Medium  8vo.  i%s. 
THE  MOTION  OF  VORTEX  RINGS,  A  TREATISE  ON. 
An  Essay  to  which  the  Adams  Prize  was  adjudged  in  1882  in 
the  University  of  Cambridge.  By  J.  J.  Thomson,  Fellow  of 
Trinity  College,  Cambridge,  and  Professor  of  Experimental  Physics 
in  the  University.     With  Diagrams.     8vo.     6s. 

Todhunter.— NATURAL  PHILOSOPHY  FOR  BEGINNERS. 
By  I.  ToDHUNTER,  M.A.,  F.R.S.,  D.Sc. 
Part  I.  The  Properties  of  Solid  and  Fluid  Bodies.     l8mo.     3?.  6d. 
Part  II.  Sound,  Light,  and  Heat.     i8mo.     3^.  6d. 

Turner.— HEAT  AND  ELECTRICITY,  A  COLLECTION  OF 
EXAMPLES  ON.  By  H.  H.  Turner,  B.  A.,  Fellow  of  Trinity 
College,  Cambridge.     Crown  8vo.     2r.  6d. 

Wright  (Lewis).  —  Light  ;  a  course  of  experi- 
mental OPTICS,  chiefly  with  the  lantern. 

By  Lewis  Wright.    With  nearly  200  Engravings  and  Coloured 
Plates.     Crown  8vq.     7j.  6d. 
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ASTRONOMY. 

Airy.—POPULAR  ASTRONOMY.  With  Illustrations  by  Sir 
G.  B.  AlRYfc  K.C.B.,  formerly  Astronomer-Royal.  N'ew  £ditioiL 
i8mo.    4J.  6^. 

Forbes.— TRANSIT  OF  VENUS.  By  G.  Forbks,  M.A., 
Professor  of  Natural  Philosophy  in  the  Andersonian  University, 
Glasgow.     Illustrated.     Crown  8vo.     3J.  (id,     {Nature  Series.) 

Godfray. — ^Woiks    by    Hugh    Godfpay,    M.A.,    Mathematical 
Lecturer  at  Pembroke  College,  Cambridge. 
A  TREATISE  ON  ASTRONOMY,  for  the  Use  of  Colleges  and 

Schools.     Fourth  Edition.     8vo.     12s.  6d. 
AN  ELEMENTARY  TREATISE  ON  THE  LUNAR  THEORY, 
with  a  Brief  Sketch  of  the  Problem  up  to  the  time  of  Newton. 
Second  Edition,  revised.     Crown  8vo.     5j.  6d. 

Lockyer. — Works  by  J.  Norman  Lockyer,  F.R.S. 

PRIMER  OF  ASTRONOMY.  With  numerous  Illustrations. 
New  Edition.     i8mo.     is.     {Science  Primers.) 

ELEMENTARY  LESSONS  IN  ASTRONOMY.  With  Coloured 
Diagram  of  the  Spectra  of  the  Sun,  Stars,  and  Nebuke,  and 
numerous  Illustrations.     New  Edition.     Fcap.  8vo.     $s.  6d, 

QUESTIONS  ON  LOCKYER'S  ELEMENTARY  LESSONS  IN 
ASTRONOMY.  For  the  Use  of  Schools.  By  John  Forbes- 
Robertson.     i8mo,  cloth  limp      is.  6d. 

Newcomb.— POPULAR  astronomy.     By  S.  Newcomb, 

LL.D.,  Professor  U.S.  Naval  Observatory.   With  112  Illustrations 

and  5  Maps  of  the  Stars.     Second  Edition,  revised.    8vo.     i8j. 

**It  is  unlike  anything  else  of  its  kind,  and  will  be  of  more  use  in  circuladn^:  a 

knowledge  of  Astronomy  than  nine-tenths  of  the  books  which  have  appeared  on  the 

subject  of  late  years."— Saturday  Rsvibw. 

CHEMISTRY. 

Cooke. — ^ELEMENTS  OF  CHEMICAL  PHYSICS.  By  JosiaH 
P.  Cooke,  Junr.,  Erving  Professor  of  Chemistry  and  Mineralogy 
in  Harvard  University.     Fourth  Edition.     Royal  8vo.     21s. 

Fleischer.— A  SYSTEM  OF  volumetric  ANALYSIS. 
Translated,  with  Notes  and  Additions,  from  the  Second  German 
Edition  by  M.  M.  Pattison  Muir,  F.R.S.E.  With  Illustrations. 
Crown  8vo.  7"^'  ^' 
Jones. — Works  by  Francis  Jones,  F.R.S.E.,  F.C.S.,  Chemical 
Master  in  the  Grammar  School,  Manchester. 

THE  OWENS  COLLEGE  TUNIOR  COURSE  OF  PRAC- 
TICAL CHEMISTRY.  With  Preface  by  Sir  Henry  Roscoe, 
F.R.S.,  and  Illustrations.     New  Edition.     i8mo.     2J.  6d, 

QUESTIONS  ON  CHEMISTRY.  A  Series  of  Problems  and 
Exercises  in  Inorganic  and  Organic  Chemistry.     Fcap.  8vo.     ys. 
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Landauer.— BLOWPIPE  analysis.     By  j.   Landauer. 

Authorised  English  Edition  by  J.  Taylor  and  W.  E.  Kay,  of 
Owens  College,  Manchester.  Extra  fcap.  8vo.  4s,  6d. 
Lupton. — ^ELEMENTARY  CHEMICAL  ARITHMETIC.  With 
1,200  Problems.  By  SYDNEY  Lupton,  M.A.,  F.C.S.,  F.I.C., 
formerly  Assistant-Master  at  Harrow.  Second  Edition,  Ktviied 
and  Ahridgfd,     Fcap.  8to.     4J.  6d. 

Muir. — PRACTICAL  CHEMISTRY  FOR  MEDICAL  STU- 
DENTS. Specially  arranged  for  the  first  M.B.  Course.  By 
M.  M.  Pattison  Muir,  F.R.S.E.     Fcap.  8vo.     u.  6d, 

Muir  and  Wilson. — the  elements  of  thermal 

CHEMISTRY.  By  M.  M.  Pattison  Muir,  M.A.,  F.k.S.E:, 
Fellow  and  Praelector  of  Chemistry  in  Gonville  and  Caius  College, 
Cambridge;  Assisted  by  David  Muir  Wilson.     8vo.    12s  6d, 

Remsen. — Works  by  Ira  Remsen,  Professor  of  Chemistry  in  the 
Johns  Hopkins  University. 

COMPOUNDS  OF  CARBON  ;  or,  Organic  Chemistry,  an  Intro- 
duction to  the  Study  of.     Crown  8vo.     6s.  6d. 

AN  INTRODUCTION  TO  THE  STUDY  OF  CHEMISTRY 
(INORGANIC  CHEMISTRY).     Crown  8vo.     df.  6d, 

Roscoe. — Works  by  Sir  Henry  E.  Roscoe,  F.R.S.,  Professor  of 
Chemistry  in  the  Victoria  University  the  Owens  College,  Manchester. 

PRIMER  OF  CHEMISTRY.  With  numerous  Illustrations.  New 
Edition.     With  Questions.     l8mo.     is.     {Science  Primers,) 

LESSONS  IN  ELEMENTARY  CHEMISTRY,  INORGANIC 
AND  ORGANIC.  With  numerous  Illustrations  and  Chromolitho 
of  the  Solar  Spectrum,  and  of  the  Alkalies  and  Alkaline  Earths. 
New  Edition.    Fcap.  8vo.    4J.  6d. 

A  SERIES  OF  CHEMICAL  PROBLEMS,  prepared  with  Special 
Reference  to  the  foregoing,  by  T.  E.  Thorpe,  Ph.D.,  Professor 
of  Chemistry  in  the  Yorkshire  College  of  Science,  Leeds,  Adapted 
for  the  Preparation  of  Students  for  the  Government,  Science,  and 
Society  of  Arts  Examinations.  With  a  Preface  by  Sir  Henry  E. 
Roscoe,  F.R.S.     New  Edition,  with  Key.     i8mo.     2j. 

Roscoe  and  Schorlemmer. — inorganic  and  OR- 
GANIC CHEMISTRY.  A  Complete  Treatise  on  Inorganic  and 
Organic  Chemistry.  By  Sir  Henry  E.  Roscoe,  F.R.S.,  and 
Professor  C.  Schorlemmer,  F.R.S.  With  numerous  Illustrations. 
Medium  8vo. 

Vols.  I.  and  II.— INORGANIC  CHEMISTRY. 

Vol.  I.— The  Non-Metallic  Elements.  21s,  Vol.  II.  Part  I.— 
Metals.     i8j.     Vol.  11.  Part  IL~Metals.     i8j. 

VoL  III.— ORGANIC  CHEMISTRY. 
THE  CHEMISTRY  OF  THE  HYDROCARBONS  and  their 
Derivatives,  or  ORGANIC  CHEMISTRY.       With   numerous 
Illustrations.    Medium  8vo.    Two  Parts.     2ij;  each. 
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Roscoe  and  Schorlemmer — continued. 

VoL  IIL— Part  IIL     ORGANIC  CHEMISTRY,  continued. 

{/fnmediatdy. 

Schorlemmer. — ^a  manual  of  the  chemistry  of 

THE  CARBON  COMPOUNDS,  OR  ORGANIC  CHE- 
MISTRY. By  C.  Schorlemmer,  F.R.S.,  Professor  of  Che- 
mistry in  the  Victoria  University  the  Owens  College,  Manchester. 
With  lUnstrations.  Svo.  14;. 
Thorpe.~A  series  of  chemical  problems,  prepared 
with  Special  Reference  to  Sir  H.  E.  Roscoe's  Lessons  in  Elemen- 
tary Chemistry,  by  T.  E.  Thorpe,  Ph.D.,  F.R.S.,  Professor  of 
•  Chemistry  in  the  Norowl  School  of  Science,  South  Kensington, 
adapted  for  the  Preparation  of  Students  for  the  Government, 
Science,  and  Society  of  Arts  Ejcaminations.  With  a  Preface  by  Sir 
Henry  E.  Roscoe,  F.R.S.    New  Edition,  with  Key.    i8mo.    2s. 

Thorpe  and  Riicker. — a  TREATISE   ON   CHEMICAL 

PHYSICS.  By  T.  E.  Thorpe,  Ph.D.,  f.R.S.  Professor  o. 
Chemistry  in  the  Normal  School  of  Science,  and  Professor  A.  W. 
RiJCKER.    Illustrated.     8vo.  \In  preparation 

Wright. — METALS  AND  THEIR  CHIEF  INDUSTRIAL 
APPLICATIONS.  By  C.  Alder  Wright,  D.Sc,  &c.. 
Lecturer  on  Chemistry  in  St  Mary's  Hospital  Medtcal  SchooL 
Extra  fcap.  8vo,     3^.  6d. 

BIOLOGY. 

Allen. — ON  THE  COLOUR  OF  FLOWERS,  as  lUustrated  in 
the  British  Flora.  By  Grant  Allen.  With  Illostrations. 
Crown  8vo.    y.6d.     {Nature  Series.) 

Balfour.  —  a  treatise  on   comparative  embry- 

OLOGY.  By  F.  M.  Balfour,  M.A.,  F.R.S.,  Fellow  and 
Lecturer  of  Trinity  College,  Cambridge.  With  Illustrations. 
Second  Edition,  reprinted  without  alteration  from  the  First 
Edition.     In  2  vols.     8vo.     Vol.  I.  i8j.     Vol.  II.  211-. 

Bettany.— FIRST  LESSONS  IN  PRACTICAL  BOTANY. 
By  G.  T.  Bettany,  M.A.,  F.L.S.,  formerly  Lecturer  in  Botany 
at  Guy's  Hospital  Medical  School.     i8mo.     is. 

Bower— Vines. — A  COURSE  OF  PRACTICAL  INSTRUC- 
TION IN  BOTANY.  By  F.  O.  Bower,  M.A.,  F.L.S., 
Professor  of  Botany  in  the  University  of  Glasgow,  and  Sydney 
H.  Vines,  M.A.,  USc,  F.R.S.,  Fellow  and  Lecturer,  Christ's 
College,  Cambridge.  With  a  Preface  by  W.  T.  Thiselton 
Dyer,  M.A.,  C.M.G.,  F.R.S.,  F.L.S.,  Director  of  the  Royal 

Gardens,  Kew. 

Part    L—PHANEROGAM Jl  —  PTERIDOPHYTA.       Crown 

8vo.     6s. 
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Darwin  (Charles).— MEMORIAL  NOTICES  OF  CHARLES 
DARWIN,  F.R.S.,  &c.  By  Thomas  Henry  Huxley,  F.R.S., 
G.  J.  Romanes,  F.R.S.,  Archibald  Geikie,  F.R.S.,  and 
W.  T.  Thiselton  Dyer,  F.R.S.  Reprinted  from  Nature, 
With  a  PorUait,  engraved  by  C.  H.  Jeens.  Crown  Svo. 
2 J.  6d.     (I{ature  Series,) 
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Edition      Globe  Svo.     4J.  6d, 

Sidgwick. — Works  hy  Henry  Sidgwick,  M.A.,  LL.D.,  Knight- 
bridge  Professor  of  Moral  Philosophy  in  the  University  of 
Cambridge. 
THE  METHODS  OF  ETHICS.  Third  Edition.  8va  14s.  A 
Supplement  to  the  Second  Edition,  containing  all  the  important 
Additions  and  Alterations  in  the  Third  Edition.  Demy  Svo.  dr. 
OUTLINES  OF  THE  HISTORY  OF  ETHICS,  for  Enghsh 
Readers.    Crown  Svo.     $s.  6d, 
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Arnold  (T.). — the  second  funic  war.  Being  Chapters 
from  THE  HISTORY  OF  ROMK.  By  Thomas  Arnold, 
D.D.  Edited,  with  Notes,  by  W.  T.  Arnold,  M.A.  With  8 
Maps.     Crown  Svo.     Sf.  6^. 

Arnold  (W.  T.). — THE  ROMAN  SYSTEM  of  PROVINCIAL 

ADMINISTRATION  TO  THE  ACCESSION  of  CONST  AN- 

TINE  THE  GREAT.  By  W.  T.  Arnold,  M.A.    Crown  Sva  6s, 

*'Oa£^t  to  prove  a  vakiable  handbook  to  the  student  of  Romaa  hiaiory.''-' 

Guardian. 

Beesly.— STORIES  from  the  history  of  rome. 

By  Mrs.  B££SLY.     Fcap.  Svo.     ^.  6d. 
Bryce, — the  holy  ROMAN  empire.    By  Jambs  Bryce, 
D.  C.L. ,  Fellow  of  Oriel  College,  and  Regius  Professor  of  Civil  Law 
in  the  Univer^iity  of  Oxford.   Eighth  Edition.   Crown  Svo.  *js,  6tL 

Auckland.— OUR  national  institutions,    a  short 

Sketch  for  Schools.    By  Anna  Buckland.    iSmo.     lA 
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Buckley.— A  HISTORY  OF  ENGLAND  FOR  BEGINNERS. 

By  Arabella  Buckley.  With  Maps.  Globe  8vo.     [/«  the  press, 
Clarke. — CLASS-BOOK  OF  GEOGRAPHY.    By  C.  B.  Clarke, 

M.A.,    F.L.S.,   F.G.S.,    F.R.S.     New   Edition,  with  Eighteen 

Coloured. Maps.     Fcap.  8vo.     3J. 

Dicey. — LECTURES  INTRODUCTORY  TO  THE  STUDY 
OF  THE  LAW  OF  THE  CONSTITUTION.  By  A.  V.  Dicey, 
B.C.L.,  of  the  Inner  Temple,  Barrister-at-Law ;  Vinerian  Professor 
of  English  Law ;  Fellow  of  All  Souls  College,  Oxford ;  Hon.  LL.D. 
Glasgow.     Second  Edition.     Demy  8vo.     12s.  6d. 

Dickens's  DICTIONARY  OF  THE  UNIVERSITY  OF 
OXFORD,  1886-7.     i8mo,  sewed,     is, 

Dickens's   dictionary   of  the   university   of 

CAMBRIDGE,  1886-7.     i8mo,  sewed,     is. 

Both  books  (Oxford  and  Cambridge)  bound  together  in  one  volume. 

Cloth.     2s,  6d, 

Freeman. — Works  by  Edward  A.  Freeman,  D.C.L.,  LL.D., 
Regius  Professor  of  Modem  History  in  the  University  of  Oxford.  &c. 
OLD  ENGLISH  HISTORY.     With  Five  Coloured  Maps.     New  - 

Edition.     Extra  fcap.  8vo.     6s, 
A  SCHOOL  HISTORY  OF  ROME.    By  the  same  Author.    Crown 
8yo.  \In  preparaHoH, 

METHODS  OF  HISTORICAL  STUDY.    A  Course  of  Lectures. 

By  the  Same  Author.     8vo.   los.  6d, 
HISTORICAL  ESSAYS.     First  Series,     Fourth  Edition.     Svo. 
lOr.  6d. 
Contents :— The  Mythical  and  Romantic  Elements  in  Early  English  History — 
The  Continuity  of  English  History — The  Relations  between  the  Crown  of 
■England  and  Scotland — ^St.  Thomas  of  Canterbary  and  his  Biographers,  &c. 
HISTORICAL  ESSAYS.     Second  Series.     Second  Edition,  with 
additional  Essays.     8vo.     los.  6d, 
Contents :— 'Ancient  Greece  uid  Mediaval  Italy — Mr.  Gadstone's  Homer  and 
the  Homeric  Ages-^The  Hifiitoiians  of  Athens-^The  Athenian  Democracy — 
Alexander  the  Great — Greece  durins  the   Macedonian  Period— Mommsen's 
History  of  Rome — Lucius  Cornelius  Sulla— The  Flavian  Caesars,  &c.,  &c 
HISTORICAL  ESSAYS.     Third  Series.     8vo.     I2j.      . 
Contents : — First  Impressions  of  Rome — The  IHyrian  Emperors  and  their  Land 
— ^Aogusta  Treverorum— The  Goths^  at  Ravenna— Race  and  Language — The 
Byiantine    Empire — First   Impressions  of  Athens — Mediaval  and   Modem 
Greece — ^The  Southern  Slaves — Sicilian  Cycles — The  Normans  at  Palermo. 

THE  GROWTH  OF  THE  ENGLISH  CONSTITUTION  FROM 

THE  EARLIEST  TIMES.     Fourth  Edition.     Crown  8vo.     Ss, 
GENERAL    SKETCH    OF    EUROPEAN    HISTORY.      New 

Edition.     Enlarged,  with  Maps,  &c.     i8mo.     3J.  6d,     (VoL  I.  of 

Historical  Course  for  Schools.) 
EUROPE.     i8mo.     is.     {History  Primers.) 
CHIEF   PERIODS   OF   EUROPEAN   HISTORY.    A  Course 

of  Lectures.    8vo.  [/«  th^  press, 

i  2 
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Green.  —  Works   by   John   Richard  Green,    M. A.,     L,L.D., 

late  Honorary  Fellow  of  Jesus  College,  Oxford. 

SHORT    HISTORY    OF    THE  ENGLISH  PEOPLE.       With 

Coloured  Maps,  Genealogical  Tables,  and  Chronological  Annal<. 

Crown  8vo.     S^.  6d,     I2ist  Thousand. 

"  Stands  alone  as  the  one  general  history  of  the  country,  for  the  sake  of  which 

all  others,   if  young  and  old  are  wise,  will  be  speedily  and  sorely  set  aside." — 

ACADBMY. 

ANALYSIS  OF  ENGLISH  HISTORY,  based  on  Green's  "  Short 
History  of  the  English  People."  By  C.  W.  A.  Tait,  M.A., 
Assistant-Master,  Clifton  College.    Crown  8vo.     3J.  6d. 

READINGS  FROM  ENGLISH  HISTORY.  Selected  and 
Edited  by  John  Richard  Green.  Three  Parts.  Globe  Swo. 
IS,  6d»  each.  I.  Hengist  to  Cressy.  II.  Cressy  to  Cromwell. 
III.  Cromwell  to  Balaklava.  ' 

Green.  —  a  SHORT  GEOGRAPHY  OF  THE  BRITISH 
ISLANDS.  By  John  Richard  Green  and  Alios  Stopford 
Green.      With  Maps.    Fcap.  8vo.     jx.  6d. 

.  Grove.— A  PRIMER  OF  GEOGRAPHY.  By  Sir  Georgb 
Grove,  D.C.L.  With  Illustrations.  iSmo.  is,  (Science 
Primers,) 

Guest.— LECTURES   ON   THE  HISTORY  OF  ENGLAND. 
By  M.  J.  Guest.     With  Maps.     Crown  8vo.    6s, 

Historical  Course  for  Schools — Edited  by  Edward  a. 

Freeman,  D.C.L.,  LL.D.,  late  Fellow  of  Trinity  Colling,  Oxford, 

R^us  Professor  of  Modem  History  in  the  University  of  Oxford. 
L— GENERAL  SKETCH  OF  EUROPEAN   HISTORY.       By 

Edward    A.    Freeman,    D.C.L.     New  Edition,  revised   and 

enlarged,  with  Chronological  Table,  Maps,  and  Index.  i8mo.  y,  6d. 
XL— HISTORY  OF  ENGLAND.     By  Edith  Thompson.     New 

Ed.,  revised  and  enlarged,  with  Coloured  Maps.     i8mo.    2s,  6d, 
III.— HISTORY  OF  SCOTLAND.  By  Margaret  Macarthur. 

New  Edition.     i8mo.     2s, 
IV.— HISTORY  OF  ITALY.     By  the  Rev.   W.   Hunt,    M.A. 

New  Edition,  with  Coloured  Maps.     i8mo.     3^.  6d, 
v.— HISTORY  OF  GERMANY.      By  J.   SiME,    M.A.      New 

Edition  Revised.     i8mo.     3^. 
VI.— HISTORY  OF  AMERICA.    By  John  A.  Doyle.     With 

Maps.     i8mo.     4;.  6d, 
VH.— EUROPEAN  COLONIES.    By  E.  J.  Payne,  M.  A.    With 

Maps.     i8mo.    4^.  6d, 
VIII.— FRANCE.     By  Charlotte  M.  Yonge.      With    Maps. 

i8mo.    3J.  6d, 
GREECE.     By  Edward  A.  Freeman,  D.CL.     [In  preparaHan. 
ROME.     By  Edward  A.  Freeman,  D.C.L.  [In  preparaiion. 
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History  Primerp— Edited  by  John  Richard  Green,  M.A., 

LX.D.,  Author  of  **  A  Short  History  of  the  English  People." 
ROME.   By  the  Rev.  M.  Creighton,  M.A.,    Dixie  Professor  of 

Ecclesiastical  History  in  the    University  of  Cambridge.      With 

Eleven  Maps.     iSmo.     is. 
GREECE.    By  C.  A.   Fyffe,   M.A.,   Fellow  and  late  Tutor  of 

University  College,  Oxford.    With  Five  Maps.    i8mo.     is, 
EUROPEAN  HISTORY.     By  E.  A.  Freeman,  D.C.L.,  LL.D. 

With  Maps.     i8mo.     is, 
GREEK  ANTIQUITIES.     By  the  Rev.  J.  P.  Mahaffy,  M.A. 

Illustrated.     i8mo.     is. 
CLASSICAL  GEOGRAPHY.   By  H.  F.  Tozer,  M.A.  i8mo.  is. 
GEOGRAPHY.     By  Sir  G.  Grove,  D.C.L.     Maps.     iSmo.     is. 
ROMAN    ANTIQUITIES.       By    Professor    Wilkins.       Illus- 

trated.     i8mo.     ix. 
FRANCE.    By  Charlotte  M.  Yonge.     i8mo.     is. 
Hole. — A  GENEALOGICAL  STEMMA  OF  THE  KINGS  OF 

ENGLAND  AND  FRANCE.     By  the  Rev.   C.   Hole.    On 

Sheet,     is, 

Jennings— CHRONOLOGICAL  TABLES.     Compiled  by  Rev. 

A.  C.  Jennings.  [In  the  press. 

Kiepert. — a  manual  of  ancient  geography.     From 

the  German  of  Dr.  H.  Kiepert.     Crown  8vo.     $s, 

Labberton.— AN  HISTORICAL  atlas.  Comprising  141 
Maps,  to  which  is  added,  besides  an  Explanatory  Text  on  the 
period  delineated  in  each  Map,  a  carefully  selected  Bibliography 
of  the  English  Books  and  Magazine  Articles  bearing  on  that 
Period.     By  R.  IJ.  Labberton,  Litt.Hum.D.    4to.     12s.  6d. 

Lethbridge. — a  SHORT  manual  of  the  history  of 

INDIA.  With  an  Account  of  India  as  it  is.  The  Soil, 
Climate,  and  Productions ;  the  People,  their  Races,  Religions, 
Public  Works,  and  Industries ;  the  Civil  Services,  and  System  of 
Administration.  By  Sir  Roper  Lethbridge,  M.A.,  CLE.,  late 
Scholar  of  Exeter  Collie,  Oxford,  formerly  Principal  of  Kishiaghur 
College,  Bengal,  Fellow  and  sometime  Examiner  of  the  Calcutta 
University.     W^ith  Maps.     Crown  8vo.     5j. 

Michelet.— A  SUMMARY  OF  MODERN  HISTORY.  Trans- 
lated  from  the  French  of  M.  Michelet,  and  continued  to  the 
Present  Time,  by  M.  C.  M.  Simpson.    Globe  8vo.    4^.  6d. 

Ott6.— SCANDINAVIAN  HISTORY.  By  E.  C.  Orrfi.  With 
Maps.     Globe  8vo.     6s. 

Ramsay.— A  SCHOOL  HISTORY  OF  ROME.  By  G.  G. 
Ramsay,  M.A.,  Professor  of  Humanity  in  the  University  of 
Glasgow.     With  Maps.     Crown  8vo.  \Tn  preparation. 
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Tait.— ANALYSIS  OF  ENGLISH  HISTORY,  based  on  Green's 
'*  Short  History  of  the  EngUsh  People."  By  C.  W.  A.  Tait, 
M.A.,  Assistant-Master,  Clifton  College.     Crown  8vo.     3J.  6d, 

Wheeler. — a  SHORT  HISTORY  OF  INDIA  AND  OF  THE 
FRONTIER  STATES  OF  AFGHANISTAN,  NEPAUL, 
AND  BURMA.  By  J.  Talboys  Wheeler.  With  Majis. 
Crown  8vo.     I2j. 

Yonge  (Charlotte  M.).  —  CAMEOS  FROM  ENGLISH 
HISTORY,  By  Charlotte  M.  Yonge,  Author  of  "The  Heir 
of  RedclyfFe,"  Extra  fcap.  8vo.  New  Edition.  5/.  each,  (i) 
FROM  ROLLO  TO  EDWARD  II.  (2)  THE  WARS  IN 
FRANCE.  (3)  THE  WARS  OF  THE  ROSES.  (4)  REFOR- 
MATION TIMES.  (5)  ENGLAND  AND  SPAIN. 
EUROPEAN  HISTORY.  Narrated  in  a  Series  of  Historical 
Selections  from  the  Best  Authorities.  Edited  and  arranged  by 
E.  M.  Sewell  and  C.  M.  Yonge,  First  Series,  1003 — 1154. 
New  Edition.  Crown  8vo.  6j.  Second  Series,  1088 — 122S. 
New  Edition.     Crown  8vo.     6j. 


MODERN    LANGUAX3IES   AND 

LITERATURE. 

(i)  English,  (2)  French,  (3)  German,  (4)  Modern 
Greek,  (5)  Italian. 

ENGLISH. 

Abbott. — A  SHAKESPEARIAN  GRAMMAR.  An  attempt  to 
illustrate  some  of  the  Differences  between  Elizabethan  and  Modem 
English.  By  the  Rev.  E.  A.  Abbott,  D.D.,  Head  Master  of  the 
City  of  London  School.     New  Edition.    Extra  fcap.  8vo.    6x. 

Brooke. — primer  of  English  literature.    By  the 

Rev.    Stopford  A.   BRoaKE,   M.A.      i8mo.      u.     {Literature 
PrtmeTS*\ 
Butler. — HUDIBRAS.     Edited,  with  Irtroduction  and  Notes,  by 
Alfred  Milnes,  M.A.  Lon.,  late  Student  of  Lincoln  College, 
Oxford.  Extra  fcap  8vo.  Part  I.  3^.  6rf.     Parts  II.  and  III.  4J.  dd, 

Cowper's  TASK:  AN  EPISTLE  TO  JOSEPH  HILL,  ESQ.; 
TIROCINIUM,  or  a  Review  of  the  Schools;  and  THE  HIS- 
TORY OF  JOHN  GILPIN.  Edited,  with  Notes,  by  William 
Benham,  B.D.  Globe  8vo.  ix*  [Glebe  Readings  from  Standard 
Authors,') 

Dowden. — ^SHAKESPEARE.  By  Professor  Dowden.  i8mo. 
15,     {Literature  Primers,) 

Dryden. — select  prose  WORKS.  Edited,  witli  Introduction 
and  Notes,  by  Professor  C.  D.  Yonge.     Fcap.  8vo.     zs.  6</. 
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Gladstone.— SPELLING  REFORM  FROM  AN  EDUCA- 
TIONAL POINT  OF  VIEW.  By  1.  H.  Gladstone,  Ph.D., 
F.R.S.,  Member  of  the  School  Board  for  London.  New  Edition. 
Crown  8vo.     is.  dd, . 

Globe   Readers.      For    Standards  L— VI.     Edited  by  A.   F. 
MuRisoN.     Sometime  English  Master  at  the  Aberdeen  Grammar 
School.    With  Illustrations.     Globe  8vo. 
Primer  1.    ^48  pp.)        yl.  Book  III.  (232  pp.)  u.  3^. 

■[.    (48 


Primer  II.  (48  pp.) 
Book  I.  (96  pp.) 
Book    II.  (136  pp.)        ^d. 


Book  IV.  (328  pp. )  is,  gd. 
Book    V.  (416  pp.)  2s. 
Book  VI.  (448  pp.)  2s.  6d. 


"Among  the  numerous  sets  of  r^&ders  before  the  public  the  present  series  is 
honourably  distinguished  by  the  marked  superiority  of  its  materials  and  the 
careful  ability  with  which  Uiey  have  been  adapted  to  the  Rowing  capacity  of  the 
pupils.  The  plan  of  the  two  primers  is  excellent  for  facilitating  the  child's  first 
attempts  to  read.  In  the  first  three  following  books  there  is  abundance  of  enter- 
taining:  reading.  ....    Better  food  for  young  minds  could  hardly  be  found."—' 

ThR  ATHENiBUM. 

*The  Shorter  Globe  Readers. — with  lUustrations.  Globe 

8vo. 


Primer  I.  (48  pp.)  3^. 
Primer  II.  (48  pp.)  3^* 
Standard  I.  (92  pp.)  6d. 
Standard  II.  (124  pp.)  gd. 


Standard  III  (178  PPO  IJ. 
Standard  IV.  (182  pp.)  is. 
Standard    V.  (216  pp.)  Is.  yt. 
Standard  VI.  (228  pp.)  is.  6d. 


*  This  Series  has  been  abridged  from  "The  Globe  Readers"  to  mdet  the  demand 
or  smaller  reading  books. 

GLOBE    ttSADINOS    FROM    STANDARD    AUTHORS. 

Cowper'STASK:  AN  EPISTLE  TO  JOSEPH  HILL,  ESQ.; 
TIROCINIUM,  or  a  Review  ot  the  Schools ;  and  THE  HIS- 
TORY OF  JOHN  GILPIN.  Edited,  with  Notes,  by  William 
Benham,  B.D.    Globe  8vo.     u. 

Goldsmith's  VICAR  OF  WAKEFIELD.  With  a  Memoir  of 
Goldsmith  by  Professor  Masson.    Globe  8vo.     is. 

Lamb's    (Charles)    tales    from    shakespeare- 

Edited,  with  Preface,  by  Alfred  Ainger^  M.A.  Globe 
8vo.  2s, 
Scott's  (Sir  Walter)  lay  of  THE  LAST  MINSTREL; 
and  THE  LADY  OF  THE  LAKE.  Edited,  with  Introductions 
and  Notes,  by  Francis  Turner  Palgravi.  Globe  8vo.  i^ 
MARMION  ;  and  the  LORD  OF  THE  ISLES.  By  the  same 
Editor.     Globe  8vo.     is. 

The  Children's   Garland  from  the  Best  Poets. — 

Selected  and  arranged  by  Coventry  Patmore.  Globe  8vo.  ar. 
Yonge  (Charlotte  M.). — a  BOOK  OF  GOLDEN  DEEDS 
OF  ALL  TIMES  AND  ALL  COUNTRIES.  Gathered  and 
narrated  anew  by  Charlotte  M.  Yonge,  the  Author  of  "  The 
Heir  of  Redclyflfe."    Globe  8vo.     2s. 
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Goldsmith. — ^THE  traveller,  or  a  Prospect  of  Society ; 

and  THE  DESERTED  VILLAGE.     By  Oliver  Goldsmith. 

With  Notes,  Philological  and  Explanatory,  by  J.  W.  Hales,  M.A- 

Crown  8vo.     6d, 
THE  VICAR  OF  WAKEFIELD.     With  a  Memoir  of  GoldsnriA 

by  Professor  Masson.     Globe  8vo.     u.     {Globe  /headings  from 

Standard  Authors.) 
SELECT  ESSAYS.     Edited,   with  Introduction  and   Notes,  by 

Professor  C.  D.  Yonge.     Fcap.  8vo.     2J.  6d, 
Hales. — LONGER  ENGLISH  POEMS,  with  Notes,  Philological 

and  Explanatory,  and  an  Introduction  on  the  Teaching  of  English, 

Chiefly  for  Use  in  Schools.      Edited  by  J.  W.  Hales,    M.A., 

Professor  of  English  Literature  at  King's  College,  London.     New 

Edition.  ^  Extra  fcap.  Svo.     41.  6d, 

Johnson's  lives  of  the  poets.  The  Six  Chief  lives 
(Milton,  Dryden,  Swift,  Addison,  Pope,  Gray),  with  Macaula/s 
**  Life  of  Johnson."  Edited  with  Preface  and  Notes  by  Matthew 
Arnold.     New  and  cheaper  edition.     Crown  Svo.     4s.  6d. 

Lamb  (Charles). — tales  from  Shakespeare.  Edited, 

with    Preface,    by    Alfred    Ainger,    M.A.     Globe  Svo.     2x 
(Globe  Readings  from  Standard  Authors.) 
Literature    Primers — Edited  by  John   Richard   Green, 
M.  A.,  LL.D.,  Author  of  "  A  Short  History  of  the  English  People." 

ENGLISH  COMPOSITION.     By  Professor  Nichol.     iSmo.     If. 

ENGLISH  GRAMMAR.  By  the  Rev.  R.  Morris,  LL.D.,  some- 
time President  of  the  Philological  Society.     iSmo.     is, 

ENGLISH  GRAMMAR  EXERCISES.  By  R.  Morris,  LL.D., 
and  H.  C.  Bowen,  M.A.     iSmo.     is, 

EXERCISES  ON  MORRIS'S  PRIMER  OF  ENGLISH 
GRAMMAR.  By  John  Wetherell,  of  the  Middle  School, 
Liverpool  College.     iSmo.     \s, 

ENGLISH  LITERATURE.  By  Stopford  Brooke,  M.A.  New 
Edition.     iSmo.     u. 

SHAKSPERE.     By  Professor  Dowden.     iSmo.     \s. 

THE  CHILDREN'S  TREASURY  OF  LYRICAL  POETRY. 
Selected  and  arranged  with  Notes  by  Francis  Turner  Pal- 
grave.     In  Two  Parts,     i&no.     u.  each. 

PHILOLOGY.     By  J.  Peile,  M.A.     iSmo.     u. 

Macmillan's  Reading  Books. — Adapted  to  the  English an>l 

Scotch  Codes.     Bound  in  Cloth. 
PRIMER.   iSmo.  (48  pp.)     2d.         BOOK    HI.    for  Standard  IIL 


BOOK  I.  for  Standard  I.    iSmo. 

(96  pp.)    4</. 
BOCWK  II.  for  Standard  II.  iSmo. 

(144  pp.)     5i/. 


iSmo.     (i6o  pp.)    6^. 

BOOK    IV.    for    Standard    IV. 
iSmo.     (176  pp.)    S/^. 
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Macmillan's  Reading  Books  (continued)— 


BOOK  V.  for  Standard  V.  i8mo. 
(380  pp.)     I  J. 


BOOK  VI.  for  Standard  VI.  Cr. 
8vo.     (430  pp.)    2s. 


Book  VL  is  fitted  for  higher  Classes,   and  as  an   Introduction  to 
English  Literature. 

Macmillan's  Copy-Books — 

Published  in  two  sizes,  viz.  : — 

1.  Large  Post  4to.     Price  4^/.  each. 

2.  Post  Oblong.     Price  2d.  each. 

X.  INITIATORY  EXERCISES  AND  SHORT  LETTERS. 

a.  WORDS  CONSISTING  OF  SHORT  LETTERS. 
•3.  LONG  LETTERS.    With  Words  contaming  Long  Letters— Figures. 
•4.  WORDS  CONTAINING  LONG  LETTE.<S. 
4a.  PRACTISING  AND  REVISING  COPY-BOOK.     ForNos.  x  to  4. 
♦5.  CAPITALS  AND  SHORT  HALF-TEXT.  Words  beginning  with  a  Capital. 
»6.  HALF-TEXT  WORDS  beginning  with  Capitals— Figures. 
•"7.  SMALL-HAND  AND  HALF-TEXT.    Wiih  Capitals  and  Figures. 
♦8.  SMALL-HAND  AND  HALF-TEXT.    With  Capitals  and  Figures. 
8a.  PRACTISING  AND  REVISING  COPY-BOOK.    For  Nos.  5  to  8. 
*9.  SMALL-HAND  SINGLE  HEADLINES— Figures. 

10.  SMALL-HAND  SINGLE  HEADLINES -Figures. 

11.  SMALL-HAND  DOUBLE  HEADLINES— Figures. 

12.  COMMERCIAL  AND  ARITHMETICAL  EXAMPLES,  &c. 

xaa.  PRACTISING  AND  REVISING  COPY-BOOK.    For  Nos.  8  to  la. 
*  These  numbers  may  be  kad  with  GoodmatCs  Patent  Sliding 
Copies.     Large  Post  4to.     Price  td,  each. 

Martin. — the   POET'S  HOUR  :    Poetry  selected  and  arranged 
for  Children.     By  Frances  Martin,     New  Edition.      i8mo. 
2s.  dd. 
SPRING-TIME    WITH    THE    POETS:    Poetry    selected    by 
Frances  Martin.    New  Edition.     i8mo.     3J  6d. 

Milton. — By  Stopford  Brooke,   M.A..     Fcap.   8yo.      \s,  6d* 
(Classical  Writers  Series.) 

Morris. — Works  by  the  Rev.  R.. Morris,  LL.D. 
HISTORICAL    OUTLINES    OF    ENGLISH    ACCIDENCE, 

comprising  Chaptere   on  the  History  and    Development  of  the 

Language,  and  on  Word-formation.      New  Edition.      Extra  fcap. 

8vo.     6s, 
ELEMENTARY    LESSONS    IN    HISTORICAL    ENGLISH 

GRAMMAR,  containing  Accidence  and  Word-formation.     New 

Edition.     i8mo.     2s.  6d. 
PRIMER  OF   ENGLISH  GRAMMAR.     x8mo.     u.     (See  also 

Literature  Primers,) 

Oliphant. — ^the  OLD  and  middle  English,   a  New 

Edition  of  "  THE  SOURCES  OF  STANDARD  ENGLISH," 
revised  and  greatly  enlirged.  By  T.  L.  Kington  Oliphant. 
Extra  fcap.  8vo.     gs. 
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Oliphant — Works  by  T.  L.  Kington  Oliphant,  {fontintied) — 
THE  NEW  ENGLISH.    By  the  same  Author.  2  vols.   Crown  8vo. 
2ii. 

Palgrave. — the  children's  treasury  of  lyrical 

POETRY.  Selected  and  arranged,  with  Notes,  by  Francis 
Turner  Palgrave.  i8mo.  2j.  fsd.  Also  in  T<eo  Parts. 
i8mo.  i^.  each. 
Patmore. — THE  CHILDREN'S  GARLAND  FROM  THE 
BEST  POETS.  Selected  and  arranged  by  Coventry  Paxmore. 
Globe  8vo,     2J.     (Globe  Readings  from  Standard  Authors. ) 

Plutarch. — Being  a  Selection  from  the  Lives  which  Illustrate 
Shakespeare.  North's  Translation.  Edited,  with  Intfoductioiis, 
Notes,  Index  of  Names,  and  Glossarial  Index,  by  the  Rev.  W. 
W.  Skeat,  M.A.     Crown  8vo.     dr. 

Scott's  (Sir  Walter)  lay  of  the  LAST  Minstrel, 

and  THE  LADY  OF  THE  LAKE.   Edited,  with  Introduction 
and  Notes,  by  FRANCIS  TURNER  PalgrAve.    Globe  8vo.      u. 
(Globe  Readings  from  Standard  Authors^ 
MARMION  ;  and  THE  LORD  OF  THE  ISLES.     By  the  same 
Editor,   Globe  8  vo.   is.    (Globe  Readings  from  Standaird  Authors.) 

Shakespeare.— A  SHAKESPERIAN  grammar.  By  Rev. 
E  A.  Abbott^  D.D.,  Head  Master  of  the  City  of  London  School. 
Globe  8vo.  6^. 
A  SHAKESPEARE  MANUAL.  By  F.  G.  Fleay,  M.A.,  late 
Head  Master  of  Skipton  Grammar  School.  Second  Edition. 
Extra  fcap.  8vo.  4r.  6</. 
PRIMER  OF  SHAKESPEARE.  By  Professor  Dowden.  i8mo. 
IS.     (Literature  Rt  imers. ) 

Sonnenschein    and    Meiklejohn.  —  the    ENGLISH 

METHOD  OF  TEACHING  TO  READ.     By  A.  Sonnen- 
schein and  J.  M.  D.  Meiklejohn,  M.A.     Fcap.  8vo. 

comprising  : 
THE  NURSERY  BOOK,  containing  all  the  Two-Letter  Words 

in  the  Language.     \d,     (Also  in  Large  Tyj^e  on  Sheets  for 

School  Walls.     5j.) 
THE  FIRST  COURSE,  consisting  of  Short  Vowels  with  Single 

Consonants.     6^. 

THE  SECOND  COURSE,   with  Combinations  and  Bridges, 
consisting  of  Short  Vowels  with  Double  Consonants,     dd, 

THE  THIRD  AND  FOURTH  COURSES,  consisting  of  Long 
Vowels,  and  all  the  Double  Vowels  in  the  Language.     6^. 
'*  These  are  admirable  books,  because  they  are  constructed  on  a  principle,  and 
that  the  simplest  principle  on  which   it  is  possible  to  learn  to  read  English."— 
Spectator. 
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Taylor.— WORDS  and  places;  or.  Etymological  lUustra- 
tions  of  History,  Ethnology,  and  Geography.  By  the  Rev. 
Isaac  Taylor,  M.A.,  Litt.  D.,  Hon.  LL.D.,  Canon  of  York. 
Third  and  Cheaper  Edition,  revised  and  compressed.  "With  Maps. 
Globe  8vo.     6s, 

Tennyson. — The  COLLECTED  WORKS  of  LORD  TENNY- 
SON, Poet  Laureate.  An  Edition  for  Schools.  In  Four  Parts. 
Crown  8vo.  2s.  6d,  each. 

Thring.— THE  elements  of  grammar  taught  in 

ENGLISH.      By  Edward  Thrin.g,    M.A.,   Head  Master  of 
Uppingham.   With  Questions.    Fourth  Edition.    iSmo.   Zf. 

Vaughan  (CM.).— WORDS   FROM    the   poets.      By 

C.  M.  Vaughan.    New  Edition.     i8mo,  cloth,     is,     , 
\Vard. — THE    ENGLISH    POETS.       Selections,   widi  Critical 

Introductions  by  various  Writers  and  a  General  Introduction  by 

Matthew  Arnold.     Edited  by  T.  H.  Ward,  M.A.     4  Vols. 

Vol.   I.  CHAUCER  TO    DONNE.— Vol.  II.  BEN  JONSON 

TO  DRYDEN.— Vol.  IIL  ADDISON  to  BLAKE.— Vol.  IV. 

WORDSWORTH  to  ROSSETTI.    Crown  8vo.     Each  ^s.  6d, 
WethereU.— EXERCISES    ON     MORRIS'S    PRIMER    OF 

ENGLISH    GRAMMAR.      By    John     Wetherell,    M.A. 

l8mo,     IS,     {Literature  Primers.) 
Woods.— A  FIRST  SCHOOL  POETRY    BOOK.      Compiled 

by  M.  A.  Woods,  Head  Mistress  of  the  Clifton  High  School  for 

Girls:     Fcap.  8vo.     2s,6d, 

Yonge  (Charlotte  M.).— the    ABRIDGED   BOOK   OF 

GOLDEN  DEEDS.     A  Reading  Book  for  Schools  and  general 
readers.     By  the  Author  of  **  The  Heir  of   Redclyffe."      i8mo, 

cloth,     is,  ,  , 

GLOBE   READINGS   EDITION.      Complete   Edidon*      Globe 

8vo.     2s,     (See  p.  54.) 

iPRENCH. 

Beaumarchais.— LE    BARBIER    DE     SEVILLE.       Edited, 
with  Introduction  and  Notes,  by  L.  P.  Blouet,  Assistant  Master 
in  St.  Panics  School.     Fcap.  8vo.    y,  6d, 
Bowen.— FIRST   LESSONS   IN   FRENCH.     By  H.   Cour- 
thope  Bowen,  M.A.,  Prmcipal  of  the  Finsbury  Training  College 
for  Higher  and  Middle  Schools.     Extra  fcap.  8vo.     is. 
Breymann, — Worts  by   Hermann  Breymann,   Ph.D.,   Pro- 
fessor  of  Philology  in  the  University  of  Munich. 
A    FRENCH    GRAMMAR    BASED     ON    PHILOLOGICAL 

PRINCIPLES.     Second  Edition.     Extra  fcap.  8vo.     41.  6d, 
FIRST  FRENCH  EXERCISE  BOOK.    Extra  fcap.  8vo.    4j.  6d. 
SECOND  FRENCH  EXERCISE  BOOK.  Extia  fcap.  Svo.  2s.  td 
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Fasnacht. — Works  by  G.  EuGfeNE  Fasnacht,  Author  of  "  Mac- 
millan's  Progressive  French  Course,"  Editor  of  ''MacmiUaa's 
Foreign  School  Classics,"  &c. 

THE  ORGANIC  METHOD  OF  STUDYING  LANGUAGES. 
Extra  fcap.  8vo.     I.   French.     3^.  6d. 

A  SYNTHETIC  FRENCH  GRAMMAR  FOR  SCHOOLS. 
Crown  8vo.     3^.  6^. 

GRAMMAR  AND  GLOSSARY  OF  THE  FRENCH  LAN- 
GUAGE OF  THE  SEVENTEENTH  CENTURV.  Crown 
8vo.  [In  preparation, 

Macmillan's  Primary  Series  of  Frencn  and 
German    Reading   Books. — ^Edited    by   G.    Eugene 

Fasnacht,  Assistant-Master  in  Westminster  SchooL  With 
Illustrations.     Globe  8vo. 

DE  M AISTRE— LA  JEUNE  SIB^RIENNE  ET  LE  L^PRKUX 

DE  LA  CITE  D'AOSTE.  Edited,  with  Introduction,  Notes, 
and  Vocabulary.  By  Stephane  Barlet,  B.  Sc.  Univ.  Gall,  and 
London ;  Assistant-Master  at  the  Mercers*  School,  Examiner  to 
the  College  of  Preceptors,  the  Royal  Naval  College,  &c.     if.  6d, 

GRIMM— KINDER   UND   HAUSMARCHEN.      Selected   and 
Edited,  with  Notes,  and  Vocabulary,  by  G.  E.  Fasnacht.     zs. 

HAUFF.— DIE  KARAVANE.  Edited,  with  Notes  and  Vocabu- 
lary, by  Herman  Hager,  Ph.D.  Lecturer  in  the  Owens  College, 
Manchester.     2s.  6d. 

LA  FONTAINE— A  SELECTION  OF  FABLES.  Edited,  widi 
Introduction,  Notes,  and  Vocabulary,  byL.  M.  Moriarty,  B.A., 
Professor  of  French  in  King's  College,  London.     2s. 

PERRAULT— CONTES  DE  F^ES.  Edited,  with  Introduction, 
Notes,  and  Vocabulary,  by  G.  E.  Fasnacht.     i*. 

G.  SCHWAB— ODYSSEUS.  With  Introduction,  Notes,  and 
Vocabulary,  by  the  same  Editor.  [In  preparation. 

Macmillan's   Progressive   French  Course. — By  G. 

EuGfeNE  Fasnacht,  Assistant-Master  in  Westminster  School. 
I. — First  Year,    containing    Easy  Lessons     on    the    R^ular 

Accidence.     Extra  fcap.  8vo.     \s. 
II. — Second  Year,   containing  an  Elementary  Grammar  with 

copious  Exercises,  Notes,  and  Vocabularies.     A  new  Edition, 

enlarged  and  thoroughly  revised.     Extra  fcap.  8vo.     2j. 
in. — Third  Year,  containing  a  Systematic  Syntax,  and  Lessons 

in  Composition.  Extra  fcap.  8vo.  zs.  6d. 
THE  TEACHER'S  COMPANION  TO  MACMILLAN'S 
PROGRESSIVE  FRENCH  COURSE.  With  Copious  Notes, 
Hints  for  Diflferent  Renderings,  Synonyms,  Philological  Remarks, 
&c.  By  G.  E.  Fasnacht.  Globe  8vo.  Second  Year  4J.  6//. 
Third  Year  ^.  Sd. 
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'macmillan's    Progressive    French     Readers.    By 
G.  Eugene  Fasnacht. 
I. — First  Year,  containing  Fables,  Historical  Extracts,  Letters, 
Dialogues,  Ballads,  Nursery  Songs,  &c.,  with  Two  Vocabiilaries : 
(i)  in  the  order  of  subjects ;  (2)  in  alphabetical   order.     Extra 
fcap.  8yo.     2x.  6d, 
II.  —  Second    Year,    containing   Fiction   in  Prose    and   Verse, 
Historical  and   Descriptive  Extracts,  Essays,  Letters,  Dialogues, 
&c.     Extra  fcap.  Svo.     2J.  6d, 

Macinillan's  Foreign  School  Classics.    Edited  by  G. 
EuGfeNE  Fasnacht.     i8mo. 

FRENCH. 

CORNEILLE— LE  CID.    Edited  by  G.  E.  Fasnacht.    is. 
DUMAS—LES    DEMOISELLES    DE    ST.  CYR.      Edited  bv 

Victor  Oger,  Lecturer  in  University  College,  Liverpool,  is.  6d, 
LA  FONTAINE'S  FABLES.     Books  L— VL     Edited  by  L.  M. 

MORIARTY,  B.  A.,  Professor  of  French  in  King's  College,  London. 

[In  prepartUion, 
MOLlfeRE— L'AVARE.     By  the  same  Editor,     is. 

MOLlfeRE— LE  BOURGEOIS  GENTILHOMME.     By  the  same 
Editor.     IX.  6^. 

MOLlfeRE— LES  FEMMES  SAVANTES.  By  G.  E.  Fasnacht. 

IX. 

MOLlfeRE— LE  MISANTHROPE.     By  the  same  Editor,     ix. 

MOLIERE— LE    M^DECIN    MALGRE    LUI.      By  the    same 

Editor.    IX. 
RACINE— BRITANNICUS.     Edited    by  EuGfeNE    Pellissier, 

Assistant-Master  in  Clifton  Collie,  and  Lecturer  in  University 

College,  Bristol.     2J. 
FRENCH   READINGS  FROM   ROMAN  HISTORY.      Selected 

from  Various  Authors  and  Edited  by  C.  COLBECK,  M.A.,  late 

Fellow    of    Trinity   College,    Cambridge;    Assistant -Master   at 

Harrow.     4?.  (ui, 
SAND,  GEORGE— LA  MARE  AU  DIABLE.    Edited  by  W.  E. 

Russell,  M.A.,  Assistant  Master  in  Haileybury  College.     Ix. 
SANDEAU,  JULES— MADEMOISELLE  DE  LA  SEIGLIERE. 

Edited  by  H.  C.  Steel,  Assistant  Master  in  Winchester  College. 

IX.  6</. 
THIERS'S  HISTORY  OF  THE  EGYPTIAN  EXPEDITION. 

Edited    by    Rev.    H.    A.    Bull,    M.A.       Assistant-Master   in 

Wellington  College.  [In  preparaHau, 

VOLTAIRE^— CHARLES  XIL  Edited  by  G.  E.  Fasnacht,  sx.drf. 

%*  Other  volumes  to  follow. 

(See  also   German  Authors,    page  63.) 
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Masson  (Gustave). — a  compendious  dictionary 

OF  THE  FRENCH  LANGUAGE  (French-English  and  English- 
French).  Adapted  from  the  Dictionaries  of  Professor  Alfred 
Elwall.  Followed  by  a  List  of  the  Principal  Diverging 
Derivations,  and  preceded  by  Chronological  and  Historical  Tables. 
By  Gustave  Masson,  Assistant  Master  and  Librarian,  Harrow 
SchooL     New  Edition.     Crown  8vo.     6s, 

Moliere. — LE  MALADE  IMAGINAIRE.  Edited,  with  Intro- 
duction and  Notes,  by  Francis  Tarver,  M.A.,  Assistant  Master 
at  Eton.     Fcap.  8vo.     2s,  6d, 

(See  also  MacmillafCs  Foreign  School  Classics,) 
Pellissier. — FRENCH  ROOTS  AND  THEIR  FAMILIES.  A 
Synthetic  Vocabulary,  based  upon  Derivations,  for  Schools  and 
Candidates  for  Public  Examinations.  By  EugIene  Psllissier, 
M.  A.,  B.Sc,  LL.B.,  Assistant  Master  at  Clifton  College,  Lecturer 
at  University  College,   Bristol.     Globe  8vo.     6j. 

GERMAN. 

HUSS.— A  SYSTEM  OF  ORAL  INSTRUCTION  IN  GERMAN, 
by  means  of  Progressive  Illustrations  and  Applications  of  the 
leading  Rules  of  Grammar.  By  Hermann  C.  O.  Huss,  Ph.D. 
Crown  8vo.     $5. 

Macmillan*8  Progressive  German  Course.     By  G 

EUGfeNE  FaSNACHT. 

Part  I. — First  Year.  Easy  Lessons  and  Rules  on  the  Regular 
Accidence.     Extra  fcap.  8vo.     is.  6d, 

Part  II. — Second  Year.  Conversational  Lessons  in  Systematic 
Accidence  and  Elementary  Syntax.  With  Philological  Illustrations 
and  Etymological  Vocabulary.  New  Edition,  enlarged  and 
thoroughly  recast.     Extra  fcap.  8vo.     3J.  6d, 

Part  III. — Third  Year.  [In  preparation, 

TEACHER'S  COMPANION  TO  MACMILLAN'S  PROGRES- 
SIVE GERMAN  COURSE.      With  copious  Notes,   Hints  for 
Differpnt  Renderings,  Synonyms,  Philological  Remarks,  &c     By 
G.  E.  Fasnacht.     Extra  Fcap,  8vo.    First  Year.    4J.  6d, 
Second  Year.    4j.  6d. 
Macmillan's   Progressive    German    Readers.    By 

G.  E.  Fasnacht. 
I. — First  Year,  containing  an  Introduction  to  the  German  order 
of  Words,  with  Copious  Examples,  extracts  from  German  Authors 
in  Prose  and  Poetry  ;  Notes,  and  Vocabularies.    Extra  Fcap.  8vo., 

2S.  (id. 

Macmillan's  primary   German   Reading    Books. 

(See  page  60.) 
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^Macmillan's   Foreign    School   Classics.     Edited  by 

G.  £uG&N£  Fasi^acht,  i8mo. 

GERMAN. 
FREYTAG  (G.).— DOKTOR   LUTHER.     Edited  by  Francis 
Storr,  M.A.,  Head  Master  of  the  Modern  Side,  Merchant  Tay- 
lors' School.  [In  preparation. 

GOETHE— GOTZ  VON  BERLICHINGEN.  Edited  by  H.  A. 
Bull,  M.  A.,  Assistant  Master  at  Wellington  College.     2j. 

GOETHE— FAUST.  Part  I.,  followed  by  an  Appendix  on  Part 
II.  Edited  by  Jane  Lee,  Lecturer  in  German  Literature  at 
Ne'vrnbam  College,  Cambridge.    4J.  6d. 

HEINE— SELECTIONS  FROM  THE  REISEBILDER  AND 
OTHER  PROSE  WORKS.  Edited  by  C.  Colbeck,  M.A., 
Assistant-Mastei*  at  Harrow,  late  Fellow  of  Trinity  College, 
Cambridge.     2s.  6d, 

LESSING.-^MINNA  VON  BARNHELM.  Edited  by  Jambs 
SiME.  [In  preparation, 

SCHILLER— SELECTIONS  FROM  SCHILLER'S  LYRICAL 
POEMS.  Edited,  with  Notes  and  a  Memoir  of  Schiller,  by  E.  J. 
TtJRNER,  B.A.,  and  E.  D.  A.  Morshead,  M.A.  Assistant- 
Masters  in  Winchester  Collie.     2J.  6^. 

SCHILLER— DIE  JUNGFRAU  VON  ORLEANS.  Edited  by 
Joseph  Gostwick.    2j.  6^. 

SCHILLER— MARIA  STUART.  Edited  by  C.  Sheldon,  M.A., 
D.Lit.,  of  the  Royal  Academical  Institution,  Belfast,     zr.  6</. 

SCHILLER— WILHELM  TELL.      Edited  by  G.  E.  Fasnacht. 

[In  the  press. 

SCHILLER.— WALLENSTEIN'S  LAGER.  Edited  by  H.  B. 
Cotterill,  M.A.  [In preparation, 

UHLAND— SELECT  BALLADS.  Adapted  as  a  First  Easy  Read- 
ing Book  for  Beginners.  With  Vocabulary.  Edited  by  G.  £. 
Fasnacht.     is, 

%*  Oihep'  Volumes  to  follow^ 
(See  also  French  Authors^  page  61.) 

Pylodet.— NEW  GUIDE  TO  GERMAN  CONVERSATION ; 

containing  an  Alphabetical  List  of  nearly  800  Familiar  Words ; 

followed   by  Exercises ;  Vocabulary  of  Words  in  freqtient  use ; 

Familiar  Phrases  and  Dialogues ;  a  Sketch  of  German  Literature, 

Idiomatic  Expressions,  &c.    By  L.  Pylodet.     i8mo»  cloth  limp. 

2.r.  (>d, 
Whitney. — Works  by  W.  D.  Whitney,  Professor  of  Sanskrit 

and  Instructor  in  Modem  Languages  in  Yale  College, 
A  COMPENDIOUS  GERMAN  GRAMMAR.  Crown  8vo.  4J.  (id. 
A  GERMAN  READER  IN  PROSE  AND  VERSE.     With  Notes 

and  Vocabulary.    Crown  8vo.    5x. 
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Whitney   and  Edgren. — a  COMPENDIOUS  GERMAN 

AND  ENGLISH  DICTIONARY,  with  Notation  of  Correspon- 
dences and  Brief  Etymologies.  By  Professor  W.  E).  Whitney, 
assisted  by  A.  H.  Edgren.    Crown  8vo.    'js,  6</. 

THE  GERMAN-ENGLISH  PART,  separately,  5*. 

MODERN  GREEK. 

Vincent  and  Dickson.  —  handbook   to    modern 

GREEK.  By  Edgar  Vincent  and  T.  G.  Dickson,  M.A. 
Second  Edition,  revised  and  enlarged,  with  Appendix  cm  the 
relation  of  Modern  and  Classical  Greek  by  Ftofessor  Jebb. 
Crown  8yo.    6s, 

ITALIAN. 

Dante.  —  the    purgatory    of    DANTE.      Edited,    with 
Translation  and  Notes,  by  A.  J.  Butler,  M.A.,  late  Fellow  of 
Trinity  College,  Cambridge.    Crown  8vo.     I2j.  6d. 
THE  PARADISO  OF  DANTE.     Edited,  with  Translation  and 
Notes,  by  the  same  Author.     Crown  8vo.     I2j.  6d, 


DOMESTIC  ECONOMY. 

Barker.-FIRST  lessons    in  the   principles    of 

COOKING.     By  Lady  Barker.     New  Edition.      i8mo.     u. 

Berners.— first  lessons  on  health.    By  j.  Berners. 

New  Edition.     i8mo.     is. 

Fawcett.— TALES  in  political  ECONOMY.  By  Milli- 
CENT  Garrett  Fawcett.    Globe  8vo.    3^. 

Frederick.—HINTS  TO  housewives   on    several 

POINTS,  PARTICULARLY  ON  THE  PREPARATION  OF 
ECONOMICAL  AND  TASTEFUL  DISHES.  By  Mrs. 
Frederick.    Crown  8vo.    1/. 

*'  This  unpretending  And  useful  little  volume  distinctly  supplies  a  desideratum 
....  The  author  steadily  keeps  in  view  the  simple  aim  of  '  making  every-day 
meals  at  home,  particularly  the  dinner,  attractive,'  without  adding  to  the  ordinary 
household  expenses." — Saturday  Review. 

Grand'homme. —  CUTTING-OUT  AND  DRESSMAKING. 
From  the  French  of  Mdlle.  E.  Grand'homme,  With  Diagrams. 
i8mo.     IS, 

Jex- Blake.— THE  CARE  OF  INFANTS.  A  Manual  for 
Mothers  and  Nurses.  By  Sophia  Jex-Blake,  M.D.,  Member 
of  the  Irish  College  of  Physicians ;  Lecturer  on  Hygiene  at 
the  London  School  of  Medicine  for  Women.     i8ma     is. 
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Tcgetmeier. — h  ousehold    management      and 

COOKERY.  WitJi  an  Appendix  of  Recipes  used  l)y  the 
Teachers  of  the  National  School  of  Cookery.  By  W.  B, 
Tegetmbiek,  Compiled  at  the  request  of  the  School  Boaxd  for 
London.     i8mo.     is. 

Thornton,— FIRST  lessons  in   book-keeping.   By 

J.  Thornton.     New  Edition.     Crown  8vo.     2s,  6d. 
The  olject  of  this  rolmme  is  to  make  the  Huary  of   Book-keeping   sufficiently 
plain  fm  even  diildrea  to  understand  it. 

Wright. — THE  SCHOOL  COOKERY-BOOK.  Compiled  and 
Edited  by  C.  E.  Guthrib  Wright,  Hon  Sec.  to  the  Edinburgh 
School  of  Cookery.     i8mo.     is. 


ART  AND  KINDRED  SUBJECTS. 

Anderson.— I^INEAR  PERSPECTIVE,  AND  MODEL 
DRAWING.  A  School  and  Art  Class  Manual,  with  Questions 
and  Exercises  for  Examination,  and  Examples  of  Examinatiop 
Papers.  By  Laurence  Anderson.  With  Illustrations.  Royal 
8vo.     2s, 

Collier,— A  PRIMER  OF  ART.  With  lUustrations.  By  John 
Collier.    i8mo.     i^. 

Delamotte a   beginner's    drawing    book.     By 

P.  H.  Delamotte,  F.S.A.  Progressively  arranged.  New 
Edition  improved.  Crown  8vo.  3J.  6d, 
Ellis. — SKETCHING  FROM  NATI/RE.  A  Handbook  for 
Students  and  Amateurs.  By  Tristram  J.  Ellis.  With  a 
Frontispiece  and  Ten  lUastrations,  by  H.  Stacy  Marks, 
R.A.,  and  Twenty-seven  Sketches  by  the  Author.  Crown  8vo. 
2s,  6k.     {Art  at  Home  Series.) 

Hunt.^-TALKS  ABOUT  ART.  By  William  Hunt.  With  a 
Letter  from  Sir  J.  E.  MiLLAis,  Bart.,  R.A.     Crown  8vo.    y,  6d. 

Taylor.— A  primer  of  pianoforte  playing.    By 

Franklin  Taylor.    Edited  by  Sir  George  Grove.    i8mo.     is. 
WORKS  ON  TEACHING. 

BlakistOn — the  teacher.  Hints  on  School  Management. 
A  Handbook  for  Managers,  Teachers'  Assistants,  and  Pupil 
Teachers.  By  J.  R.  Blakiston,  M.A.  Crown  8vo.  zr.  td, 
(Recommended   by    the    London,    Birmingham,    and    Leicester 

School  Boards.) 
"  Into  a  comparatively  small  book  he  has  crowded  a  great  deal  of  exceedingly 
nselttl  aad  sound  advice.    It  is  a  plain,  common-sense  book,  full  of  hints  to  the 
teacher  on    the    management  of  nis  school  and  his  children."— School  Board 
Chkomiclb. 
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CalderWOOd— ON  teaching.  By  Professor  Hknry  Caldkr- 
WOOD.     New  Edition.     Extra  fcap.  8vo.     2J.  6d, 

Carter. — eyesight  in  schools,  a  Paper  read  before  the 
Association  of  Medical  Officers  of  Schools  on  April  15th,  1885. 
By  R.  Brudenell  Carter,  .F.R.C.S.,  Ophthalmic  Suigeon  to 
St.  George's  Hospital.     Crown  8vo.     Sewed,     is, 

Fcaron.— SCHOOL  inspection.  By  D.  R.  Fearon,  M.A., 
Assistant  Commissioner  of  Endowed  Schools.  New  Edition. 
Crown  8vo.     zs.  6d, 

Gladstone.^OBJECT  teaching,  a  Lecture  deliverrd  at 
the  Pupil-Teacher  Centre,  William  Street  Board  School,  Ham- 
mersmith. By  J.  H.  Gladstone,  Ph.D.,  F.R.S.,  Member  of 
the    London    School    Board.       With  an  Appendix.        CrowD 

8vo*     3^'  '.  . 

*'  It  19  a  short  but  interesting  and  instructive  publication,  and  our  yomig^ 
teachers  will  do  well  to  read  it  carefully  and  thoroughly.  There  is  much  la  thoe 
few  pages  which  they  can  leara  and  profit  by."— Thb  School  Guardian. 

Hertel.— OVERPRESSURE  IN  high  schools  IN  DEN- 
MARK. By  Dr.  Hertel,  Municipal  Medical  Officer,  Copen- 
hagen. Translated  from  the  Danish  by  C.  Godfrey  Sorensen, 
With  Introduction  by  Sir  J.  Crichton-Browne,  M.D.,  LL.D., 
F.R.S.    Crown  8vo.     3^.6^. 
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♦^*  For    other     Works    by    these    Authors,    see    Theological 

Catalogue. 

Abbott   (Rev.    E.   A.)— BIBI,E    lessons.      By  the  Rev. 
E.  A.   ABBOTT,   D.,D.,   Head   Master  of  the  City  of  London 
School.     New  Edition.     Crown  8vo.     4/.  6d. 
*'WiFe,    suggestive,    and    really   profound   initiation    into  religioul   thoui^*' 
•-Guardian. 

Abbott— Rushbrooke.— THE  COMMON  TRADITION  OF 
THE  SYNOPTIC  GOSPELS,  m  the  Text  of  the  Revised 
Version.  By  Edwin  A.  Abbott,  D.D.,  formerly  Fellow  of  St. 
John's  College,  Cambridge,  and  W.  G.  Rushbrooke,  M.L:, 
formerly  Fellow  of  St.  John's  College,  Cambridge.  Crown  Svo, 
3J.  6d, 

The  Acts  of  the  Apostles.  —  Being  the  Greek  Text  as 
revised  by  Professors  Westcott  and  Hort.  With  Explanatory 
Notes  for  the  Use  of  Schools,  by  T.  E.  Page,  M.A.,  late  Fellow 
of  St.  John's  College,  Cambridge;  Assistant  Master  at  the  Charter* 
house.     Fcap.  8vo.     4r.  6^. 
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Arnold. — a  biblereading  for  schools. —the 

GREAT  PROPHECY  OF  ISRAEL'S  RESTORATION 
(Isaiah,  Chapters  xl.— Ixvi.).  Arranged  and  Edited  for  Young 
Learners.  By  Matthew  Arnold,  D.C.L.,  formerly  Professor 
of  Poetry  in  the  University  of  Oxford,  and  Fellow  of  Orid. 
New  Edition.     iSmo,  cloth,     is. 

ISAIAH  XL.— LXVI.  With  the  Shorter  Prophecies  alUed  to  it. 
Arranged  and  Edited,  with  Notes,  by  Matthew  ,  Arnold. 
Crown  8vo.     $s, 

ISAIAH  OF  JERUSALEM,  IN  THE  AUTHORISED  ENG- 
LISH VERSION.  With  Introduction,  Correcaons,  and  Notes. 
Bv  Matthew  Arnold.    Crown  8yo.    4s.  6d, 

Benham. — a  companion  to  the  LECTIONARY.  Being 
a  Commentary  on  the  Proper  Lessons  for  Sundays  and  Holy  Days. 
By  Rev.  W.  Benham,  B.D.,  Rector  of  S.  Edmund  with  S. 
Nicholas  Aeons,  &c.     New  Edinon.     Crown  8vo.     4J.  6d. 

Cassel.— MANUAL  OF  JEWISH  HISTORY  AND  LITERA- 
TURE; preceded  by  a  BRIEF  SUMMARY  OF  BIBLE  HIS- 
TORY.  By  Dr.  D.  Cassel.  Translated  by  Mrs.  Henry  LucAS. 
Fcap.  8vo.     2s,  6d,  ^ 

Cheetnam.— A  CHURCH  HISTORY  of  the  first  SIX 

CENTURIES.  By  the  Yen.  Archdeacon  Cheetham, 
Crown  8vo.  [In  the  press. 

Cross. — BIBLE  READINGS  SELECTED  FROM  THE 
PENTATEUCH  AND  TH^  BOOK  OF  JOSHUA.  By 
the  Rev.  John  A.  Cross.    Globe  8vo.     2j.  Bd. 

Curteis.— MANUAL  OF  THE  THIRTY-NINE  ARTICLES. 
By  G.  H.  Curteis,  M.A.,  Principal  of  the  Lichfield  Theo- 
logical College.  [/« preparation, 

,  Davies. — THE  EPISTLES  OF  ST.  PAUL  TO  THE  EPHE- 
SIANS,  THE  COLOSSTANS,  AND  PHILEMON;  with 
Introductions  and  Notes,  and  an  Es>ay  on  the  Traces  of  Foreign 
Elements  in  the  ThoL^gy  of  these  Epistles.  By  the  Rev.  J. 
Llewelyn  Davies,  M.A.,  Rector  of  Christ  Church,  St  Mary- 
lebone;  late  Fellow  of  Trinity  College,  Cambridge.  Second 
Edition.     Demy  8vo.     *js,  6d, 

Drummond.— THE  STUDY  OF  THEOLOGY,  INTRO- 
DUCTION TO.  By  James  Drummond,  LL.D.,  Professor  of 
Theology  in  Manchester  New  College,  London.     Crown  8vo.     5^. 

Gaskoin.— The  children's   treasury  of  bible 

STORIES'  By  Mrs.  Herman  Gaskoin.  Edited  with  Preface 
by  Rev.  G.  F.  Maclear,  D.D.  Part  L— OLD  TESTAMENT 
HISTORY.  i8mo.  is.  Part  II.— NEW  TESTAMENT.  i8mo. 
IS.  Part  III.— THE  APOSTLES:  ST.  JAMES  THE  GREAT, 
ST.  PAUL,  AND  ST  JOHN  THE  DIVINE.     i8mo.     u. 
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Golden  Treasury  Psalter, — students'  Edition.    Being  an 

Edition  of  "The  Psalms  Chronologically  arranged,  by  Fonr 
Friends,"  with  briefer  Notes.     l8mo.    51.  6d» 

Greek  Testament. — Edited,   with   introduction   and  Appen- 
dices, by  Canon   Westcott  and  Dr.  F.  J.  A.  Hort,      T#o 
Vols.    Crown  8vo.     io*.  6d.  each. 
VoL  L  The  Text. 
Vol.  II.  Introduction  and  Appendix. 

Greek  Testament.— Edited  by  Canon  Westcott  and  Dr. 
Hurt.  School  Edition  of  Text.  i2mo.  doth.  4^.  6</.  iSmo. 
roan,  red  edges.    5^.  6d, 

SCHOOL  READINGS  IN.  A  Course  of  Thirty-Six  Lessons,  mainly 
following  the  Narrative  of  St.  Mark.  Edited  and  Arranged,  with 
Introduction,  Notes,  and  Vocabulary,  by  Rev.  A.  Calvert, 
M.  A.,  late  Fellow  of  St.  John's  College,  Cambridge.     Fcap.  8vq. 

[In  the  press. 

THE  ACTS  OF  THE  APOSTLES.  Being  the  Greek  Text  as 
revised  by  Drs.  Westcott  and  Hort.  With  Explanatory  Notes 
by  T.  E.  Page,  M.A.,  Assistant  Master  at  the  Charterhouse. 
Fcap.  8vo.     4J.  6^. 

THE  GOSPEL  ACCORDING  to  St.  MARK.  Being  the  Greek 
Text  as  revised  by  Drs.  Westcott  and  Hort.  With  Explanatory 
Notes  by  Rev.  J.  O.  F.  Murray,  M.A.,  Lecturer  in  Emmanud 
College,  Cambndge      Fcap.  Svo.  \In  preparaHim. 

The  Greek  Testament  and  the  English  Version, 

a  Companion  to.  By  Philip  Schaff,  D.D.,  President 
of  the  American  Committee  of  Revision.  With  Facsimile 
Illustrations  of  MSS.,  and  Standard  Editions  of  the  New  Testa- 
ment.   Crown  Svo.     I2j. 

Hard  wick. — Works  by  Archdeacon  Hardwick  :— 
A  HISTORY  OF  THE  CHRISTIAN  CHURCH.  Middle 
Age.  From  Gregory  the  Great  to  the  Excommunication  of 
Luther.  Edited  by  William  Stubbs,  M.A.,  Regius  Professor 
of  Modern  History  in  the  University  of  Oxfocd.  With  Foot 
Maps.  New  Edition.  Crown  Svo.  lOf.  dd, 
A  HISTORY  OF  THE  CHRISTIAN  CHURCH  DURING 
THE  REFORMATION.  Eighth  Edition.  Edited  by  Professor 
Stubbs.    Crown  Svo.     lar.  dd, 

Jennings  and  Lowe. — the  psalms,  with  intro- 
ductions AND  CRITICAL  NOTES.    By  A.  C.  Jbnn ings, 
M.A. ;  assisted  in  parts  by  W.  H.  LowE,  M.A.      In  2  vols. 
.    Second  Edition  Revised.     Crown  Svo.    lOf.  dd,  each. 
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Lfflghtfoot. — Works  by  the  Right  Rev.  J.  B.  LiGHTFOOT,  D.D., 

D.C.L.,  LL.D.y  Lord  Bishop  of  Durham. 
ST.  PAUL'S  EPISTLE  TO  THE  GALATIANS.     A  Revised 

Text,  i^ith    Introduciion,     Notes,    and    Dissertations.      Eighth 

Edition,  revised.     8vo.     12s. 
ST.  PAUL'S  EPISTLE  TO  THE  PHILIPPIANS.    A  Revised 

Text,    \vith    Introduction,    Notes,     and   Dissertations.      Eighth 

Edition,  revised.    8vo.     12/. 
ST.   CLEMENT    OF  ROME— THE    TWO    EPISTLES    TO 

THE  CORINTHIANS.    A  Revised  Text,  with  Introduction  and 

Notes.    8vo.    &y.  6d, 
ST.  PAUL'S  EPISTLES  TO  THE  COLOSSI ANS  AND  TO 

PHILEMON.     A  Revised  Text,    with    Introductions,     Notes, 

and  Dissertations.     Eighth  Edition,  revised.    8vo.     12s, 
THE    APOSTOLIC   FATHERS.     Part  IL     S.   IGNATIUS— 

S.  POLYCARP.      Revised  Texts,   with    Introductions,   Notes, 

Dissertations,  and  Translations.     2  volumes  in  3.     Demy  8vo.  48r. 

Maclear. — Works  by  the  Rev.  G.  F.  Maclear,  D.D.,  Canon  of 

Canterbury,  Warden  of  St.  Augustine's  College,  Canterbury,  and 

late  Head-Master  of  King's  College  School,  London  : — 
A  CLASSBOOK  OF  OLD  TESTAMENT  HISTORY.    New 

Edition,  with  Four  Maps.     l8mo.     4s.  td, 
A    CLASS-BOOK    OF    NEW     TESTAMENT     HISTORY, 

including  the    Connection  of  the    Old    and    New   Testaments. 

With  Four  Maps.     New  Edition.     i8mo.     ^s.  6d, 
A  SHILLING  BOOK  OF    OLD   TESTAMENT    HISTORY, 

for  National  and  Elementary  Schools.     With  Map.     i8mo,  cloth. 

New  Edition. 
A  SHILLING  BOOK  OF  NEW  TESTAMENT  HISTORY, 

for  National  and  Elementary  Schools.     With  Map.     i8mo,  cloth. 

New  Edition. 
These  works  have  been  carefully  abridged  from  the  Author's 

lar^e  manuals. 
CLASS-BOOK  OF  THE  CATECHISM  OF  THE  CHURCH 

OF  ENGLAND.     New  Edition.     i8mo.     is.  6d. 
A  FIRST  CLASS-BOOK  OF  THE  CATECHISM  OF  THE 

CHURCH  OF  ENGLAND.    With  Scripture  Proofs,  for  Junior 

Classes  and  Schools.     New  Edition.     i8mo.     6d, 
A  MANUAL  OF  INSTRUCTION    FOR  CONFIRMATION 
AND  FIRST    COMMUNION.      WITH    PRAYERS  AND 
DEVOTIONS.     32mo,  cloth  extra,  red  edges.     2J. 

Maurice. — ^THE  LORD'S  prayer,  the  CREED,  AND 
THE  COMMANDMENTS.  A  Manual  for  Parents  and 
Schoolmasters.  To  which  is  added  the  Order  of  the  Scriptures. 
By  the  Rev.  F.Denison  Maurice,  M.A.     i8mo,  cloth,  limp,    is. 
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Pentateuch  and  Book  of  Joshua :  an  Historico-Critical 

Inquiry  into  the  Origin  and  Composition  of  the  Hexateuch.  By 
A.  KUENEN,  Professor  of  Theology  at  Leiden.  Trans'ated  from 
the  Dutch,  with   the  assistance  of  the  Author,  by  Phiup  H. 

WiCKSTEED,  M.A.      8V0.       I4f. 

Procter. — a   history  op  the  book  of  common 

PRAYER,  with  a  Rationale  of  its  Offices.  By  Rev.  F.  Procter. 
M.A.  Seventeenth  Edition,  revised  and  enlarged.  Crown  Svo. 
lor.  dd, 

Procter  and  Maclean — an  elementary  intro- 
duction TO  the  book  of  common  prayer.  Re- 
arranged and  supplemented  by  an  Explanation  of  the  Morning 
and  Evening  Prayer  and  the  Litany.  By  the  Rev.  F.  Proci'ER 
and  the  Rev.  Dr.  Maclear.  New  and  Enlarged  Edition, 
containing  the  Communion  Service  and  the  Confirmation  and 
Baptismal  Offices.     i8mo.     2J.  td.  ^ 

The    Psalms,    with    Introductions    and    Critical 

Notes. — ^By  A.  C.Jennings,  M.  A.,  Jesus  College,  Cambridge, 
Tyrvvhitt  Scholar,  Crosse  Scholar,  Hebrew  University  Prizeman, 
and  Fry  Scholar  of  St.  John's  College,  Carus  and  Sch)lefield 
Prizeman,  Vicar  of  Whittlesford,  Cambs. ;  assisted  in  Parts  by  W, 
H.  Lowe,  M.A.,  Hebrew  Lecturer  and  late  Scholar  of  Christ's 
College,  Cambridge,  and  Tyrwhitt  Scholar.  In  2  vols.  Second 
Edition  Revised.     Crown  8vo.     lOf  6^,  each. 

Ramsay.— THE  CATECHISER'S  manual;  of,  the  Church 
Catechism  Illustrated  and  Explained,  for  the  Use  of  Clergymen, 
Schoolmasters,  and  Teachers.  By  the  Rev.  Arthur  Ramsay, 
M.A.     New  Edition.     i8mo.     u.  6</. 

Ryle.— AN  INTRODUCTION  TO  THE  CANON  OF  THE 
OLD  TESTAMENT.  By  Rev.  H.  E*  Ryle,  M.A.,  FeUow 
and  Lecturer  of  King*s  College,  Cambridge.      Crown  8v©. 

\In  prepareUion, 

St.  John's  Epistles. — The  Greek  Text  with  Notes  and  Essays, 
by  Brooke  Foss  Westcott,  D.D.,  Regius  Professor  of  Divinity 
and  Fellow  of  King's  College,  Cambridge,  Canon  of  Westminster, 
&c.     Second  Edition  Revised.     8vo.     I2j.  6^/. 

St.    Paul's    Epistles. — Greek    Text,    with    Introduction   and 

Notes. 
THE  EPISTLE  TO  THE  GALATIANS.     Edited  by  the  Right 

Rev.   J.    B.   LiGHTFOOT,   D.D.,   Bishop    of   Durham.      Eighth 

Edition.     8vo.     iZf. 
THE  EPISTLE  TO  THE  PHILIPPIANS.     By  the  same  Editor. 

Eighth  Edition.     8va    I2j. 
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St.  Paul's  Epistles  {continued)— 

THE  EPISTLE  TO  THE  COLOSSIANS  AND  TO  PHI- 
LEMON.     By  the  same  Editor.    Eigthth  Edition.     8vo.     izs. 

THE  EPISTLE  TO  THE  ROMANS.  Edited  by  the  Very  Rev. 
C.  J.  Vaughan,  D.D,,  Dean  of  LlandafF,  and  Master  of  the 
Temple.     Fifth  Edition.     Crown  8vo.     7j.  6d, 

THE  EPISTLE  TO  THE  PHILIPPIANS,  with  Translation, 
Paraphrase,  and  Notes  for  English  Readers.  By  the  same  Editx)r. 
Crown  8vo.     51. 

THE  EPISTLE  TO  THE  THESSALONIANS,  COMMENT- 
ARY ON  THE  GREEK  TEXT.  By  John  Eadie,  D.D.,  LL.D. 
Edited  by  the  Rev.  W.  Young,  M.A.,  with  Preface  by  Professot 
Cairns.    8vo.     i2j. 

THE  EPISTLES  TO  THE  EPHESIANS,  THE  C.QLOSSIANS, 
AND  PHILEMON ;  with  Introductions  and  Notes,  and  au 
Essay  on  the  Traces  of  Foreign  Elements  in  the  Theology  of  these 
Epistles.  By  the  Rev.  J.  Llewelyn  Davies,  M.A.,  Rector  of 
Christ  Church,  St.  Marylebone ;  late  Fellow  of  Trinity  College, 
Cambridge.     Second  Edition,  revised.     Demy  8vo.     7^.  6^. 

The  Epistle  to  the  Hebrews,  in  Greek  and  English. 
With  Critical  and  Explanatory  Notes,  Edited  by  Rev.  Frboerxc 
Rendall,  M.  a.,  formerly  Fellow  of  Trinity  College,  Cambridge, 
and  Assistant-Master  at  Harrow  School.     Crown  8vo,    dr. 

WestCOtt. — Works  by  Brooke  Foss  Westcott,  D.D.,  Canon  of 
^  Westminster,  Regius  Professor  of  Divinity,  and  Fellow  of  King's 
College,  Cambridge. 

A  GENERAL  SURVEY  OF  THE  HISTORY  O?  THE 
CANON  OF  THE  NEW  TESTAMENT  DURING  THE 
FIRST  FOUR  CENTURIES.  Sixth  Edition.  With  Preface  on 
"  Supernatural  Religion."    Crown  8vo.     lar.  6d, 

INTRODUCTION  TO  TH£  STUDY  OF  THE  FOUR 
GOSPELS.     Sixth  Edition. .  Crown  8vo.     \os,  6d. 

THE  BIBLE  IN  THE  CHURCH.  A^Popular  Account  of  the 
Collection  and  Reception  of  the  Ploly  Scriptures  in  the  Christian 
Churches.     New  Edition.     iSmo,  cloth.    4^.  6d, 

THE  EPISTLES  OF  ST.  JOHN.  The  Greek  Text,  with  Notes 
and  Essays.     Second  Edition  Revised.     8vo.     12s.  6{i, 

THE  EPISTLE  TO  THE  HEBREWS.  The  Greek  Text 
Revised,  with  Notes  and  Essays.     8vo.  [In  preparation. 

SOME  THOUGHTS  FROM  THE!  ORDINAL.    Cr.  8vo.    is,  6d. 
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Wcstcott  and  Hort. — the   new   testament  in 

THE  ORIGINAL  GREEK.  The  Text  Revised  by  B.  F. 
Westcott,  D.D.,  Regius  Professor  of  Divinity,  Canon  of 
Westminster,  and  F.  J.  A.  Hort,  D.D.,  Hulsean  Professor  of 
Divinity ;  Fellow  of  Emmanuel  College,  Cambridge :  late  Fellows 
of  Trinity  College,  Cambridge.  2  vols.    Crown  8vo.    los.  6rf.  each. 

Vol.  I.  Text. 

Vol.  IL  Introduction  and  Appendix. 

THE  NEW  TESTAMENT  IN  THE  ORIGINAL  GREEK, 
FOR  SCHOOLS.  The  Text  Revised  by  Brooke  Foss  West- 
coTT,  D.D.,  and  Fenton  John  Anthony  Hort,  D.D.  i2ma 
cloth.  4J.  6d,  i8mo.  roan,  red  edges.  5^.  6d, 

Wilson,— THE  BIBLE  STUDENT'S  GUIDE  to  the  mon 
Correct  Understanding  of  the  English  Translation  of  the  Old 
Testament,  by  reference  to  the  original  Hebrew.  By  William 
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